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Abstract

Poincaré’s method is well known for analyzing the stability of continuous-time dynamical
systems with periodic solutions by studying the stability properties of a fixed point as an
equilibrium point of a discrete-time system. In this paper we generalize Poincaré’s method
to dynamical systems possessing left-continuous flows to address the stability of limit cycles
and periodic orbits of left-continuous, hybrid, and impulsive dynamical systems. It is shown
that the resetting manifold (which gives rise to state discontinuities) provides a natural
hyperplane for defining a Poincaré return map. In the special case of impulsive dynamical
systems, we show that the Poincaré map replaces an nth-order impulsive dynamical system
by an (n — 1)th-order discrete-time system for analyzing the stability of periodic orbits.
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1. Introduction

In certain dynamical systems and in particular mechanical and biological systems, system
state discontinuities arise naturally. In a recent series of papers [1,2] a unified dynamical
systems framework for a general class of systems possessing left-continuous flows; that is,
left-continuous dynamical systems, was developed. A left-continuous dynamical system is
a precise mathematical object that is defined on the semi-infinite interval as a mapping
between vector spaces satisfying an appropriate set of axioms and includes hybrid [1-4] and
impulsive dynamical systems [5-10] as special cases. Stability analysis of left-continuous
dynamical systems is also considered in [1,2], with [2] presenting invariant set stability
theorems for a class of left-continuous and impulsive dynamical systems. The extension of
the invariance principle to impulsive dynamical systems presented in [2] provides a powerful
tool in analyzing the stability properties of periodic orbits and limit cycles of dynamical
systems with impulse effects. However, the periodic orbit of a left-continuous dynamical
system is a disconnected set in the n-dimensional state space making the construction of
a Lyapunov-like function satisfying the invariance principle a daunting task for high-order
nonlinear systems. In such cases, it becomes necessary to seek alternative tools to study
the stability of periodic orbits of hybrid and impulsive dynamical systems, especially if the
trajectory of the system can be relatively easily integrated.

In this paper we generalize Poincaré’s theorem to left-continuous dynamical systems and
hence to hybrid and impulsive dynamical systems. Specifically, we develop necessary and
sufficient conditions for stability of periodic orbits based on the stability properties of a
fixed point of a discrete-time dynamical system constructed from a Poincaré return map.
As opposed to dynamical systems possessing continuous flows requiring the construction of
a hyperplane that is transversal to a candidate periodic trajectory necessary for defining
the return map, the resetting set which provides a criterion for determining when the states
of the left-continuous dynamical system are to be reset provides a natural candidate for
the transversal surface on which the Poincaré map of a left-continuous dynamical system
can be defined. Hence, the Poincaré return map is defined by a subset of the resetting set

that induces a discrete-time mapping from this subset onto the resetting set. This mapping



traces the left-continuous trajectory of the left-continuous dynamical system from a point on
the resetting set to its next corresponding intersection with the resetting set. In the case of
impulsive dynamical systems possessing sufficiently smooth resetting manifolds, we show the
Poincaré return map can be used to establish a relationship between the stability properties
of an impulsive dynamical system with periodic solutions and the stability properties of
an equilibrium point of an (n — 1)th-order discrete-time system. These results have been
recently employed to analyze the periodic orbits for the verge and folio clock escapement
mechanism [11] which exhibits impulsive dynamics. Finally, we note that a related approach
to the present paper restricted to impulsive dynamical systems with the additional restriction

that the periodic trajectory resets at the same point on the resetting set is addressed in [12].

2. Left-Continuous Dynamical Systems with Periodic Solutions

In this section we establish definitions, notation, and provide several key results on left-
continuous dynamical systems with periodic solutions. Let R denote the set of real numbers,
let R”™ denote the set of n x 1 real column vectors, and let N denote the set of nonnegative
integers. We write || - || for the Euclidean vector norm, B.(«),a € R e > 0, for the open
ball centered at a with radius €, and dist(p, M) for the smallest distance from a point p
to any point in the set M; that is, dist(p, M) 2 inf,en ||p — z||. The following definition
is concerned with left-continuous dynamical systems; that is, systems with left-continuous
flows [1,2]. For this definition D C R"™ and 7., C [0,00), zo € D, is a dense subset of the

semi-infinite interval [0, c0) such that [0, 00)\7, is (finitely or infinitely) countable.

Definition 2.1 [1,2]. A left-continuous dynamical system® on D is the triple (D, [0, oc), s),

where s : [0,00) x D — D is such that the following axioms hold:

i) (Left-continuity): s(-,z) is left-continuous in ¢; that is, lim, ;- s(7,zo) = s(t, o) for

all zg € D and t € (0, 00).
ii) (Consistency): s(0,xzq) = o for all o € D.

iii) (Semi-group property): s(7, s(t,xg)) = s(t + 7, 20) for all zg € D and ¢, 7 € [0, 00).

'Right-continuous dynamical systems; that is, systems possessing right-continuous flows, can also be
analogously considered here.



iv) (Quasi-continuous dependence): For every xy € D, there exists 7, C [0, 00) such that
[0,00)\7,, is countable and for every € > 0 and ¢ € 7, there exists d(e, xo,t) > 0 such

that if ||zo — y|| < d(e, 2o, 1), y € D, then ||s(t,zo) — s(t,y)|| < e.

Henceforth, we denote the left-continuous dynamical system (D, [0,00),s) by G. Fur-
thermore, we refer to s(t,x), t > 0, as the trajectory of G corresponding to zy € D, and
for a given trajectory s(t,zg), t > 0, we refer to xy € D as an initial condition of G. The
trajectory s(t,zg), t > 0, of G is bounded if there exists v > 0 such that ||s(¢, zo)|| <, t > 0.
Finally, for the remainder of the paper we refer to the left-continuous dynamical system G
as the dynamical system G.

The quasi-continuous dependence property iv) is a generalization of the standard continu-
ous dependence property for dynamical systems with continuous flows to dynamical systems
with left-continuous flows. Specifically, by letting 7, = 7, = [0, 00), where 7, denotes the
closure of the set 7,,, the quasi-continuous dependence property specializes to the classical
continuous dependence of solutions of a given dynamical system with respect to the system’s
initial conditions 2o € D [13]. If, in addition, zo = 0, s(t,0) = 0, t > 0, and §(e,0,¢)
can be chosen independent of ¢, then continuous dependence implies the classical Lyapunov
stability of the zero trajectory s(t,0) = 0, ¢ > 0. Hence, Lyapunov stability of motion can
be interpreted as continuous dependence of solutions uniformly in ¢ for all ¢ > 0. Conversely,
continuous dependence of solutions can be interpreted as Lyapunov stability of motion for
every fixed time t [13]. Analogously, Lyapunov stability of impulsive dynamical systems
as defined in [5] can be interpreted as quasi-continuous dependence of solutions uniformly
in t for all t € 7,,. The following proposition provides sufficient conditions for G to be a

left-continuous dynamical system.

Proposition 2.1 [2]. Let the triple (D, [0, 00), s), where s : [0,00) X D — D, be such
that Axioms i)—ii:) hold and:

i) For every zy € D, e,n > 0, and T € T,,, there exists 6(g,1,2¢,T) > 0 such that if
llxo —yl| < d(e,m,20,T), y € D, then for every t € 7,, N[0, T] such that |t — 7| > 7, for
all 7 € [0, T\ 7%, ||s(t,z0) — s(t,y)|| < e. Furthermore, if t € 7,, is an accumulation

point of [0, 00)\7Z,,, then s(¢,-) is continuous at z.



Then G is a left-continuous dynamical system.

Definition 2.2 [1]. A strong left-continuous dynamical system on D is a left-continuous

dynamical system on D and the triple (D, [0,00), s) is such that Axiom 4v)" holds.

Henceforth, we assume that 7, in Definition 2.1 is given by T, = {t € [0,00) : s(t, () =
s(t*, x9)} so that [0, 00)\ 7, corresponds to the (countable) set of resetting times, where the

trajectory s(-, xg) is discontinuous. Next, define
Sy = {z € R™ : there exists t € [0,00)\ T, such that z = s(t, z0)} = s(]0, 00)\ Ty, T0),

and S = UzeenSz,- Henceforth, S is called the resetting set. Furthermore, let 7;(x),

i € N, where 1o(x0) = 0 and 7y(x9) < 7o(x) < ---, denote the resetting times; that is,
{m1(z0), 2(z0),- - } = [0,00)\7,. Next, we present a key assumption on the resetting times
Ti<'), 1€ N

Assumption 2.1. For every i € N, 7;(+) is continuous and for every xy € D, there exists

e(xo) such that 7;.1(xo) — 7i(x0) > (o), 1 € N.

The next result shows that G is a strong left-continuous dynamical system if and only if
the trajectory of G is jointly continuous between resetting events; that is, for every e > 0 and
k € N there exists § = d(e, k) > 0 such that if [t—t'|+||xo—y|| < d, then ||s(t, xq)—s(t',y)|| <
¢, where zg,y € D, t € (1(20), T+1(x0)], and ' € (7(y), Tet1(v)]-

Proposition 2.2. Consider the dynamical system G satisfying Axioms i) — #iz) and
Assumption 2.1. Then G is a strong left-continuous dynamical system if and only if the

trajectory s(t,xq), t > 0, of G is jointly continuous between resetting events.

Proof. Assume G is a strong left-continuous dynamical system, let e > 0, and let k € N
Since, by Assumption 2.1, 74(-) is continuous, it follows that for sufficiently small §; > 0,
Tr(z) and 741 (x), x € Bs,(x0), are well-defined and finite. Hence, it follows from the strong
quasi-continuity property iv)’ that s(t,-),t € (7%(+), T+1(+)], is uniformly bounded on By, (x).
Now, since G is left-continuous it follows that for ¢ > 0 and k € A there exists 6 = 6 (e,k) >0

such that if |t — /| < 4, then

Is(t,2) = s(t,@)| < 5. @€ By (x0), .t € (m(a), T ()] (1)



Next, it follows from Assumption 2.1 that for every sufficiently small A > 0 and k €
N, 7.(\, x0) 2 inf,ep, (@) Tk(2) and Ti(A, x0) 2 SUD, B,y (z0) Tk(2) are well defined and
limy_o 7, (A, 29) = limy_oTr(A, x9) = Tk(z0). (Note that 7,(\ zo) < 7u(z) < Tr(\ o),
for all # € By(xo).) Hence, there exists & = §(6) > 0 such that 74(0', zg) — 7,.(8', 20) < 6

and Tp41(0", 20) — 74,1(6, 20) < 5. Next, let n > 0 be such that

7k(5/,$0) — Zk((s,,$0) < Tk<£L'0) — Ik(5/,$o) + n < 5, (2)

Tr1(0', 20) — Ty 1 (0, 0) < 0+ Tpp1 (67, 0) — Thga (o) < 0. (3)

Then, it follows from the strong quasi-continuity of G that there exists §” = §"(¢,n, k) > 0
such that

I5(t,20) = s(t, y)|| < % y € Byr(xo), ¢ € (hlwo) + 1, Thra(20) —1). (4)

Now, if |t — | + ||zo — y|| < 8, where § = min{d1,8,8”,0}, t € (1i(x0) + 1, Tes1 (z0) — 1), and
t" € (7e(y), Tk+1(y)], then it follows from (1), (4), and triangular inequality for vector norms
that

Is(t,za) = s(t', y)|| < [Is(t, z0) — s(t, y)|| + [Is(t,y) — s, y)l| < 26 <e ()

Finally, if [t —¢'|+||zo—y|| < d, where t € (x(x0), Thr1(20)]\ (7k(z0) + 1, Thr1(z0) —7n) and ¢’ €
(:(y), Tk+1(y)], then conditions (2), (3) imply that there exists t” € (1x(xo) + 1, Tri1(x0) — 1)
such that |t — "] < § and |t/ — | < §. Hence, by (1) and (4) it follows that

Is(t, o) = st y)l| < lIs(t, w0) — s(t", zo) | + [Is(t", x0) — s(t", y)|| + [Is(", ) — s(t", y)]| <,

which establishes that G is jointly continuous between resetting events.

To show that joint continuity of s(¢,x), t > 0, between resetting events implies strong
left-continuity of G, let ¢, > 0, T" € 7,,, and suppose Tx(zg) < T < Tgy1(xo). Then, it
follows from the joint continuity of G that there exists ¢’ = §'(e, k) > 0 such that if |t — /| +
|lzo — y|| < &, then [|s(t,zo) — s(t',y)|| < €, where xg,y € D, t € (Tp(x0), Tk+1(z0)], and ¢’ €
(T6(y), Tk+1(y)]. Now, it follows from the Assumption 2.1 that there exists 6" = 0" (xq,n, k) >
0 such that 74(6", z9) — Te(20) < 1 and 7uy1(2) — 7541(8",29) < 1. Note that the above

inequalities guarantee that if t = t' € (7x(x0) + 1, Te11(x0) — 1), then t € (7x(x0), Thr1(z0)]



and t' € (7(y), Tk1(y)], y € B (o). Furthermore, letting 0, = dx(€,n, o, k) = min{d’, 6"},
it follows from the joint continuity of G that for t = ¢ € (7 (o) + 1, Trs1(x0) — 1), ||s(t, 20) —
s(t,y)|| <€, y € Bs,(x0). Similarly, we can obtain dx_1 = dx_1(€,n, 2o, k) > 0 such that an
analogous inequality can be constructed for ally € Bs, | (zo) and t € (7p—1(x0)+n, T6(x0)—7)-
Recursively repeating this procedure for m = k — 2,...; 1, and choosing § = d(e,n, xg, k) =
d(e,n, 20, T) = min{dy, ..., 0}, it follows that ||s(¢,zo) — s(t,y)|| < €, y € Bs(xo), t € [0,T],
and |t — 7(x0)| > 0,1 = 1,..., k, which implies that G is a strong left-continuous dynamical

system. O

Definition 2.3. A solution s(t,xq) of G is periodic if there exists a finite time T > 0,
known as the period, such that s(t+ T, z¢) = s(t, z¢) for all t > 0. A set O C D is a periodic
orbit of Gif O ={x € D:x = s(t,xy),0 <t < T} for some periodic solution s(t,zq) of G.

Note that the set S,, is identical for all zo € O. Furthermore, if for every x € R" there
exists e(x) such that 7,11 (x) — 7;(z) > e(x), i € N, then it follows that S, contains a finite
number of (isolated) points. Finally, for every zo € O it follows that 7,4 n(zo) = 7(x0) + T,
it =2,3,..., where N denotes the number of points in &,,.

Next, to extend Poincaré’s theorem to hybrid dynamical systems let S C S be such that
ONSisa singleton. Note that the existence of such an S is guaranteed since all the points
in ONS are isolated. Now, we define the Poincaré return map P: S — S by

A A~

P(z) = s(ty41(x), x), x €S. (6)

Note that if p € O NS, then s(tn41(p),p) = p. Furthermore, if Assumption 2.1 holds
then 7y41(+) is continuous and hence it follows that P(-) is well defined. Next, define the

discrete-time system given by

A

2k +1) = P(z(k), keN, z0)ed. (7)

It is easy to see that p is a fixed point of (7). For notational convenience define the set
Opoy =t €Toy o |t —7] >n, 7 € [0,00\T5,} denoting the set of all non-resetting times
that are at least a distance n away from the resetting times.

Next, we introduce the notions of Lyapunov and asymptotic stability of a periodic orbit

for the left-continuous dynamical system G.



Definition 2.4. A periodic orbit O of G is Lyapunov stable if for all € > 0 there exists
d = 0(€) > 0 such that if dist(zg, O) < 6, then dist(s(t,z¢), O) <€, t > 0.

Definition 2.5. A periodic orbit O of G is asymptotically stable if it is Lyapunov stable
and there exists § > 0 such that if dist(z, O) < ¢, then dist(s(t, z¢), O) — 0 as t — oo.

The following key lemma is needed for the main stability result of this section.

Lemma 2.1. Consider the strong left-continuous dynamical system G. Assume the point
p € S generates the periodic orbit O = {r €D :a2=s(tp),0 <t <T}, where s(t,p),t >0,
is the periodic solution with the period T' = 7y 1(p). Then the following statements hold:

i) The periodic orbit O is Lyapunov stable if and only if for every ¢ > 0 and for every
po € O there exists & = §'(e, po) > 0 such that if 29 € By (po), then dist(s(t,zq), O) < e,
t > 0.

i1) The periodic orbit O is asymptotically stable if and only if it is Lyapunov stable and for
every po € O there exists §' = §'(po) > 0 such that if 7y € By (po), then dist(s(t, z), O) — 0

as t — oo.

Proof. i) Necessity is immediate. To show sufficiency, assume that for every ¢ > 0
and for every po € O there exists & = §'(e,po) > 0 such that if 2o € Bs(po), then
dist(s(t,zg), O) < €, t > 0. Here, we assume that ¢’ = §'(¢,po) > 0 is the largest value such

that the above distance inequality holds. Next, let § = d(¢) = inf d' (€, po) and suppose,

po€O
ad absurdum, that 6 = 0. In this case, there exists a sequence {pox}>, € O such that
limy00 0'(€, pox) = 0. Since {pox}2; is a bounded sequence, it follows from the Bolzano-
Weierstrass theorem [14] that there exists a convergent subsequence {qor}2; € {por i,
such that limg_. gor = ¢ and limg_ &'(¢,qor) = 0. Note, that since O is closed and
{qor}2, € O, it follows that ¢ € O and hence §'(¢,q) > 0. Thus, it follows that there
exists ¢ € {qor}>; such that, for sufficiently small 11 > 0, By (e,g+4(@) C By(eq)(q). Now,
since, for every po € O, & = §(e,po) > 0 is assumed to be the largest value such that
dist(s(t,20),0) < €,t > 0, for all 9 € By (po), it follows that there exists z( € By (e,q)+4(q)
and ' > 0 such that dist(s(t',z(), O) > e. However, since By (e,q)11(7) C Bs(e,q(q), then for

x € By(e.g)+.(q) it follows that dist(s(t,zf), O) < € for all ¢ > 0, which is a contradiction.



Hence, for every € > 0 there exists § = §(¢) > 0 such that for every po € O and xy € B;(po)
it follows that dist(s(t,z0),0) < €,t > 0. Next, given o € D such that dist(z, Q) =
inf,,co ||zo — po|l < 9, it follows that there exist a point p* € O such that dist(xy, O) <
|lzo — p*|| < d, which implies that zo € Bs(p*) and hence dist(s(t,z9),0) < €,t > 0,
establishing Lyapunov stability.

i1) The proof is analogous to i) and hence is omitted. O

The following theorem generalizes Poincaré’s theorem to strong left-continuous dynamical
systems by establishing a relationship between the stability properties of the periodic orbit
O and the stability properties of an equilibrium point of the discrete-time system (7).

Theorem 2.1. Consider the strong left-continuous dynamical system G with the Poincaré
return map defined by (6). Assume that Assumption 2.1 holds and the point p € S generates
the periodic orbit O = {r € D:xz=s(tp),0 <t <T} where s(t,p),t > 0, is the peri-
odic solution with the period T' = 7y41(p) such that s(7n11(p),p) = p. Then the following

statements hold:

i) peON S is a Lyapunov stable fixed point of (7) if and only if the periodic orbit O of
G generated by p is Lyapunov stable.

i) pe ON S is an asymptotically stable fixed point of (7) if and only if the periodic orbit
O of G generated by p is asymptotically stable.

Proof. i) To show necessity, let ¢ > 0 and note that the set S, = {x € D : z =
s(n(p),p) = m,l = 1,...,N} contains N points, where p 2 p;. Furthermore, let p™ =
lim, o s(7,p) and let € > 0. It follows from joint continuity of solutions of G that there
exists 0 = 0(p, €) such that if ||z}, — p*|| + |t — /| < 0, then ||s(t,z}) — s(t',p*)| < €, where
t € (0,71(zp)] and t' € (0,71 (p")]. Next, as shown in the proof of Proposition 2.2, it follows
that limy_o7,(\, p™) = limy_o71(\,p") = Tl(p+). Hence, choosing ¢ = ¢'(p,€) > 0 such
that &' < g and 71(8',pt) — 7,(8,p*) + p < £, where p is a sufficiently small constant, it

follows from the joint continuity property that, since ||z} — p*|| + [t — 7(p™)| < 9,

Is(t,20) = s(m(@®), ") <& a5 € By(p?), t €[ (d',p") — p,7a(ap)]. (8)



Next, let 7 > 0 be such that 7 < 7(p™) — 7,(¢', p*) + p. Now, it follows from the strong
Ui Ui 1 H

quasi-continuous dependence property iv)’ that there exists §” = §”(p, €) > 0 such that
Is(t,p™) = s(t,2p)ll <& € Byr(p™), te[0,m(p") ). (9)
Now, let 6 = min{d’,§”} and note that 7, (&, p*) < 7,(8, p™). Since 7 is such that 7, (&', p*)—
e 0,71 (pt) — 1), it follows from (8) and (9) that
dist(s(t, zp), 0) < &, a4 € Bs(p™), te[0,m(x)]. (10)

Using similar arguments as above, it can be shown that the resetting event is continuous with
respect to the state; that is, for § > 0 there exists 8; = 0;(8) = 6, (¢) such that ||zt —pT|| < &
for all x € Bs,(p) NS, where ™ = lim,_ s(7,z). Hence, it follows that for é > 0, there

exists d; = 01(€) such that
dist(s(t,zp),0) < €, x5 € Bs,(p) NS, te€0,m(xg))] (11)

Similarly for every point in S, there exists a neighborhood such that an analogous condition
o (11) holds. Specifically, for ¢ > 0 and py € S, there exists dy = dn(€) < € such that
dist(s(t,xp),0) < € for all z(; € Bsy(pn) NS, t € [0,72(z))]. Analogously, for py_1 €
S,, there exists dy_; = on-1(0n) = dn—1(€) such that dist(s(t,z(),0) < Iy < € for all
xy € Bsy_,(pn-1) NS, t € [0, m2(xy)]. Recursively repeating this procedure and using the

semi-group property i), it follows that for e > 0 there exists d; = d1(¢) > 0 such that
dist(s(t,zp),0) <€, x5 € Bs,(p) NS, te[0,7a1(zp)] (12)

Next, it follows from Lyapunov stability of the fixed point p € S, of the discrete-time
dynamical system (7) that, for 6; > 0, there exists §; = 07(d1) > 0 such that ||z(k+1)—p|| =
| P(2(k)) — pl| < é; for all 2(0) € By (p) NS. Hence, using (12) and the semi-group property
iii), it follows that

dist(s(t, ), 0) <€, 25 € By (p)NS, t>0. (13)
Using similar arguments as above, for every po € O there exists § = §(¢, po) such that

dist(s(t,x9),0) <€, xy € Bs(po), te€[0,mm(po)l, (14)



where m is the number of resettings required for s(t,z¢),t > 0, to reach By (p) NS. Finally,

it follows from (14), (13), and the semi-group property iii) that
dist(s(t,x0),0) <€, x9 € Bs(po), t>0, (15)

which, using Lemma 2.1, proves Lyapunov stability of the periodic orbit O.

Next, we show sufficiency. Assume that O is a Lyapunov stable periodic orbit. Further-
more, choose € > 0 and let € € (0, €] be such that there does not exist a point of S, in Be(p)
other than p € §,. Note that € > 0 exists since S, is a finite set. Now, using the fact that G
is left-continuous, it follows that for sufficiently small 0 > 0 there exists 6 = & (3) such that
) < 5 < éand

dist(z,0) > 0, z € B:(p)\ Bs(p)NS. (16)

Here, we let 6 > 0 be the smallest value such that (16) holds. Note that in this case

lim 6(8) = 0. (17)
6—0
Now, it follows from Assumption 2.1 and the joint continuity of solutions of G that for € > 0

there exists ¢'(€) > 0 such that

~

Is(v41(2p), 20) — pll < € ap € By(p) N S. (18)

Hence, using (17), we can choose 0 = 0(¢) > 0 such that 6(8) < (). Next, it follows from
the Lyapunov stability of O that for & = §(¢) > 0 there exists § = 6(8) = 6(¢) > 0 such
that if 29 = z(0) € Bs(p) NS, then dist(s(t, z0), @) < §,¢ > 0. Now, using (16) and (18), it
follows that

12(k + 1) = pll = [|1P(2(k)) — pll = [|s(7v11(2(K)), 2(k)) = pll < 6 <é<e,
2(0) € Bs(p) NS, keN, (19)

where z(k),k € N, satisfies (7). Thus, (19) establishes that p € S, is a Lyapunov stable
fixed point of (7).
i1) To show necessity, assume that p € ONS is an asymptotically stable fixed point of (7).

Hence, it follows from 4) that the periodic orbit O is Lyapunov stable and there exists 6’ > 0

10



such that if z(0) = ) € By (p) NS, then z(k + 1) = P(z(k)) = s(T(v+1)-(k11) (70), 7)) — D
as k — o0o. Now, Definition 2.5 implies that a periodic orbit O of G is asymptotically stable
if it is Lyapunov stable and there exists 0 > 0 such that if dist(z(, O) < ¢, then for every
€ > 0 there exists T' = T'(e, ;) > 0 such that dist(s(t,z), O) < € for all t > T. Next, using

similar arguments as in 4), for any € > 0 there exists 6 = d(¢) > 0 such that
ist(s(t,74), 0) < &, wheBy(p)NS, e [0, mypeh). (20)

Now, it follows from the asymptotic stability of p that for every z{, € By (p) N S there exists
K = K(b,2}) = K(e,x)) € N such that

Is(rovena (), ) —pll <6, k> K. (21)

Choose | > K and let T' = T'(e, z() = T(n41)1(x(). Then, it follows from (20) and (21) that

for a given € > 0 there exists T' = T'(¢, z(,) > 0 such that

~

dist(s(t,z),0) <€, x5€ By(p)NS, t>T, (22)

and hence dist(s(t, 2}),O) — 0 as t — oo for all 2}, € By(p) N'S.

Finally, using similar arguments as in i) it can be shown that for every ppo € O there
exists § = d(po) > 0 such that ||s(7,(x0), o) — p|| < ¢’ for all xy € Bs(po), where m is the
number of resettings required for s(¢,z¢),t > 0, to reach Bg (p) N S. This argument along
with (22), the semi-group property #ii), and i) of Lemma 2.1 implies asymptotic stability
of the periodic orbit O.

Finally, we show sufficiency. Assume that O is an asymptotically stable periodic orbit of
G. Hence, p € Sisa Lyapunov stable fixed point of (7) and there exists 6 > 0 such that if

xo € B,(9), then for every sequence {t;}°, such that ¢, — oo as k — oo,
dist(s(tx, z0),0) — 0, k — oo. (23)

Next, choose & € (0, ] such that there are no points of S, in B;(p) other than p € S. Once
again, 6 > 0 exists since S, is a finite set. Since p € Sisa Lyapunov stable fixed point of (7)
it, follows that for > 0 there exists 0 = 6(d) > 0 such that if z(0) = 2o € B;(p) N S, then
z2(k+1) = P(2(k)) = s(T(n41)-(e1+1)(%0), T0) € Bs(p) N S,k € N. Next, choose a sequence
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{t}e2o = {r(vr)w(0) 1220, o € Bs(p) N S, and note that 7(ny1).x(29) — 00 as k — oo.

Hence, it follows from (23) that
dist(z(k + 1), 0) = dist(P(2(k)), O) = dist(s(T(n41).(kt1)(Z0); T0), O) — 0, &k — o0,
z0 € Bi(p) N S. (24)

Since p € S, is the only point of O in B(p) NS, (24) implies that dist(z(k 4 1),p) — 0 as
k — oo for all z(0) = zo € B;(p) NS, which establishes asymptotic stability of the fixed
point p € S, of (7). O

3. Specialization to Impulsive Dynamical Systems

In this section we specialize Poincaré’s theorem for strong left-continuous dynamical sys-
tems to state-dependent impulsive dynamical systems [5-10]. A state-dependent impulsive

dynamical system G has the form

#(t) = fe(z(t), 2(0) =z, x(t) &S, (25)

Ax(t) = fa(z(), x(t) €S, (26)

where t > 0,2(t) € D C R", D is an open set, f.: D — R", fq:S — R" is continuous, and
S C D is the resetting set. We refer to the differential equation (25) as the continuous-time
dynamics, and we refer to the difference equation (26) as the resetting law. We assume that
the continuous-time dynamics f.(-) are such that the solution to (25) is jointly continuous in
t and xy between resetting events. A sufficient condition ensuring this is Lipschitz continuity
of fo(-). Alternatively, uniqueness of solutions in forward time along with the continuity
of f.(-) ensure that solutions to (25) between resetting events are continuous functions of
the initial conditions 2o € D even when f.(-) is not Lipschitz continuous on D (see [15],
Theorem 4.3, p. 59). More generally, f.(-) need not be continuous. In particular, if f.(-) is
discontinuous but bounded and x(-) is the unique solution to (25) between resetting events
in the sense of Filippov [16], then continuous dependence of solutions with respect to the
initial conditions holds [16]. Finally, note that since the resetting set S is a subset of the
state space D and is independent of time, state-dependent impulsive dynamical systems are

time-invariant.
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As in Section 2, for a particular trajectory z(t) we denote the resetting times of (25),
(26) by 71.(x0); that is, the k™ instant of time at which z(¢) intersects S. Thus the trajectory
of the system (25), (26) from the initial condition x(0) = xo € D is given by (¢, zo) for
0 <t < 7(xg), where 1(t,xz¢) denotes the solution to the continuous-time dynamics (25).
If and when the trajectory reaches a state x 2 x(1(z0)) satisfying x; € S, then the state
is instantaneously transferred to 2 x1 + fa(z1) according to the resetting law (26). The
solution z(t), 71 (o) < t < 7o), is then given by ¥ (t —71(xo), 2] ), and so on for all z, € D.
Note that the solution z(t) of (25), (26) is left-continuous; that is, it is continuous everywhere

except at the resetting time 74 (), and

o 2 2(ri(z0)) = Tim (7 (xo) — €, (27)
i £ 2(m(wo)) + falz(mi(wo)), (28)

for k=1,2,....

We make the following additional assumptions:

Al If (t) € S\ S, where S denotes the closure of the set S, then there exists € > 0 such
that, for all 0 < § < €,9(5,z(t)) € S.
A2 Ifx €S, then z + fa(z) € S.

Assumption A.1 ensures that if a trajectory reaches the closure of S at a point that does
not belong to &, then the trajectory must be directed away from S; that is, a trajectory
cannot enter S through a point that belongs to the closure of § but not to S. Furthermore,
A.2 ensures that when a trajectory intersects the resetting set S, it instantaneously exits S.
Finally, we note that if zyp € S, then the system initially resets to z{ = o + fa(zo) € S

which serves as the initial condition for the continuous-time dynamics (25).

Remark 3.1. It follows from A.2 that resetting removes x(7x(x)) = x from the reset-
ting set S. Thus, immediately after resetting occurs, the continuous-time dynamics (25), and

not the resetting law (26), becomes the active element of the impulsive dynamical system.

Remark 3.2. It follows from A.1 and A.2 that no trajectory starting outside of S can
intersect the interior of S. Specifically, it follows from A.1 that a trajectory can only reach

S through a point belonging to both & and its boundary. And from A.2, it follows that
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if a trajectory reaches a point in & that is on the boundary of &, then the trajectory is
instantaneously removed from §. Since a continuous trajectory starting outside of S and
intersecting the interior of & must first intersect the boundary of &, it follows that no

trajectory can reach the interior of S.

Remark 3.3. Note that it follows from the definition of 74(-) that 7 (z) > 0,2 ¢ S,
and 7(x) = 0, € §. Furthermore, since for every x € S,z + fq(z) € S, it follows that

mo(z) = 71 () + 71(x + fa(z)) > 0.

Remark 3.4. It follows from A.1, A.2, and Remark 3.2 that the resetting times 74(zo)
are well defined and distinct. See [2,9] for further details of this fact.

It is important to note that since not every bounded solution of an impulsive dynamical
system over a forward time interval can be extended to infinity due to Zeno solutions; that
is, solutions exhibiting infinitely many resettings in a finite time, we assume that f.(-) and
fa(+) are such that existence and uniqueness of solutions for (25), (26) are satisfied in forward
time. For details see [2,5,8]. In this paper we assume that f.(-) and f4(-) are such that
Tk(zg) — 00 as k — oo for all zy € D. In light of the above, note that the solution of (25),
(26) with initial condition xq € D denoted by s(t,z¢),t > 0, is i) left-continuous; that is,
lim, -s(7,29) = s(t, xg) for all zp € D and t € (0, 00); ii) consistent; that is, s(0,zq) = o,
for all zy € D; and i) satisfies the semi-group property; that is, s(7, s(t, o)) = s(t + 7, z)

for all zp € D and t, 7 € [0,00). To see this note that s(0,x¢) = x¢ for all xy € D and

w(t,xo), 0§t§71($0),
s(t,x0) = § Yt — mk(20), s(T(20), w0) + fa(s(Tk(20),0))), Tr(z0) <t < Thyi(wo),  (29)
Y(t — 7(20), s(7(20), 70)), t > 7(x0),

where 7(x) 2 SUpy>o Tk(To), which implies that s(-,z¢) is left-continuous. Furthermore,
uniqueness of solutions implies that s(¢, xg) satisfies the semi-group property s(7, s(t,xg)) =
s(t + 7, x0) for all xy € D and ¢, 7 € [0, 00).

Next, we present two key assumptions on the structure of the resetting set S. Specifically,

we assume that the resetting set § is such that the following assumptions hold:
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A.3. There exists a continuously differentiable function X : D — R such that the resetting
set S ={zx € D: X(x) = 0}; moreover, X'(x) #0,z € S.
A4 2D g (2) 40,2 € S.

Remark 3.5. It follows from A.3 that the resetting set S is an embedded submanifold

[17] while A.4 assures that the solution of G is not tangent to the resetting set S.

The following lemma proven in [12] states that under the Assumptions A.3 and A.4, the

first resetting time 7 (-) is continuous at xg € D.

Lemma 3.1 [12]. Consider the nonlinear state-dependent impulsive dynamical system
G given by (25), (26). Assume that A.3 and A.4 hold. Then 7(+) is continuous at xy € D,

where 0 < 7y (xg) < 0.

The following proposition shows that under Assumptions A.3 and A.4, the resetting times

7k(+) are continuous at xo € D for all k € N.

Proposition 3.1. Consider the nonlinear state-dependent impulsive dynamical system
G given by (25), (26). Assume that A.3 and A.4 hold. Then 7(-) is continuous at zy € D,

where 0 < 71,(z0) < 00, for all k € N.

Proof. First, it follows from Lemma 3.1 that 71(-) is continuous at xg € D, where
0 < 7i(zg) < oo. Since fe(-) is such that the solutions to (25) are jointly continuous in ¢
and xg, it follows that (-, -) is continuous in both its arguments. Furthermore, note that
Y(mi(z),z) = s(m(x),x),x € D. Next, it follows from the definition of 74 (z) that for every
reDand ke {l1,2,...,},

() = Ty (2) + 75[8(Th—s (), 2) + Jals(ne—y (), 2))], =1,k (30)

where 7y(z) 2 . Hence, since f4(-) is continuous, it follows from (30) that 7o(z) =
T (x) + 7 [s(m(x),x) + fa(s(mi(x),z))] is also continuous on D. By recursively repeating
this procedure for k = 3,4, ..., it follows that 74(z) is a continuous function on D for all

ke N. 0

Since f.(-) and f4(-) are such that the Axioms i) — iii) hold for the state-dependent

impulsive dynamical system G, and G is jointly continuous between resetting events, then,
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with Assumptions A.3 and A.4 satisfied, it follows from Propositions 2.2 and 3.1 that the
state-dependent impulsive dynamical system G is a strong left-continuous dynamical system.

Hence, the following corollary to Theorem 2.1 is immediate.

Corollary 3.1. Consider the impulsive dynamical system G given by (25), (26) with the
Poincaré return map defined by (6). Assume that A.3 and A.4 hold, and the point p € S
generates the periodic orbit O = {r € D: z=s(t,p), 0 <t <T}, where s(t,p), t > 0,
is the periodic solution with the period T' = 7n.1(p) such that s(7ny1(p), p) = p. Then the

following statements hold:

i) pe ONS is a Lyapunov stable fixed point of (7) if and only if the periodic orbit @ of
G generated by p is Lyapunov stable.

i) pe ONS is an asymptotically stable fixed point of (7) if and only if the periodic orbit
O of G generated by p is asymptotically stable.

Corollary 3.1 gives necessary and sufficient conditions for Lyapunov and asymptotic sta-
bility of a periodic orbit of the state-dependent impulsive dynamical system G based on
the stability properties of a fixed point of the n-dimensional discrete-time dynamical sys-
tem involving the Poincaré map (6). Next, as is the case of the classical Poincaré the-
orem, we present a specialization of Corollary 3.1 that allows us to analyze the stability
of periodic orbits by replacing the nth-order impulsive dynamical system by an (n — 1)th-

order discrete-time system. To present this result assume, without loss of generality, that

0X(x)
Oxn

# 0,7 € S, where # = [xy,...,x,]T. Then it follows from the implicit function the-
orem [18] that =, = g(z1,...,x,—1), where g(-) is a continuously differentiable function at
2y £ 21, ., 7] such that 2T, g(z,)]T € S. Note that in this case P : S — S in (7) is

given by P(z) 2 [Pi(x), - -, P(2)], where
Pn(xrv g('rr)) = g<P1<xr7 g(l’r)), ceey Pnfl(xrv g<xr))) (31)

Hence, we can reduce the n-dimensional discrete-time system (7) to the (n — 1)-dimensional

discrete-time system given by

2(k+1) =Pu(z(k), keN, (32)
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where z, € R*1 [21(+), g(2.(-)]* € S, and

T

Pr(ax, g(2))

| P (e gla))

Pr(:) (33)
Note that it follows from (31) and (33) that p 2 [pT, g(p.)]T € S is a fixed point of (7) if and

only if p, is a fixed point of (32).

Corollary 3.2. Consider the impulsive dynamical system G given by (25), (26) with the
Poincaré return map defined by (6). Assume that A.3 and A.4 hold, 8§x(x) #0,z €S, and

n

the point p € S generates the periodic orbit @ = {r €D: z=s(tp), 0<t<T}, where

s(t,p), t > 0, is the periodic solution with the period T = 7. 1(p) such that s(ry41(p), p) = p.
Then the following statements hold:

i) For p=[pT, g(p,)]T € ONS, p, is a Lyapunov stable fixed point of (32) if and only if
the periodic orbit O is Lyapunov stable.

i) For p = [pT,g(p:)]T € ONS, p, is an asymptotically stable fixed point of (32) if and
only if the periodic orbit O is asymptotically stable.

Proof. i) To show necessity, assume that p, is a Lyapunov stable fixed point of (32) and
let € > 0. Then it follows from the continuity of g(-) that there exists §' = §'(¢) > 0 such
that

lo(ee) =9l < 5. @ € By(po). (34)

Choosing 0" < £, it follows from the Lyapunov stability of p, that for &' > 0 there exists

£
29

d = d(e) < ¢ such that
, €
le(k +1) = pell = [Pe(2(R)) = pul] < 6" < 5, 2(0) € Bs(pr), (35)
where z(k) = [2(k)T, g(2:(k)]T € S, k € N, satisfies (7). Hence, if 2(0) € Bs(p) N S; that is,

12(0) = pll = [I[:(0)", g(= (O))]" = [ps, 9()]" || < Il[2:(0)", 0] = [p, 0"
+110, .-, 0, (2 (0))]" = [0, ..., 0, g(p)]"[| < 6, (36)
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then it follows from (36) that z,(0) € Bs(p,). Hence, using (31), (34), and (35), it follows
that

l2(k + 1) = pll = [IP(2()) = pll = I[P (2(k)), Pa(z(B), gz = [y g(po)]" ]
< I[Pz (k)), 01" = [py, O]
0., 0, Pz (K), 9 (2 (kD)) = [0, 0, g(po)]T]| < ' + 5 < e (37)

Thus, for a given e > 0 there exists § = d(e) > 0 such that if z(0) € Bs(p) NS, then
|z(k 4+ 1) — p|| < €, which establishes Lyapunov stability of p for the discrete-time system
(7). Now, Lyapunov stability of the periodic orbit O follows as a direct consequence of
Theorem 2.1.

Next, to show sufficiency, assume that the periodic orbit O is Lyapunov stable. In this
case, it follows from Theorem 2.1 that p = [pT, g(p,)]T € O NS is a Lyapunov stable fixed
point of (7). Hence, for every € > 0 there exists ' = ¢’(¢) > 0 such that

l2(k +1) = pll = [|P(2(k)) = pll < e, k€N, =2(0) € By(p)NS. (38)

Now, it follows from the continuity of g(-) that for 8’ > 0 there exists 6 = d(e) > 0 such that

!/

J
lg(ae) = g(p)ll < 50 € Bs(pr)- (39)
Choosing § < & and z,(0) € Bs(p,), it follows from (39) that
T T T 0,0
!/

12(0) = pll = [I[:(0)", g(=(0))]" = [P g ()]l < 5 + 5 = 05 (40)
that is, 2(0) € By(p) N'S. Hence, it follows from (38), (40), and (37) that for a given
e > 0, there exists § = §(e) > 0 such that [|z.(k + 1) — p.|| = [|Pe(2:(k)) — p:|| < € for all
2:(0) € Bs(p;), which establishes Lyapunov stability of p, for (32).

i1) To show necessity, assume that p, is an asymptotically stable fixed point of (32). Now,

it follows from i) that p = [pT, g(p,)]T € O NS is a Lyapunov stable fixed point of (7) and
there exists 6 > 0 such that

[ze(k + 1) = poll = [Pe(2:(F)) = pell = 0, K — 00, 2(0) € Bs(pr). (41)

If z(0) € Bs(p) NS, then, as shown in i), 2(0) € Bs(p;). Hence, it follows from (41), the

continuity of ¢g(+), and representation given in (37) and (31) that ||z(k + 1) — p|| — 0 as
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k — oo for all 2(0) € Bs(p) N'S. This establishes asymptotic stability of p for (7). Now,
asymptotic stability of the periodic orbit O of G follows as a direct consequence of Theorem
2.1.

Finally, to show sufficiency, assume that the periodic orbit O is asymptotically stable.
In this case, it follows from Theorem 2.1 that p = [pT, g(p.)]" € O NS is an asymptotically
stable fixed point of (7) and, by i), p, is a Lyapunov stable fixed point of (32). Hence, there

exists &’ > 0 such that

l2(k + 1) = pll = | P(2(k)) = pll = I[P (z(k)), Palz(k), gz ()] = [pr, 9(@0)] ]| = 0,
k— oo, z(0)eBsy(p)NS. (42)

Using similar arguments as in i), we can find § > 0 such that if z,(0) € Bs(p:), then
2(0) € By(p) N'S. Thus it follows from (42) that

[ze(k + 1) = poll = [Pe(z:(F) = pell = 0, k=00, 2(0) € Bs(pr), (43)

which establishes asymptotic stability of p, for (32). O

4. Conclusion

A generalized Poincaré theorem was developed for left-continuous dynamical systems.
Specifically, necessary and sufficient conditions for stability of left-continuous, hybrid, and
impulsive dynamical systems with periodic solutions were derived based on stability proper-
ties of a fixed point of a discrete-time dynamical system constructed from a Poincaré return

map.
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