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Non-negative and compartmental dynamical systems are derived from mass and energy balance considerations that
involve dynamic states whose values are non-negative. These models are widespread in engineering, biomedicine and
ecology. In this paper we develop several results on stability, dissipativity and stability of feedback interconnections of
discrete-time linear and non-linear non-negative dynamical systems. Specifically, using linear Lyapunov functions we first
develop necessary and sufficient conditions for Lyapunov stability and asymptotic stability for non-negative systems. In
addition, using linear and non-linear storage functions with linear supply rates we develop new notions of dissipativity
theory for non-negative dynamical systems. Finally, these results are used to develop general stability criteria for feed-
back interconnections of non-negative dynamical systems.

1. Introduction

Non-negative dynamical systems (Luenberger 1979,

Nieuwenhuis 1982, Ohta et al. 1984, Berman et al. 1989,

Farina and Rinaldi 2000, Kaszkurewicz and Bhaya

2000, Haddad et al. 2001, Kaczorek 2002) are essential

in capturing the phenomenological features of a wide

range of dynamical systems. These systems are derived

from mass and energy balance considerations that

involve dynamic states whose values are non-negative.

Hence, it follows from physical considerations that the

state trajectories of such systems remain in the non-

negative orthant of the state space for non-negative

initial conditions. A subclass of non-negative dynamical

systems are compartmental systems (Mohler 1974,

Maeda et al. 1977, 1978, Sandberg 1978, Funderlic

and Mankin 1981, Anderson 1983, Godfrey 1983,

Jacquez 1985, Bernstein and Hyland 1993, Jacquez

and Simon 1993). These systems are comprised of

homogeneous coupled macroscopic subsystems or com-

partments which exchange variable quantities of material

via intercompartmental flow laws. The range of applica-

tions of non-negative and compartmental system is

widespread in science and engineering. Their usage

include biomedical systems (Jacquez 1985, Jacquez and

Simon 1993), demographic, epidemic and ecological

systems (Mulholland and Keener 1974, Jacquez et al.

1998), economic systems (Berman and Plemmons 1979),

telecommunication systems (Foster and Garzia 1989),

transportation systems, power systems and large-scale

systems (Siljak 1978, 1983).

Even though numerous results on continuous-time

compartmental systems and, to a lesser extent, non-

negative systems have been developed in the literature

(see Mohler 1974, Maeda et al. 1977, 1978, Sandberg

1978, Funderlic and Mankin 1981, Nieuwenhuis 1982,

Anderson 1983, Godfrey 1983, Ohta et al. 1984, Jacquez

1985, Berman et al. 1989, Bernstein and Hyland 1993,

Jacquez and Simon 1993, Farina and Rinaldi 2000,

Kaszkurewicz and Bhaya 2000, Haddad et al. 2001,

Kaczorek 2002 and references therein), the development

of discrete-time non-negative and compartmental

systems theory has received far less attention. In this

paper we develop several basic mathematical results on

stability, dissipativity and stability of feedback inter-

connections of discrete-time linear and non-linear non-

negative dynamical systems. Specifically, using linear

Lyapunov functions, we first develop necessary and suf-

ficient conditions for Lyapunov stability and asymptotic

stability for linear non-negative dynamical systems. It is

important to note that linear Lyapunov functions for

non-negative dynamical systems is not new to this

paper and have been considered in Luenberger (1979).

However, the consideration of a linear Lyapunov

function in the present formulation leads to a new

Lyapunov-like equation for examining the stability

of linear non-negative systems. This Lyapunov-like

equation is analysed using non-negative matrix theory

(Berman and Plemmons 1979, Horn and Johnson 1995).

The motivation for using a linear Lyapunov func-

tion follows from the fact that the state of a non-

negative dynamical system is non-negative and hence

a linear Lyapunov function is a valid Lyapunov function

candidate. This considerably simplifies the stability

analysis of non-negative dynamical systems.

It is well known that linear, continuous-time

Lyapunov stable compartmental systems are semistable

(Bernstein and Hyland 1993, Jacquez and Simon 1993,

Haddad et al. 2001); that is, system trajectories converge
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to Lyapunov stable equilibrium points. This is not the

case however for linear, discrete-time compartmental

systems as well as non-linear compartmental systems.

In fact, non-linear compartmental systems can exhibit

limit cycles, bifurcations and even chaos (Jacquez and

Simon 1993). Hence, it is of interest to determine neces-

sary and sufficient conditions under which masses/

concentrations for non-linear compartmental systems

converge. Even though sufficient conditions do exist

in the literature guaranteeing the absence of limit cycles

for non-linear, continuous-time compartmental systems

(Maeda et al. 1978, Hirsch 1982, Chellaboina et al.

2002), similar conditions for discrete-time compart-

mental systems are not developed. In this paper we

additionally develop necessary and sufficient conditions

for identifying discrete-time non-negative and compart-

mental systems that only admit monotonic solutions.

As a result we provide new sufficient conditions for

the absence of limit cycles in non-linear, discrete-time

compartmental systems.

Next, using linear and non-linear storage functions

with linear supply rates we develop new notions

of classical dissipativity theory (Willems 1972 a) for

discrete-time non-negative dynamical systems. The

overall approach provides a new interpretation of a

mass balance for non-negative systems with linear

supply rates and linear and non-linear storage functions.

Specifically, we show that dissipativity of a non-negative

dynamical system involving a linear storage function

and a linear supply rate implies that the system mass

transport is equal to the supplied system mass minus

the expelled system mass. In the special case where the

linear supply rate is taken to be the excess input mass

flux over the output mass flux, the system dissipativity

notion collapses to a non-accumulativity system con-

straint wherein the system mass transport is always

less than or equal to the difference between the system

flux input and system flux output. Furthermore, we

show that all compartmental systems with measured

outputs corresponding to material outflows are non-

accumulative. In addition, we develop new Kalman–

Yakubovich–Popov equations for non-negative systems

for characterizing dissipativeness with linear and non-

linear storage functions and linear supply rates.

Finally, using the concepts of dissipativity with linear

supply rates we develop feedback interconnection

stability results for discrete-time linear and non-linear

non-negative dynamical systems. General stability

criteria are given for Lyapunov and asymptotic stability

of feedback non-negative dynamical systems. These

results can be viewed as a generalization of the positivity

and the small gain theorems (Hill and Moylan 1977)

to non-negative systems with linear supply rates

involving net input–output system mass flux.

The contents of the paper are as follows. In } 2 we
establish definitions, notation and review some basic
results on non-negative matrices. In } 3 we present
Lyapunov and asymptotic stability results for discrete-
time linear non-negative dynamical systems using a
linear Lyapunov function and a new Lyapunov-like
equation. We then turn our attention to stability and
convergence results for discrete-time non-linear non-
negative dynamical systems in } 4. In } 5, we present
several results for discrete-time non-negative dynamical
systems with non-negative inputs and non-negative
outputs. Furthermore, we extend the notation of
dissipativity theory to discrete-time non-negative dyna-
mical systems with linear storage functions and linear
supply rates. In addition, we develop new Kalman–
Yakubovich–Popov equations in terms of system
storage functions and linear supply rates for character-
izing dissipativeness for discrete-time non-negative
systems. In } 6, we specialize the results of } 5 to linear
discrete-time non-negative systems. In } 7, we use the
results of }} 5 and 6 to state and prove feedback inter-
connection stability results for dissipative discrete-time
non-linear non-negative dynamical systems. Further-
more, we develop absolute stability criteria for discrete-
time non-negative dynamical systems with non-negative
memoryless feedback non-linearities. Section 8 considers
an example that demonstrates the utility of some of the
mathematical results developed in the paper. Finally,
we draw conclusions in } 9. We stress that although
many of the system theory results and stability results
on linear non-negative dynamical systems in this paper
are well known (Luenberger 1979, Farina and Rinaldi
2000, Kaszkurewicz and Bhaya 2000), they are restated
here in a concise and unified format that supports the
development of dissipativity theory for non-negative
systems in later sections.

Notation

N ,R,Rm�n non-negative integers,

real numbers, m� n real matrices

xi ith entry of vectorx 2 R
n

ei vector with unity in

ith position and zeros elsewhere

e ½1, 1, . . . , 1�T

Aði, jÞ ði, jÞth entry of matrixA 2 R
m�n

A �� 0 ðA � 0Þ Aði, jÞ � 0 ðAði, jÞ > 0Þ for all i and j

A �� B ðA � BÞ A� B �� 0 ðA� B >> 0Þ

where A and B are matrices

with identical dimensions
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A � 0 ðA > 0Þ non-negative (resp., positive)

definite matrix; that is, symmetric

matrix with non-negative

(resp., positive) eigenvalues

A � B ðA > BÞ A� B � 0 ðA� B > 0Þ where

A and B are symmetric matrices

with identical dimensions

R
n
þ,R

n
þ, fx 2 R

n: x >> 0g, fx 2 R
n: x �� 0g

specðAÞ spectrum of matrix A 2 R
n�n

�ðAÞ spectral radius of A;

that is, maxfj�j: � 2 specðAÞg

rank A rank of matrix A 2 R
m�n

indðAÞ minfk 2 N : rank Ak
¼ rank Akþ1

g

detðAÞ determinant of matrix A 2 R
n�n

rowiðAÞ, coliðAÞ ith row of A, ith column of A

AT transpose of A

A# group generalized inverse of A

where indðAÞ � 1

RðAÞ,NðAÞ range and null subspaces of A 2 R
m�n

A� B Kronecker product of A and B

k � k vector or matrix norm

Brðx0Þ fx 2 R
n: kx� x0k < rg

S closure of the set S

2. Mathematical preliminaries

In this section we introduce several definitions and
some key results concerning non-negative matrices
(Berman et al. 1978, Meyer and Stadelmaier 1978,
Berman and Plemmons 1979, Horn and Johnson 1995)
that are necessary for developing the main results of
this paper.

Definition 1: Let A 2 R
m�n. Then A is non-negativey

(resp., positive) if Aði, jÞ � 0 (resp., Aði, jÞ > 0) for all
i ¼ 1, 2, . . . ,m and j ¼ 1, 2, . . . , n.

Definition 2: A real function u:N ! R
m is a non-

negative (resp., positive) function if uðkÞ �� 0 (resp.,
uðkÞ >> 0), k 2 N .

Definition 3 (Berman and Plemmons 1979): Let
A 2 R

n�n. A is a Z-matrix if Aði, jÞ � 0, i, j ¼ 1, . . . , n,
i 6¼ j. A is an M-matrix (resp., a non-singular
M-matrix) if A is a Z-matrix and all the principal

minors of A are non-negative (resp., positive). A is
essentially non-negative if �A is a Z-matrix; that is,
Aði, jÞ � 0, i, j ¼ 1, . . . , n, i 6¼ j.

The following lemma is needed for developing
several stability results in later sections.

Lemma 1: Let A 2 R
n�n be non-negative. Then the

following statements are equivalent:

(i) I�A is an M-matrix.

(ii) �ðAÞ � 1.

Furthermore, if I � A 2 R
n�n is a non-singular Z-matrix,

then the following statements are equivalent:

(iii) I�A is a non-singular M-matrix.

(iv) detðI � AÞ 6¼ 0 and ðI � AÞ�1
�� 0.

(v) For each y 2 R
n, y�� 0, there exists a unique

x 2 R
n, x�� 0, such that ðI � AÞx ¼ y.

(vi) There exists x 2 R
n, x�� 0, such that x >> Ax.

(vii) There exists x 2 R
n, x >> 0, such that

x >> Ax.

Proof: To show (i) implies (ii) let I�A be an
M-matrix and note that it follows from (iii) of
Lemma 2.1 of Haddad et al. (2001) that Re �� 0,
� 2 spec ðI � AÞ or, equivalently, Re � � 1, � 2 spec ðAÞ.
Since A is non-negative it follows from the Perron–
Frobenius theorem (Berman and Plemmons 1979,
Horn and Johnson 1995) that there exists � 2 spec ðAÞ
such that �ðAÞ ¼ � which implies that �ðAÞ ¼ Re � � 1.
Conversely, to show (ii) implies (i) let �ðAÞ � 1. Now
it follows from (ii) of Lemma 2.1 of Haddad et al.
(2001) with �¼ 1, B¼A, and A replaced by I�A that
I�A is an M-matrix. The equivalence of statements
(iii)–(vii) follows from Theorem A.2 of Siljak (1978)
with A replaced by I�A. &

3. Stability theory for discrete-time linear non-negative

dynamical systems

In this section we provide necessary and sufficient
conditions for stability of discrete-time non-negative
dynamical systems; that is, dynamical systems whose
solutions remain in the non-negative orthant for non-
negative initial conditions. Specifically, we consider
linear dynamical systems of the form

xðkþ 1Þ ¼ AxðkÞ, xð0Þ ¼ x0, k 2 N ð1Þ

where xðkÞ 2 R
n, k 2 N , and A 2 R

n�n. Since the
solution to (1) is given by xðkÞ ¼ Akx0 it follows that
xðkÞ �� 0, k 2 N , if and only if A is non-negative.
Henceforth, we assume that A is non-negative. The
following definition introduces several types of stability
notions corresponding to the equilibrium solution
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xðkÞ 	 xe of (1), where xe 2 N ðA� IÞ, and whose
solutions remain in the non-negative orthant R

n
þ.

Definition 4: The equilibrium solution xðkÞ 	 xe of
the non-negative dynamical system (1) is Lyapunov
stable if for every ">0 there exists � ¼ �ð"Þ > 0 such
that if x0 2 B�ðxeÞ \R

n

þ, then xðkÞ 2 B"ðxeÞ \R
n

þ,
k 2 N . The equilibrium solution xðkÞ 	 xe of the non-
negative dynamical system (1) is semistable if it is
Lyapunov stable and there exists �>0 such that if
x0 2 B�ðxeÞ \R

n

þ, then limk!1 xðkÞ exists and con-
verges to a Lyapunov stable equilibrium point. The
equilibrium solution xðkÞ 	 xe of the non-negative
dynamical system (1) is asymptotically stable if it is
Lyapunov stable and there exists �>0 such that if
x0 2 B�ðxeÞ \R

n

þ, then limk!1 xðkÞ ¼ xe. Finally, the
equilibrium solution xðkÞ 	 xe of the non-negative
dynamical system (1) is globally asymptotically stable
if the previous statement holds for all x0 2 R

n

þ.

Remark 1: Note that (1) is Lyapunov stable if and
only if there exists �>0 such that kAkk � �, k 2 N ,
(1) is semistable if and only if limk!1 Ak exists, and (1)
is asymptotically stable if and only if limk!1 Ak ¼ 0.
Also note that if A is asymptotically stable, then
NðA� IÞ ¼ f0g.

The following theorem gives necessary and sufficient
conditions for Lyapunov stability and asymptotic
stability for discrete-time linear non-negative dynamical
systems using linear Lyapunov functions. Even though
some of the results presented below follow from non-
negative matrix theory (Berman and Plemmons 1979),
here we provide a proof based on standard Lyapunov
theory and invariant set arguments using a linear
Lyapunov function construction.

Theorem 1: Consider the discrete-time linear dynami-
cal system (1) where A 2 R

n�n is non-negative. Then the
following statements hold:

(i) If there exists vectors p, r 2 R
n such that p >> 0

and r�� 0 satisfy

p ¼ ATpþ r ð2Þ

then A is Lyapunov stable.

(ii) If A is Lyapunov stable, then there exists vectors
p, r 2 R

n such that p�� 0, p 6¼ 0, and r�� 0
satisfy (2).

(iii) If there exist vectors p, r 2 R
n such that p�� 0

and r�� 0 satisfy (2) and ðA, rTÞ is observable,
then p >> 0 and (1) is asymptotically stable.

Furthermore, the following statements are equivalent:

(iv) A is asymptotically stable.

(v) There exist vectors p, r 2 R
n such that p >> 0

and r >> 0 satisfy (2).

(vi) There exist vectors p, r 2 R
n such that p�� 0

and r >> 0 satisfy (2).

(vii) For every r 2 R
n such that r >> 0, there exists

p 2 R
n such that p >> 0 satisfies (2).

Proof:

(i) Consider the linear Lyapunov function candi-
date VðxÞ ¼ pTx. Note that Vð0Þ ¼ 0 and
VðxÞ > 0, x 2 R

n
þ, x 6¼ 0. Now, computing the

Lyapunov difference yields

�VðxÞ ¼
�
VðAxÞ � VðxÞ ¼ pTAx� pTx

¼ �rTx � 0, x 2 R
n
þ

establishing Lyapunov stability.

(ii) If A is Lyapunov stable it follows from (i) of
Lemma 1 that ðI � AÞT is an M-matrix. Since
AT

�� 0, it follows from the Perron–Frobenius
theorem (Berman and Plemmons 1979) that
�ðAÞ 2 spec ðAÞ and hence there exists p�� 0,
p 6¼ 0, such that ATp ¼ �ðAÞp. Thus, ATp� p ¼

ð�ðAÞ � 1Þp �� 0 which proves that there exist
p�� 0, p 6¼ 0, and r�� 0 such that (2) holds.

(iii) Assume there exist p�� 0 and r�� 0 such that
(2) holds and suppose ðA, rTÞ is observable.
Now, consider the function VðxÞ ¼ pTx, x 2 R

n
þ,

and note that since VðxÞ � 0 and �VðxÞ ¼
pTAx� pTx ¼ �rTx � 0, x 2 R

n
þ, it follows

that if xð0Þ 2 P ¼
�
fx 2 R

n
þ: p

Tx ¼ 0g, then
VðxðkÞÞ ¼ 0, k 2 N , which implies that
0��VðxðkÞÞ¼ pTAxðkÞ�pTxðkÞ ¼ pTAxðkÞ � 0,
k 2 N . Specifically, �Vðxð0ÞÞ ¼ pTAxð0Þ ¼ 0.
Hence, if x̂x 2 P then �Vðx̂xÞ ¼ pTAx̂x ¼

�rTx̂x ¼ 0. Thus, if x̂x 2 P then Ax̂x 2 P and
x̂x 2 Q¼

�
fx 2 R

n
þ: r

Tx ¼ 0g. Now, since Ax̂x 2 P

it follows that A2x̂x 2 P and Ax̂x 2 Q.
Repeating these arguments yields Akx̂x 2 Q,
k ¼ 0, 1, . . . , n� 1, or, equivalently, rTAkx̂x ¼ 0,
k ¼ 0, 1, . . . , n� 1. Now, since ðA, rTÞ is observ-
able it follows that x̂x ¼ 0 and P ¼ f0g which
implies that p >> 0. Asymptotic stability of
(1) now follows as a direct consequence of
LaSalle’s invariant set theorem (LaSalle 1976)
with VðxÞ ¼ pTx and using the fact that ðA, rTÞ
is observable.

To show the equivalence between (iv)–(vii) first sup-
pose there exists p�� 0 and r >> 0 such that (2) holds.
Now, there exists sufficiently small ">0 such that
AT

ðpþ "eÞ << pþ "e and pþ "e >> 0 which proves
that (vi) implies (v). Since (v) implies (vi) it trivially
follows that (v) and (vi) are equivalent. Now, suppose
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(v) holds; that is, there exists p >> 0 and r >> 0 such
that (2) holds and consider the Lyapunov function can-
didate VðxÞ ¼ pTx, x 2 R

n
þ. Computing the Lyapunov

difference yields �VðxÞ ¼ pTAx� pTx ¼ �rTx < 0,
x 2 R

n
þ, x 6¼ 0, and hence it follows that (1) is asympto-

tically stable. Thus, (v) implies (iv). Next, suppose (1) is
asymptotically stable. Hence, ðI � AÞ�T

�� 0 and thus
for every r 2 R

n
þ, p¼

�
ðI � AÞ�Tr �� 0 satisfies (2) which

proves that (iv) implies (vi).
Finally, suppose (1) is asymptotically stable. Now, as

in the proof given above, for every r 2 R
n
þ, there exists

p 2 R
n
þ such that (2) holds. Next, suppose, ad absurdum,

there exists x 2 R
n
þ, x 6¼ 0, such that xTp ¼ 0; that is,

there is at least one i 2 f1, 2, . . . , ng, such that pi¼ 0.
Hence, xTðI�AÞ�Tr¼ 0. However, since ðI�AÞ�T

��0
it follows that ðI � AÞ�1x �� 0 and, since r >> 0, it
follows that ðI � AÞ�1x ¼ 0 which implies that x¼ 0
yielding a contradiction. Hence, for every r 2 R

n
þ,

there exists p 2 R
n
þ such that (2) holds which proves

(iv) implies (vii). Since (vii) implies (v) trivially, the
equivalence of (iv)–(vii) is established. &

Next, we give necessary and sufficient conditions for
semistability of a non-negative matrix.

Theorem 2: Let A 2 R
n�n be non-negative. A is

semistable if and only if j�j < 1 or �¼ 1 and �¼ 1 is
semisimple, where � 2 specðAÞ. Furthermore, if A is
semistable, then limk!1Ak ¼ I � ðA� IÞðA� IÞ# �� 0.

Proof: If j�j < 1 or �¼ 1 and �¼ 1 is semisimple,
then A is Lyapunov stable. Now, it follows from the
Jordan decomposition that there exists an invertible
matrix S 2 C

n�n such that

A ¼ S
J 0
0 I

� �
S�1

where J 2 C
r�r, r ¼ rankA, and �ðJÞ < 1. Hence, it

follows that

lim
k!1

Ak
¼ lim

k!1
S

Jk 0

0 I

" #
S�1

¼ S
0 0

0 I

" #
S�1

¼ I � S
J � I 0

0 0

" #
S�1S

ðJ � IÞ�1 0

0 0

" #
S�1

¼ I � ðA� IÞðA� IÞ#

which implies that limk!1 Ak exists. Hence, A is semi-
stable. Furthermore, since Ak

�� 0, k 2 N , it follows
that I � ðA� IÞðA� IÞ# �� 0.

Conversely, suppose A is semistable; that is,
limk!1 Ak exists. Since A is semistable it follows that
A is Lyapunov stable; that is, if � 2 specðAÞ, then either

j�j < 1, or j�j ¼ 1 and � is semisimple. Now, it follows
from the Jordan decomposition that there exists an
invertible matrix S 2 C

n�n such that

A ¼ S
J1 0

0 J2

" #
S�1

where J1 2 C
r�r such that �ðJ1Þ < 1 and J2 2 C

ðn�rÞ�ðn�rÞ

is diagonal such that j�j ¼ 1, � 2 specðJ2Þ. Hence,

Ak
¼ S

Jk
1 0

0 Jk
2

" #
S�1

Now, since for � 2 C, j�j ¼ 1, limk!1 �k exists if and
only if �¼ 1, it follows that limk!1 Ak exists if and only
if J2 ¼ I , which proves the result. &

It is important to note that unlike the case of con-
tinuous-time linear non-negative systems (Haddad et al.
2001), Lyapunov stability of discrete-time linear non-
negative systems does not necessarily imply semistability
of a discrete-time linear non-negative system. To see
this, let n¼ 2 and

A ¼
0 1

1 0

" #

so that A is non-negative and discrete-time Lyapunov
stable. In this case, limk!1 Ak does not exist which
shows that A is not semistable. However, if the dis-
crete-time linear non-negative system is derived from
the discretization of a continuous-time linear non-nega-
tive semistable system, then it can be shown that the
discrete-time system is semistable. To see this, consider
the continuous-time linear non-negative system

_xxðtÞ ¼ AcxðtÞ, xð0Þ ¼ x0, t � 0 ð3Þ

where xðtÞ 2 R
n, t� 0, Ac 2 R

n�n is essentially non-
negative and semistable (Haddad et al. 2001), so that
the discretization of (3) (with sampling rate h¼ 1) is
given by

xðkþ 1Þ ¼ AdxðkÞ, xð0Þ ¼ x0, k 2 N ð4Þ

where Ad ¼ eAc . In this case, since Ac is (continuous-
time) semistable, it follows from the real Jordan decom-
position that there exists an invertible matrix S 2 R

n�n

such that

Ac ¼ S
Jc 0

0 0

" #
S�1

where Jc is Hurwitz, so that

Ad ¼ eAc ¼ S
eJc 0

0 I

" #
S�1

Since �ðeJc Þ < 1, it follows that if � 2 specðAdÞ, then
either j�j < 1, or �¼ 1 and � is semisimple. Now, it

Non-negative and compartmental dynamical systems 1849



follows from Theorem 2 that Ad is (discrete-time) semi-
stable.

Next, using Theorem 1, we show that every asymp-
totically stable discrete-time linear non-negative system
is equivalent, modulo a similarity transformation, to a
compartmental system. We note that this result is well
known (see, e.g. Farina and Rinaldi (2000, p. 147)).
However, here we give a new proof of this result based
on the Lyapunov-like equation (2).

Proposition 1: Let A 2 R
n�n be non-negative and asymp-

totically stable. Then there exists a diagonal invertible
matrix S 2 R

n�n such that ÂAði, jÞ � 0 and
Pn

k¼1 ÂAðk, jÞ � 1,
i, j ¼ 1, . . . , n, where ÂA ¼ SAS�1.

Proof: It follows from (iv) and (v) of Theorem 1 that
there exists p 2 R

n
þ such that ATp� p << 0. Now,

define S¼
�
diag½p1, . . . , pn�, where pi is the ith compo-

nent of p. Next, since ÂAði, jÞ ¼ piAði, jÞp
�1
j , i, j ¼ 1, . . . , n,

it follows that ÂAði, jÞ � 0, i, j ¼ 1, . . . , n. Furthermore,
since SÂATe� Se ¼ ATSe� p ¼ ATp� p << 0 which,
since S >> 0 and diagonal, implies that ÂATe << e.
Hence,

Pn
k¼1 ÂAðk, jÞ � 1, i, j ¼ 1, . . . , n. &

The next results give necessary and sufficient
conditions for asymptotic stability of a discrete-time
linear non-negative dynamical system using quadratic
Lyapunov functions. The first result appears in
Kaszkurewicz and Bhaya (2000) and Farina and
Rinaldi (2000) and is stated here for completeness,
while the second result is the discrete-time analogue of
Theorem A.14 in Siljak (1978).

Theorem 3: Consider the dynamical system given by
(1) where A 2 R

n�n is non-negative. Then (1) is asymp-
totically stable if and only if there exists a positive
diagonal matrix P 2 R

n�n and an n� n positive-definite
matrix R such that

P ¼ ATPAþ R ð5Þ

Proof: See Kaszkurewicz and Bhaya (2000, p. 66). &

Theorem 4: Consider the dynamical system given

by (1) where A 2 R
n�n is non-negative. Then (1) is

asymptotically stable if and only if for every positive,

positive-definite n� n matrix R, there exists a positive,

positive-definite n� n matrix P such that (5) holds.

Proof: Sufficiency follows from standard discrete-

time Lyapunov theory with Lyapunov function VðxÞ ¼

xTPx. Conversely, assume A is non-negative and

asymptotically stable and let R be a positive, positive-

definite matrix (i.e. R>0 and R >> 0). Since A is

asymptotically stable it follows that there exists a

unique n� n positive-definite matrix P such that (5) is

satisfied and vecP ¼ ðA� AÞTvecPþ vecR, where �

denotes Kronecker product and vecð�Þ denotes the

column stacking operator. Next, since A is non-

negative and asymptotically stable it follows that

A� A is non-negative and asymptotically stable. Now,

since R >> 0, it follows that vecR >> 0 and hence

(vii) of Theorem 1 implies that vecP >> 0 which

establishes that P >> 0. &

Finally, we show that discrete-time linear compart-

mental dynamical systems (Mohler 1974, Maeda et al.

1977, 1978, Sandberg 1978, Funderlic and Mankin 1981,

Anderson 1983, Godfrey 1983, Jacquez 1985, Bernstein

and Hyland 1993, Jacquez and Simon 1993) are a

special case of discrete-time non-negative dynamical

systems. To see this, let xi(k), k 2 N , i ¼ 1, . . . , n, denote

the mass (and hence a non-negative quantity) of the ith

subsystem of the compartmental system shown in

figure 1, let aii � 0 denote the loss coefficient of the

ith subsystem averaged over the discretization interval

h, let wiðkÞ � 0, k 2 N , i ¼ 1, . . . , n, denote the mass

inflow supplied to the ith subsystem and let �ijðkÞ,

k 2 N , i 6¼ j, i, j ¼ 1, . . . , n, denote the net mass flow

from the jth subsystem to the ith subsystem given by

�ijðkÞ ¼ aijxjðkÞ � ajixiðkÞ, k 2 N , where the transfer

coefficient aij � 0, i 6¼ j, i, j ¼ 1, . . . , n, is averaged

over the discretization interval h. Hence, a mass

balance for the whole compartmental system with time
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Figure 1. Discrete-time linear compartmental interconnected subsystem model.



step h¼ 1 yields

�xiðkÞ ¼
�

xiðkþ 1Þ � xiðkÞ ¼ �aiixiðkÞ þ
Xn

j¼1, i 6¼j

�ijðkÞ

þ wiðkÞ, k 2 N , i ¼ 1, . . . , n

ð6Þ

or, equivalently

xðkþ 1Þ ¼ AxðkÞ þ wðkÞ, xð0Þ ¼ x0, k 2 N ð7Þ

where xðkÞ ¼ ½x1ðkÞ, . . . ,xnðkÞ�
T,wðkÞ ¼ ½w1ðkÞ, . . . ,wnðkÞ�

T,
and for i, j ¼ 1, . . . , n

Aði, jÞ ¼
1�

Xn
l¼1

ali, i ¼ j

aij , i 6¼ j

8>><
>>: ð8Þ

Note that since at any given instant of time mass
can only be transported, stored or discharged but not
created and the maximum amount of mass that can be
transported and/or discharged cannot exceed the mass
in a compartment, it follows that 1 �

Pn
l¼1 ali. Thus A is

a non-negative matrix and hence the compartmental
model given by (6) is a non-negative dynamical system.
Furthermore, note that ATe¼½�a11,�a22,...,�ann�

T
þe

and hence, with p¼ e and r ¼ ðI � AÞTe �� 0, it follows
that (2) is satisfied, which implies that the compartmen-
tal model given by (6) (wðkÞ 	 0) is Lyapunov stable.
In this case, VðxÞ ¼ eTx ¼

Pn
i¼1 xi denoting the total

mass of the system serves as a Lyapunov function for
the undisturbed (wðkÞ 	 0) system (6) with �VðxÞ ¼
VðAxÞ �VðxÞ ¼

Pn
i¼1ð1� aiiÞxi �

Pn
i¼1 xi ¼ �

Pn
i¼1 aii�

xi � 0, x 2 R
n
þ. The compartmental system (6) with no

inflows; that is, wiðkÞ 	 0, i ¼ 1, . . . , n, is said to be
inflow-closed (Jacquez 1985). Alternatively, if (6) posses-
ses no losses (outflows) it is said to be outflow-closed
(Jacquez 1985). A compartmental system is said to be
closed if it is inflow-closed and outflow-closed. Note that
for a closed system �VðxÞ ¼ 0, x 2 R

n
þ, which shows

that the total mass inside a closed system is conserved.
Alternatively, it follows that (6) can be equivalently
written as

�xðkÞ ¼ JnðxðkÞÞ �DðxðkÞÞ½ �
@V

@x
ðxðkÞÞ

� �T

þwðkÞ,

xð0Þ ¼ x0, k 2 N

ð9Þ

where Jn(x) is a skew-symmetric matrix function
with Jnði, iÞðxÞ ¼ 0 and Jnði, jÞðxÞ ¼ aijxj � ajixi, i 6¼ j,
and DðxÞ ¼ diag½a11x1, a22x2, . . . , annxn� �� 0, x 2 R

n
þ.

Hence, a discrete-time linear compartmental system is
a discrete-time port-controlled Hamiltonian system
with a Hamiltonian HðxÞ ¼ VðxÞ ¼ eTx representing
the total mass in the system, D(x) representing the
outflow dissipation and w(k), k 2 N , representing the

supplied mass to the system. This observation shows
that discrete-time compartmental systems are conserva-
tive systems. This will be further elaborated on in } 5.

4. Stability theory for discrete-time non-linear

non-negative dynamical systems

In this section we consider discrete-time non-linear
dynamical systems of the form

xðkþ 1Þ ¼ f ðxðkÞÞ, xð0Þ ¼ x0, k 2 N ð10Þ

where xðkÞ 2 D, D is an open subset of Rn with 0 2 D,
and f :D ! R

n. Recall that the point xe 2 D is an equi-
librium point of (10) if f ðxeÞ ¼ xe. Furthermore, a subset
Dc 
 D is an invariant set with respect to (10) if Dc

contains the orbits of all its points.

Definition 5: Let f ¼ ½ f1, . . . , fn�
T : D ! R

n, where D

is an open subset of R
n that contains R

n

þ. Then f is
non-negative if fiðxÞ � 0, for all i ¼ 1, . . . , n, and
x 2 R

n

þ.

Note that if f ðxÞ ¼ Ax, where A 2 R
n�n, then f is

non-negative if and only if A is non-negative. The
following proposition shows that R

n
þ is an invariant

set for (10) if and only if f is non-negative.

Proposition 2: Suppose R
n

þ � D. Then R
n

þ is an invar-
iant set with respect to (10) if and only if f :D ! R

n is
non-negative.

Proof: Suppose f : D ! R
n is non-negative and let

xð0Þ 2 R
n

þ. Then, for every i 2 f1, . . . , ng it follows
that xiðkþ 1Þ ¼ fiðxðkÞÞ � 0. Thus, xðkÞ 2 R

n

þ, k 2 N .
Conversely, suppose xðkÞ 2 R

n

þ, k 2 N , for all
xð0Þ 2 R

n

þ and assume, ad absurdum, that there exists
i 2 f1, . . . , ng and x0 2 R

n

þ such that fiðx0Þ < 0. In this
case, with xð0Þ ¼ x0, xið1Þ ¼ fiðxð0ÞÞ ¼ fiðx0Þ < 0, which
is a contradiction. &

The following result shows that if a non-linear
system is non-negative, then its linearization is also
non-negative.

Lemma 2: Consider the non-linear dynamical system
(10) where f ð0Þ ¼ 0 and f :D ! R

n is non-negative
and continuously differentiable in R

n

þ. Then, A¼
�

ð@f =@xÞðxÞjx¼0 is non-negative.

Proof: Since f : D ! R
n is non-negative it follows

that fiðxÞ � 0, x 2 R
n

þ. Now, note that for all
i, j 2 f1, . . . , ng

Aði, jÞ ¼
@fi
@xj

ðxÞ

�����
x¼0

¼ lim
h!0þ

fið0, . . . , h, . . . , 0Þ � fið0Þ

h

¼ lim
h!0þ

fið0, . . . , h, . . . , 0Þ

h
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where h in fið0, . . . , h, . . . , 0Þ is on the jth location.
Hence, since fið�Þ is non-negative, Aði, jÞ � 0, which
proves non-negativity of A. &

Next, we present a key result on stability of a linear-
ized discrete-time non-linear non-negative dynami-
cal system. First, however, note that Definition 4
also holds for discrete-time non-linear non-negative
dynamical systems. In this case, standard discrete-time
Lyapunov stability theorems and invariant set theorems
for non-linear systems (Vidyasagar 1993) can be used
directly with the required sufficient conditions verified
on R

n
þ. Furthermore, the definition of a domain of

attraction can be extended to discrete-time non-linear
non-negative dynamical systems by restricting the
domain to the non-negative orthant R

n
þ. For details

see Smith (1995).

Theorem 5: Let xðkÞ 	 xe be an equilibrium point for
the non-linear dynamical system (10). Furthermore, let
f :D ! R

n be non-negative and let A ¼ ð@f =@xÞðxÞjx¼xe .
Then the following statements hold:

(i) If j�j < 1, where � 2 spec ðAÞ, then the equili-
brium solution xðkÞ 	 xe of the discrete-time
non-linear dynamical system (10) is asymptoti-
cally stable.

(ii) If there exists � 2 specðAÞ such that j�j > 1,
then the equilibrium solution xðkÞ 	 xe of the
discrete-time non-linear dynamical system (10)
is unstable.

(iii) Let xe ¼ 0, let j�j < 1, where � 2 specðAÞ, let
p >> 0 be such that ATp << p, and define
DA ¼

�
fx 2 R

n
þ: p

Tx < �g, where �¼
�
supf" > 0:

pTf ðxÞ < pTx, x 2 R
n
þ, kxk < "g and kxk¼

�Pn
i¼1 pijxij. Then DA is a subset of the domain

of attraction for (10).

Proof: (i) and (ii) are restatements of Lyapunov’s
indirect method (Khalil 1996) as applied to discrete-
time non-linear non-negative dynamical systems. To
prove (iii) note that it follows from Lemma 2 that if
f : D ! R

n is non-negative then A is non-negative.
Hence, since j�j < 1, where � 2 specðAÞ, it follows
from (vi) of Theorem 1 that there exists p >> 0 such
that ATp << p. Now, using the linear Lyapunov func-
tion candidate VðxÞ ¼ pTx, it follows that the closed
subset DA of R

n

þ is a subset of the domain of attrac-
tion for (10) since �VðxÞ < 0 for all x 2 DAnf0g 

R

n

þnf0g. &

Next, we show that discrete-time non-linear com-
partmental dynamical systems are a special case of dis-
crete-time non-linear non-negative dynamical systems.
To see this, once again let xi(k), k 2 N , i ¼ 1, . . . , n,
denote the mass (and hence a non-negative quantity)

of the ith subsystem of the compartmental system
shown in figure 1 with aijxjðkÞ replaced by âaijðxðkÞÞ for
i, j ¼ 1, . . . , n, let âaiiðxÞ � 0, x 2 R

n
þ, denote the average

flow of material loss of the ith subsystem over the dis-
cretized interval h, let wiðkÞ � 0, k 2 N , i ¼ 1, . . . , n,
denote the mass inflow supplied to the ith subsystem,
and let �ijðxðkÞÞ, k 2 N , i 6¼ j, i, j ¼ 1, . . . , n, denote
the net mass flow from the jth subsystem to the ith sub-
system given by �ijðxðkÞÞ ¼ âaijðxðkÞÞ � âajiðxðkÞÞ, where
the average (over the discretized interval h) rate of
material flow âaijðxÞ � 0, i 6¼ j, i, j ¼ 1, . . . , n. Hence, a
mass balance for the whole compartmental model
system with step h¼ 1 yields

�xiðkÞ ¼ �âaiiðxðkÞÞ þ
Xn

j¼1, i 6¼j

âaijðxðkÞÞ � âajiðxðkÞÞ
� �

þ wiðkÞ,

k 2 N , i ¼ 1, . . . , n ð11Þ

or, equivalently

xðkþ 1Þ ¼ f ðxðkÞÞ þ wðkÞ, xð0Þ ¼ x0, k 2 N ð12Þ

where x ¼ ½x1, . . . , xn�
T, w ¼ ½w1, . . . ,wn�

T, f ðxÞ ¼
½ f1ðxÞ, . . . , fnðxÞ�

T, and for i ¼ 1, . . . , n, fiðxÞ ¼ xi�
âaiiðxÞ þ

Pn
j¼1, i 6¼j½âaijðxÞ � âajiðxÞ�. Since all mass flows as

well as compartment sizes are non-negative, it follows
that for all i ¼ 1, . . . , n, fiðxÞ � 0 for all x 2 R

n
þ. The

above physical constraints are implied by âaijðxÞ � 0,
âaiiðxÞ � 0 and wi� 0, for all i, j ¼ 1, . . . , n, and x 2 R

n
þ.

The above physical constraints imply that f is non-
negative. Taking the total mass of the compartmental
system VðxÞ ¼ eTx ¼

Pn
i¼1 xi as a Lyapunov function

for (12) (with wðkÞ 	 0) and assuming âaijð0Þ ¼ 0,
i, j ¼ 1, . . . , n, it follows that

�VðxÞ ¼
Xn
i¼1

�xi ¼�
Xn
i¼1

âaiiðxÞþ
Xn
i¼1

Xn
j¼1, i 6¼j

âaijðxÞ� âajiðxÞ
� �

¼�
Xn
i¼1

âaiiðxÞ � 0, x 2R
n
þ, ð13Þ

which shows that the zero solution xðkÞ 	 0 of the dis-
crete-time non-linear inflow-closed (wðkÞ 	 0) compart-
mental system given by (12) is Lyapunov stable. If (12)
with wðkÞ 	 0 has losses (outflows) from all compart-
ments, then âaiiðxÞ > 0, x 2 R

n
þ, x 6¼ 0, and by (13), the

zero solution xðkÞ 	 0 to (12) (with wðkÞ 	 0) is asymp-
totically stable. As in the linear case, non-linear discrete-
time compartmental systems are port-controlled
Hamiltonian systems and hence conservative systems.
This follows from the fact that (11) can be equivalently
written as

�xðkÞ ¼ JnðxðkÞÞ �DðxðkÞÞ½ �
@V

@x
ðxðkÞÞ

� �T

þwðkÞ,

xð0Þ ¼ x0, k 2 N ,

ð14Þ
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where Jn(x) is a skew-symmetric matrix function with
Jnði, iÞðxÞ ¼ 0 and Jnði, jÞðxÞ ¼ âaijðxÞ � âajiðxÞ, i 6¼ j, and
DðxÞ ¼ diag½âa11ðxÞ, âa22ðxÞ, . . . , âannðxÞ� �� 0, x 2 R

n
þ.

Finally, if f ðxÞ: R
n
þ ! R

n is continuously differenti-
able and xe ¼ 0 so that f ð0Þ ¼ 0, then it follows that (see
Jacquez and Simon (1993) for details) âaijðxÞ ¼ aijðxÞxj,
where the state-dependent transfer coefficients aijðxÞ � 0,
x 2 R

n
þ, i, j ¼ 1, . . . , n, and aijð�Þ is continuous. In this

case, equation (11) becomes

xiðkþ 1Þ ¼ xiðkÞ � aiiðxðkÞÞ þ
Xn

j¼1, i 6¼j

ajiðxðkÞÞ

" #
xiðkÞ

þ
Xn

j¼1, i 6¼j

aijðxðkÞÞxjðkÞ þ wiðkÞ, k 2 N

ð15Þ

for i ¼ 1, . . . , n, or, equivalently

xðkþ 1Þ ¼ AðxðkÞÞxðkÞ þ wðkÞ, xð0Þ ¼ x0, k 2 N

ð16Þ

where for i, j ¼ 1, . . . , n

Aði, jÞðxÞ ¼
1�

Xn
l¼1

aliðxÞ, i ¼ j

aijðxÞ, i 6¼ j

8>><
>>: ð17Þ

Note that using identical arguments as in the linear case,
1 �

Pn
l¼1 aliðxÞ, x 2 R

n
þ, and hence A(x) is non-negative

for all x 2 R
n
þ. Hence, once again using the total mass

VðxÞ ¼ eTx as a Lyapunov function for (16) (with
wðkÞ 	 0) it follows that

�VðxÞ ¼ eT�x ¼ eT½AðxÞ � I �x

¼ �
Xn
i¼1

aiiðxÞxi � 0, x 2 R
n
þ ð18Þ

which shows that the zero solution xðkÞ 	 0 of the
inflow-closed (wðkÞ 	 0) discrete-time system given by
(16) is Lyapunov stable. In light of the above and (14)
we have the following result on stability of solutions for
discrete-time non-linear inflow-closed compartmental
systems.

Theorem 6: Consider the inflow-closed non-linear com-
partmental system given by (14) where VðxÞ ¼ eTx.
If Jnð0Þ ¼ 0, DðxÞ �� 0, x 2 R

n

þ, then the zero solution
xðkÞ 	 0 to (14) (with wðkÞ 	 0) is Lyapunov stable.
If, in addition, DðxÞ > 0, x 2 R

n

þnf0g, and Dð0Þ ¼ 0,
then the zero solution xðkÞ 	 0 to (14) is asymptotically
stable.

Proof: Lyapunov stability follows by noting that
VðxÞ ¼ eTx is a Lyapunov function candidate for (14)
and �VðxÞ¼ eT�xe¼ eTðJnðxÞ�DðxÞÞe¼�eTDðxÞe�0,
x 2 R

n

þ. To show asymptotic stability note that if

DðxÞ > 0, x 2 R
n

þnf0g, then �VðxÞ ¼ �eTDðxÞe < 0,
x 2 R

n

þnf0g. &

Finally, we present necessary and sufficient con-
ditions for monotonicity of non-linear non-negative
dynamical systems. For this result we require the fol-
lowing definition.

Definition 6: Consider the non-linear dynamical system
(10) where f :D ! R

n is non-negative. The non-linear
dynamical system (10) is monotonic if there exists a
matrix Q 2 R

n�n such that Q ¼ diag½q1, . . . , qn�, qi ¼ �1,
i ¼ 1, . . . , n, and for every x0 2 R

n

þ, Qxðk2Þ �� Qxðk1Þ,
0 � k1 � k2.

Theorem 7: The non-linear dynamical system (10),
where f :D ! R

n is non-negative and x0 2 R
n

þ, is mono-
tonic if and only if there exists a matrix Q 2 R

n�n such
that Q ¼ diag½q1, . . . , qn�, qi ¼ �1, i ¼ 1, . . . , n and
Qf ðxÞ �� Qx, x 2 R

n

þ.

Proof: To show sufficiency, assume there exists
Q ¼ diag½q1, . . . , qn�, qi ¼ �1, i ¼ 1, . . . , n, such that
Qf ðxÞ �� Qx, x 2 R

n

þ. Now, it follows from (10) that

Qxðkþ 1Þ ¼ Qf ðxðkÞÞ, xð0Þ ¼ x0, k 2 N ð19Þ

which further implies that for every k 2 N

Qxðk2Þ ¼ Qxðk1Þ þ
Xk2�1

k¼k1

Qf ðxðkÞÞ½ � ð20Þ

Next, since f ð�Þ is non-negative it follows from
Proposition 2 that xðkÞ �� 0, k 2 N . Hence, since
Qf ðxÞ �� Qx, x 2 R

n
þ, it follows that Qf ðxðkÞÞ ��

QxðkÞ, k 2 N , which implies that for every x0 2 R
n
þ,

Qxðk2Þ �� Qxðk1Þ, 0 � k1 � k2.
To show necessity, assume that (10) is monotonic.

Now, suppose, ad absurdum, there exist J 2 f1, . . . , ng
and x0 2 R

n
þ such that ½Qf ðx0Þ�J > ½Qx0�J . Hence, it

follows from (20) that ½Qxð1Þ�J ¼ ½Qx0�J þ ½Qf ðx0Þ�
Qx0�J > ½Qx0�J , which is a contradiction. Hence,
Qf ðxÞ �� Qx, x 2 R

n
þ. &

As mentioned in the introduction, it is of interest to
determine sufficient conditions under which masses/
concentrations for non-linear compartmental systems
are Lyapunov stable and convergent, guaranteeing
the absence of limit cycling behaviour. The following
result follows from Theorem 7 and provides sufficient
conditions for the absence of limit cycles in non-linear
compartmental systems.

Theorem 8: Consider the non-linear compartmental
dynamical system (14) with wðkÞ 	 0. If there exists a
matrix Q 2 R

n�n such that Q ¼ diag½q1, . . . , qn�, qi ¼ �1,
i ¼ 1, . . . , n, and Qf ðxÞ �� Qx, x 2 R

n

þ, then for every
x0 2 R

n

þ, limk!1 xðkÞ exists.
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Proof: Let VðxÞ ¼ eTx, x 2 R
n

þ. Now, it follows from
(13) that �VðxðkÞÞ � 0, k 2 N , where x(k), k 2 N ,
denotes the solution of (14), which implies that
VðxðkÞÞ � Vðx0Þ ¼ eTx0, k 2 N , and hence for every
x0 2 R

n

þ, the solution x(k), k 2 N , of (14) is bounded.
Hence, for every i 2 f1, . . . , ng, xiðkÞ, k 2 N , is
bounded. Furthermore, it follows from Theorem 7
that xiðkÞ, k 2 N , is monotonic. Now, since xið�Þ,
i 2 f1, . . . , ng, is bounded and monotonic, it follows
that limk!1 xiðkÞ, i 2 f1, . . . , ng, exists. Hence,
limk!1 xðkÞ exists. &

5. Dissipativity theory for discrete-time non-negative

dynamical systems

In this section we extend the notion of dissipativity
to discrete-time non-linear non-negative dynamical
systems. Specifically, we consider discrete-time dynami-
cal systems G of the form

xðkþ 1Þ ¼ f ðxðkÞÞ þGðxðkÞÞuðkÞ, xð0Þ ¼ x0, k 2 N

ð21Þ

yðkÞ ¼ hðxðkÞÞ þ JðxðkÞÞuðkÞ ð22Þ

where x 2 R
n, u 2 R

m, y 2 R
l , f : Rn

! R
n, G: Rn

!

R
n�m, h: Rn

! R
l , and J: Rn

! R
l�m. We assume that

f ð�Þ, Gð�Þ, hð�Þ, and Jð�Þ are continuous mappings and
f ðxeÞ ¼ xe and hðxeÞ ¼ xe. For simplicity of exposition
here we assume xe ¼ 0.y First, we provide a key defini-
tion and several results concerning dynamical systems of
the form (21) and (22) with non-negative inputs and
non-negative outputs.

Definition 7: The non-linear dynamical system G given
by (21) and (22) is non-negative if for every xð0Þ 2 R

n

þ

and uðkÞ �� 0, k 2 N , the solution x(k), k 2 N , to
(21) and the output y(k), k 2 N , are non-negative.

Proposition 3: Consider the non-linear dynamical
system G given by (21) and (22). If f : D ! R

n is non-
negative, GðxÞ �� 0, hðxÞ �� 0 and JðxÞ �� 0, x 2 R

n

þ,
then G is non-negative.

Proof: Let xð0Þ 2 R
n

þ, uðkÞ 	 0, and suppose
f : D ! R

n is non-negative and GðxÞ �� 0, x 2 R
n

þ.
For every i 2 f1, . . . , ng it follows that xiðkþ 1Þ ¼
fiðxðkÞÞ � 0. Hence, xðkþ 1Þ ¼ f ðxðkÞÞ �� 0, k 2 N .
Furthermore, for uðkÞ �� 0, k 2 N , it follows that
xðkþ 1Þ ¼ f ðxðkÞÞ þ GðxðkÞÞuðkÞ �� 0, k 2 N . Thus,

xðkÞ 2 R
n

þ, k 2 N . Using identical arguments, in the
case where hðxÞ �� 0 and JðxÞ �� 0, x 2 R

n

þ, it
follows that yðkÞ 2 R

m

þ, k 2 N . Hence, G is non-
negative. &

For the dynamical system G given by (21) and (22) a
function s: Rm

�R
l
! R such that sð0, 0Þ ¼ 0 is called

a supply rate (Willems 1972 a) if it is locally summable;
that is, for all input–output pairs u 2 R

m, y 2 R
l, sð�, �Þ

satisfies
Pk2

i¼k1
jsðuðiÞ, yðiÞÞj < 1, k1, k2 2 N . For the

remainder of the results of this paper we assume
that f ðxÞ �� 0, GðxÞ �� 0, hðxÞ �� 0 and JðxÞ �� 0,
x 2 R

n
þ. The following definition introduces the notion

of dissipativity for a discrete-time non-negative dynami-
cal system.

Definition 8: The non-negative dynamical system G

given by (21) and (22) is geometrically dissipative
(resp., dissipative) with respect to the supply rate
s: R

m

þ �R
l

þ ! R if there exists a continuous non-
negative-definite function Vs: R

n

þ ! Rþ called a storage
function and a scalar �>1 (resp., �¼ 1) such that
Vsð0Þ ¼ 0 and the dissipation inequality

�kVsðxðkÞÞ � �k0Vsðxðk0ÞÞ þ
Xk�1

i¼k0

�isðuðiÞ, yðiÞÞ, k � k0

ð23Þ

is satisfied for all k0, k 2 N , where x(k), k � k0, is the
solution of (21) with u 2 R

m
þ. The non-negative dynami-

cal system G given by (21) and (22) is lossless with respect
to the supply rate s: R

m
þ � R

l
þ ! R if the dissipation

inequality (23) is satisfied as an equality with �¼ 1 for
all k � k0.

Remark 2: An equivalent statement for geometric
dissipativity of a discrete-time non-negative dynamical
system G is

�Vsðxðkþ 1ÞÞ � VsðxðkÞÞ � sðuðkÞ, yðkÞÞ,

k 2 N , u 2 R
m
þ, y 2 R

l
þ ð24Þ

Since discrete-time non-negative dynamical systems
are a subset of discrete-time dynamical systems, standard
discrete-time dissipativity theory (Chellaboina and
Haddad 2002) with quadratic storage functions and
quadratic supply rates involving Kalman–Yakubovich–
Popov conditions also holds for discrete-time non-
negative dynamical systems. In this paper, however,
motivated by conservation of mass laws, we develop
dissipativity notions for discrete-time non-negative
dynamical systems with respect to linear supply rates.

The following result presents Kalman–Yakubovich–
Popov conditions for discrete-time non-negative
dynamical systems with linear supply rates of the
form sðu, yÞ ¼ qTyþ rTu, where q 2 R

l, q 6¼ 0, and
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y In the case where G is non-negative, this assumption
is not without loss of generality since shifting the equilibrium
can destroy the non-negativity of the vector field f and the non-
negativity of h. However, using minor modifications in the
proofs of the theorems in this section, the results of this
section also hold for the case where xe 6¼ 0.



r 2 R
m, r 6¼ 0. First, however, the following definition is

required.

Definition 9: A discrete-time non-negative dynamical
system G is zero-state observable if for all x 2 R

n

þ,
uðkÞ 	 0 and yðkÞ 	 0 implies xðkÞ 	 0. A discrete-time
non-negative dynamical system G is completely reach-
able if for all x0 2 R

n

þ, there exist a ki � k0, and
square summable input u(k) defined on ½ki, k0�, such
that the state x(k), k � ki, can be driven from
xðkiÞ ¼ 0 to xðk0Þ ¼ x0.

Theorem 9: Let q 2 R
l and r 2 R

m. Consider the non-
linear non-negative dynamical system G given by (21)
and (22) where f : D ! R

n is non-negative, GðxÞ �� 0,
hðxÞ �� 0 and JðxÞ �� 0, x 2 R

n

þ. If there exist func-
tions Vs: R

n

þ ! Rþ, ‘: R
n

þ ! Rþ, W: R
n

þ ! R
m

þ,
P1u: R

n
! R

1�m, and a scalar �> 1 (resp., �¼ 1) such
that Vsð�Þ is continuous and non-negative definite,
Vsð0Þ ¼ 0

Vsð f ðxÞþGðxÞuÞ ¼ Vsð f ðxÞÞ þ P1uðxÞu,

x 2 R
n
þ, u 2 R

m
þ ð25Þ

and, for all x 2 R
n
þ

0 ¼ Vsð f ðxÞÞ �
1

�
VsðxÞ � qThðxÞ þ ‘ðxÞ ð26Þ

0 ¼ P1uðxÞ � qTJðxÞ � rT þW
T
ðxÞ ð27Þ

then G is geometrically dissipative (resp., dissipative) with
respect to the supply rate sðu, yÞ ¼ qTyþ rTu.

Proof: Suppose that there exist functions Vs: R
n

þ !

Rþ, ‘: R
n

þ ! Rþ, W: R
n

þ ! R
m

þ, P1u: R
n
! R

1�m, and
a scalar �>1 (resp., �¼ 1), such that Vsð�Þ is
continuous, Vsð0Þ ¼ 0, and (25)–(27) are satisfied.
Then, with V̂VsðxÞ ¼

�
ð1=�ÞVsðxÞ, it follows that for all

x 2 R
n

þ and u 2 R
m

þ

�V̂Vsðf ðxÞ þGðxÞuÞ � V̂VsðxÞ ¼ Vsð f ðxÞ þGðxÞuÞ �
1

�
VsðxÞ

¼ Vsð f ðxÞÞ þP1uðxÞu�
1

�
VsðxÞ

¼ qThðxÞ � ‘ðxÞ þ qTJðxÞu

þ rTu�W
T
ðxÞu

� qTyþ rTu

which implies that G is geometrically dissipative (resp.,
dissipative) with respect to the supply rate sðu, yÞ ¼
qTyþ rTu. &

Remark 3: As in standard dissipativity theory with
quadratic supply rates (Hill and Moylan 1976), the
concepts of linear supply rates and linear and non-
linear storage functions provide a generalized mass

and energy balance interpretation. Specifically, using
(25)–(27) with �¼ 1 it follows that

Xk�1

�¼k0

qTyð�ÞþrTuð�Þ
� �

¼VsðxðkÞÞ�Vsðxðk0ÞÞ

þ
Xk�1

�¼k0

‘Tðxð�ÞÞxð�ÞþW
T
ðxð�ÞÞuð�Þ

� �
ð28Þ

which can be interpreted as a generalized mass balance
equation where VsðxðkÞÞ � Vsðxðk0ÞÞ is the stored mass
of the discrete-time non-negative system and the sum on
the right corresponds to the expelled mass of the non-
negative system. Rewriting (28) as

�VsðxÞ ¼ Vsð f ðxÞÞ � VsðxÞ

¼ qTyþ rTu� ‘TðxÞxþW
T
ðxÞu

� �
ð29Þ

yields a mass conservation equation which shows that
the system mass transport is equal to the supplied
system mass minus the expelled system mass.

Remark 4: Recall that in standard dissipativity theory
if G is zero-state observable and there exists a function
�: Rl

! R
m such that sð�ðyÞ, yÞ < 0, y 6¼ 0, then the sto-

rage function Vsð�Þ satisfies VsðxÞ > 0, x 2 R
n, x 6¼ 0

(Hill and Moylan 1976). Similarly, for the discrete-time
non-negative dynamical system G, it can be shown that
if G is zero-state observable and there exists a function
�: R

l

þ ! R
m

þ such that sð�ðyÞ, yÞ < 0, y 2 R
l

þ, y 6¼ 0,
then VsðxÞ > 0, x 2 R

n

þ, x 6¼ 0. Hence, in the case of a
linear supply rate, there always exists a matrix
K 2 R

m�l such that qþ KTr << 0 which implies that
if G is zero-state observable, then VsðxÞ > 0, x 2 R

n

þ,
x 6¼ 0.

Remark 5: Note that if a discrete-time non-negative
dynamical system G is zero-state observable and dissi-
pative with respect to the linear supply rate
sðu, yÞ ¼ qTyþ rTu, and if q �� 0 and u 	 0, it follows
that �VsðxðkÞÞ � qTyðkÞ � 0, k 2 N . Hence, the undis-
turbed (uðkÞ 	 0) system G is Lyapunov stable. Alter-
natively, if a discrete-time non-negative dynamical
system G is zero-state observable and geometrically
dissipative with respect to the linear supply rate
sðu, yÞ ¼ qTyþ rTu, and if q �� 0 and u 	 0, it follows
that

�VsðxðkÞÞ � �
�� 1

�
VsðxðkÞÞ þ

1

�
qTyðkÞ

k 2 N and �>1. Hence, the undisturbed (uðkÞ 	 0)
system G is asymptotically stable.

Next, we provide necessary and sufficient conditions
for the case where G given by (21) and (22) is lossless
with respect to the linear supply rate sðu, yÞ ¼ qTyþ rTu.
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Theorem 10: Let q 2 R
l and r 2 R

m. Consider the non-
linear non-negative dynamical system G given by (21)
and (22) where f : D ! R

n is non-negative, GðxÞ �� 0,
hðxÞ �� 0 and JðxÞ �� 0, x 2 R

n

þ. Then G is lossless
with respect to the supply rate sðu, yÞ ¼ qTyþ rTu,
u 2 R

m

þ, if and only if there exist functions
Vs: R

n

þ ! Rþ and P1u: R
n
! R

1�m such that Vsð�Þ is
continuous, Vsð0Þ ¼ 0, and for all x 2 R

n

þ, equation (25)
holds and

0 ¼ Vsð f ðxÞÞ � VsðxÞ � qThðxÞ ð30Þ

0 ¼ P1uðxÞ � qTJðxÞ � rT ð31Þ

If, in addition, Vsð�Þ is continuously differentiable, then

P1uðxÞ ¼ Vs
0
ð f ðxÞÞGðxÞ ð32Þ

Proof: Sufficiency follows as in the proof of
Theorem 9. To show necessity, suppose that G is loss-
less with respect to the linear supply rate sðu, yÞ ¼
qTyþ rTu. Then, it follows that there exists a contin-
uous function Vs: R

n

þ ! Rþ such that

Vsð f ðxÞ þ GðxÞuÞ ¼ VsðxÞ þ sðu, yÞ

¼ VsðxÞ þ qTyþ rTu

¼ VsðxÞ þ qThðxÞ þ ðqTJðxÞ þ rTÞu,

x 2 R
n
þ, u 2 R

m
þ ð33Þ

Since the right-hand side of (33) is linear in u it follows
that Vsð f ðxÞ þ GðxÞuÞ is linear in u and hence there
exists P1u: R

n
! R

1�m such that

Vsð f ðxÞþGðxÞuÞ ¼ Vsð f ðxÞÞ þ P1uðxÞu,

x 2 R
n
þ, u 2 R

m
þ ð34Þ

Now, using (34) and equating coefficients of equal
powers in (33) yields (30) and (31).

Finally, if Vsð�Þ is continuously differentiable, apply-
ing a Taylor series expansion on (34) about u¼ 0 yields

P1uðxÞ ¼
@Vsð f ðxÞ þ GðxÞuÞ

@u

����
u¼0

¼ Vs
0
ð f ðxÞÞGðxÞ ð35Þ

&

Next, we provide a key definition for discrete-time
non-negative dynamical systems which are dissipative
with respect to a very special supply rate.

Definition 10: A non-negative dynamical system G of
the form (21) and (22) is non-accumulative (resp., geo-
metrically non-accumulative) if G is dissipative (resp.,
geometrically dissipative) with respect to the supply
rate sðu, yÞ ¼ eTu� eTy.

If G is non-accumulative, then it follows from (24)
that �VsðxðkÞÞ � eTuðkÞ � eTyðkÞ, k 2 N , where u 2 R

m
þ

and y 2 R
l
þ. If the components uið�Þ, i ¼ 1, . . . ,m, of uð�Þ

denote mass inputs to the system G and the components
yið�Þ, i ¼ 1, . . . , l, of yð�Þ denote the mass outputs of the
system G, then dissipativity with respect to the linear
supply rate sðu, yÞ ¼ eTu� eTy implies that the change
in system mass is always less than or equal to the differ-
ence between the system mass input and system mass
output.

All discrete-time compartmental systems with mea-
sured outputs corresponding to material outflows are
non-accumulative. To see this, consider (14) with stor-
age function VsðxÞ ¼ eTx and outputs y corresponding
to a partial observation of the material outflows.
Specifically, without loss of generality, let y correspond
to the first l outflows so that y ¼ ½âa11ðxÞx1, âa22ðxÞx2, . . . ,
âallðxÞxl�. Now, note that

y ¼ DðxÞ
@V

@x

� �T

�DrðxÞ
@V

@x

� �T

where DrðxÞ ¼ diag½0, . . . , 0, âalþ1lþ1ðxÞxlþ1, . . . , âannðxÞxn�
�� 0, x 2 R

n
þ. Hence

�VsðxÞ ¼ eT ½JnðxÞ �DðxÞ�
@V

@x

� �T

þw

" #

¼ eTw� eTy�
@V

@x

� �
DrðxÞ

@V

@x

� �T

� eTw� eTy, x 2 R
n
þ ð36Þ

Note that in the case where the system is closed,
�VsðxÞ ¼ 0, x 2 R

n
þ, which corresponds to conservation

of mass in the system.
Finally, we present a key result on linearization

of discrete-time non-negative dissipative dynamical
systems. For this result we assume that the storage
function Vsð�Þ belongs to C2.

Theorem 11: Let q 2 R
l and r 2 R

m and assume G

given by (21) and (22) is such that f : D ! R
n is non-

negative, GðxÞ �� 0, hðxÞ �� 0 and JðxÞ �� 0, x 2 R
n

þ.
Suppose G is geometrically dissipative (resp., dissipa-
tive) with respect to the supply rate sðu, yÞ ¼ qTyþ rTu.
Then, there exist p 2 R

n

þ, l 2 R
n

þ, and w 2 R
m

þ and a
scalar �> 1 (resp., �¼ 1) such that

0 ¼ ATp�
1

�
p� CTqþ l ð37Þ

0 ¼ BTp�DTq� rþ w ð38Þ

where

A ¼
@f

@x

����
x¼0

, B ¼ Gð0Þ, C ¼
@h

@x

����
x¼0

, D ¼ Jð0Þ

ð39Þ

If, in addition, (A,C) is observable, then p >> 0.
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Proof: Assume that G is geometrically dissipative
(resp., dissipative) with respect to the supply rate
sðu, yÞ ¼ qTyþ rTu. Then, it follows that there exists a
continuous function Vs: R

n
þ ! Rþ and a scalar �>1

(resp., �¼ 1) such that

�Vsð f ðxÞ þ GðxÞuÞ � VsðxÞ � qTyþ rTu,

x 2 R
n
þ, u 2 R

m
þ ð40Þ

Now, it follows from (40) that there exists a function
d: R

n
þ � R

m
þ ! Rþ such that dðx, uÞ � 0, dð0, 0Þ ¼ 0,

and

0 ¼ �Vsð f ðxÞ þ GðxÞuÞ � VsðxÞ � qTy� rTuþ dðx, uÞ,

x 2 R
n
þ, u 2 R

m
þ ð41Þ

Next, expanding Vsð�Þ and dð�, �Þ via a Taylor series
expansion about x¼ 0, u¼ 0, and using the fact that
Vsð�Þ and dð�, �Þ are non-negative definite and Vsð0Þ ¼ 0,
dð0, 0Þ ¼ 0, it follows that there exist p 2 R

n
þ, l 2 R

n
þ,

and w 2 R
m
þ such that VsðxÞ ¼ ð1=�ÞpTxþ VsrðxÞ and

dðx, uÞ ¼ lTxþ wTuþ dsrðx, uÞ, where Vsr: R
n
þ ! Rþ

and dsr: R
n
þ � R

m
þ ! Rþ contain higher-order terms of

Vsð�Þ and dð�, �Þ, respectively. Next, let f ðxÞ ¼ Axþ frðxÞ
and hðxÞ ¼ Cxþ hrðxÞ, where frðxÞ and hrðxÞ contain the
non-linear terms of f(x) and h(x), respectively, and let
GðxÞ ¼ Bþ GrðxÞ and JðxÞ ¼ Dþ JrðxÞ, where GrðxÞ
and JrðxÞ contain the non-constant terms of G(x) and
J(x) respectively. Using the above expressions (41) can
be written as

0 ¼ pTAxþ pTBu�
1

�
pTx� qTðCxþDuÞ

� rTuþ lTxþ wTuþ �ðx, uÞ ð42Þ

where �ðx, uÞ is such that �ðx, uÞ=ðkxk þ kukÞ ! 0 as
kxk þ kuk ! 0.

Now, setting u¼ 0 in (42) and equating coefficients
of equal powers yields (37). Alternatively, setting
x¼ 0 in (42) and equating coefficients of equal powers
yields (38).

Finally, to show that p >> 0 in the case where (A,C)
is observable, note that it follows from Theorem 9 that
the linearized system G with storage function VsðxÞ ¼
pTx is geometrically dissipative (resp., dissipative) with
respect to the linear supply rate sðu, yÞ ¼ qTyþ rTu.
Now, it follows from Remark 4 that p >> 0. &

6. Specialization to discrete-time linear non-negative

dynamical systems

In this section we specialize the results of } 5 to
the case of linear discrete-time non-negative dynamical
systems. Specifically, setting f ðxÞ ¼ Ax, GðxÞ ¼ B,
hðxÞ ¼ Cx and JðxÞ ¼ D, the non-linear non-negative

dynamical system given by (21) and (22) specializes to

xðkþ 1Þ ¼ AxðkÞ þ BuðkÞ, xð0Þ ¼ x0, k 2 N ð43Þ

yðkÞ ¼ CxðkÞ þDuðkÞ ð44Þ

where x 2 R
n, u 2 R

m, y 2 R
l, A 2 R

n�n, B 2 R
n�m,

C 2 R
l�n and D 2 R

l�m. Before providing linear dissipa-
tivity specializations, we present a key result on linear
non-negative systems in the case where uðkÞ �� 0 and
yðkÞ �� 0, k 2 N .

Theorem 12: The linear dynamical system G given by
(43) and (44) is non-negative if and only if A�� 0,
B�� 0, C�� 0, and D�� 0.

Proof: See Farina and Rinaldi (2000, p. 14). &

The following result presents necessary and sufficient
Kalman–Yakubovich–Popov conditions for linear
discrete-time non-negative dynamical systems with
linear supply rates of the form sðu, yÞ ¼ qTyþ rTu,
where q 2 R

l, q 6¼ 0, and r 2 R
m, r 6¼ 0. Note that for a

discrete-time linear dynamical system to be dissipative
with respect to a linear supply rate it is necessary that
the storage function is also linear. However, since all
storage functions are non-negative by definition, it
follows that a storage function is non-negative if and
only if there exists a linear transformation such that
the discrete-time linear dynamical system is non-nega-
tive in a transformed basis. Hence, dissipativity theory
of discrete-time linear dynamical systems with respect
to linear supply rates is complete if we restrict our
consideration to the class of discrete-time non-negative
dynamical systems.

Theorem 13: Let q 2 R
l and r 2 R

m. Consider the non-
negative dynamical system G given by (43) and (44).
Then G is geometrically dissipative (resp., dissipative)
with respect to the supply rate sðu, yÞ ¼ qTyþ rTu if and
only if there exist p 2 R

n

þ, l 2 R
n

þ, and w 2 R
m

þ, and a
scalar �> 1 (resp., �¼ 1) such that

0 ¼ ATp�
1

�
p� CTqþ l ð45Þ

0 ¼ BTp�DTq� rþ w ð46Þ

Proof: First, note that since G is non-negative it
follows from Theorem 12 that A�� 0, B�� 0, C�� 0
and D�� 0. Sufficiency follows from Theorem 9
with f ðxÞ ¼ Ax, GðxÞ ¼ B, hðxÞ ¼ Cx, JðxÞ ¼ D and
VsðxÞ ¼ pTx. To show necessity, note that if the linear
non-negative dynamical system (43) and (44) is dissipa-
tive with respect to the linear supply rate sðu, yÞ ¼
qTyþ rTu, then it follows from Theorem 11 with f ðxÞ ¼
Ax, GðxÞ ¼ B, hðxÞ ¼ Cx and JðxÞ ¼ D that there exist
p 2 R

n

þ, l 2 R
n

þ, and w 2 R
m

þ such that (45) and (46) are
satisfied. &
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Remark 6: For a given l 2 R
n and w 2 R

m, note that
there exists p 2 R

n such that (45) and (46) are satisfied
if and only if rank½M y� ¼ rank M, where

M¼
�

ðA� ð1=�ÞInÞ
T

BT

" #
, y¼

�
CTq� l

DTqþ r� w

" #

Now, there exist p�� 0, l�� 0 and w�� 0 such that
(45) and (46) are satisfied if and only if the inequalities
p�� 0 and z�Mp �� 0, where

z¼
� CTq

DTqþ r

" #

are satisfied. These equations comprise a set of 2nþm
linear inequalities with pi, i ¼ 1, . . . , n, variables and
hence the feasibility of p�� 0 such that z�Mp �� 0
holds can be checked by standard linear matrix inequal-
ity (LMI) techniques (Boyd et al. 1994).

Remark 7: An identical theorem to Theorem 13 holds
for lossless systems with linear supply rates sðu, yÞ ¼
qTyþ rTu. However, in this case (45) and (46) hold
with l¼ 0 and w¼ 0.

7. Feedback interconnections of discrete-time

non-negative dynamical systems

In this section we consider stability of feedback
interconnections of non-negative dynamical systems.
We begin by considering the non-linear non-negative
dynamical system G given by (21) and (22) with the
non-linear non-negative dynamical feedback system Gc

given by

xcðkþ 1Þ ¼ fcðxcðkÞÞ þ GcðxcðkÞÞucðkÞ,

xcð0Þ ¼ xc0, k 2 N ð47Þ

ycðkÞ ¼ hcðxcðkÞÞ ð48Þ

where fc: R
nc ! R

nc , Gc: R
nc ! R

nc�mc , hc: R
nc ! R

lc ,
fcðxcÞ �� 0, GcðxcÞ �� 0 and hcðxcÞ �� 0, xc 2 R

nc
þ .

Theorem 14: Let q 2 R
l, r 2 R

m, qc 2 R
lc , and rc 2 R

mc .
Consider the non-linear non-negative dynamical systems
G and Gc given by (21), (22), and (47), (48), respectively.
Assume that G is dissipative with respect to the linear
supply rate sðu, yÞ ¼ qTyþ rTu and with a positive-
definite storage function Vsð�Þ, and assume that Gc is
dissipative with respect to the linear supply rate
scðuc, ycÞ ¼ qTc yc þ rTc uc and with a positive-definite stor-
age function Vscð�Þ. Then the following statements hold:

(i) If there exists a scalar �> 0 such that
qþ �rc �� 0 and rþ �qc �� 0, then the positive
feedback interconnection of G and Gc is Lyapunov
stable.

(ii) If G and Gc are zero-state observable and there
exists a scalar �> 0 such that qþ �rc << 0 and
rþ �qc << 0, then the positive feedback inter-
connection of G and Gc is asymptotically stable.

(iii) If G is zero-state observable, rank Gcð0Þ ¼ mc,
Gc is geometrically dissipative with respect to
the supply rate scðuc, ycÞ ¼ qTc yc þ rTc uc, and there
exists a scalar �> 0 such that qþ �rc �� 0 and
rþ �qc �� 0, then the positive feedback inter-
connection of G and Gc is asymptotically stable.

(iv) If G is geometrically dissipative with respect to
the supply rate sðu, yÞ ¼ qTyþ rTu, Gc is geomet-
rically dissipative with respect to the supply rate
scðuc, ycÞ ¼ qTc yc þ rTc uc, and there exists a scalar
�> 0 such that qþ �rc �� 0 and rþ �qc �� 0,
then the positive feedback interconnection of
G and Gc is asymptotically stable.

Proof: Note that the positive feedback interconnec-
tion of G and Gc is given by u ¼ yc and uc ¼ y so that
the closed-loop dynamics of G and Gc is given by

xðkþ1Þ

xcðkþ1Þ

" #

¼
f ðxðkÞÞþGðxðkÞÞhcðxcðkÞÞ

fcðxcðkÞÞþGcðxcðkÞÞhðxðkÞÞþGcðxcðkÞÞJðxðkÞÞhcðxcðkÞÞ

" #

which implies that

~ff ð ~xxÞ ¼
� f ðxÞ þ GðxÞhcðxcÞ

fcðxcÞ þ GcðxcÞhðxÞ þ GcðxcÞJðxÞhcðxcÞ

" #

where ~xx ¼ ½xT xTc �
T, is non-negative. Hence, the closed-

loop system is also non-negative and thus xðkÞ �� 0,
xcðkÞ �� 0, uðkÞ �� 0, yðkÞ �� 0, k 2 N . Now, the
proof follows from Lyapunov theory and invariant
set theorem arguments using the Lyapunov function
candidate Vðx, xcÞ ¼ VsðxÞ þ �VscðxcÞ. &

Corollary 1: Consider the non-linear non-negative
dynamical systems G and Gc given by (21), (22) and
(47), (48), respectively. Assume that G is non-accumula-
tive with a positive-definite storage function Vsð�Þ, and
assume that Gc is geometrically non-accumulative with a
positive-definite storage function Vscð�Þ. Then the follow-
ing statements hold:

(i) If G is zero-state observable and rank Gcð0Þ ¼ mc,
then the positive feedback interconnection of G

and Gc is asymptotically stable.

(ii) If G is geometrically non-accumulative, then the
positive feedback interconnection of G and Gc is
asymptotically stable.
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Proof: The result is a direct consequence of (iii)

and (iv) of Theorem 14 with �¼ 1, q ¼ �rc ¼ �e and

r ¼ �qc ¼ e. &

Next, we develop absolute stability criteria for

discrete-time linear non-negative feedback systems with

non-negative memoryless input non-linearities. Since

absolute stability theory concerns the stability for classes

of feedback non-linearities which, as noted in Haddad

and Bernstein (1994), can readily be interpreted as an

uncertainty model, the proposed framework can be

used to analyse robustness of compartmental systems

developed from data models. Specifically, given the

discrete-time non-negative system G characterized by

(43) and (44) we derive sufficient conditions that

guarantee asymptotic stability of the feedback inter-

connection involving the discrete-time linear non-

negative system G and the feedback non-negative input

non-linearity �ð�, �Þ 2 F, where

F¼
�

�: N � R
l
þ ! R

m
þ: �ð�, 0Þ ¼ 0,

n
0 �� �ðk, yÞ �� My, y 2 R

l
þ, k 2 N

o
ð49Þ

M >> 0 and M 2 R
m�l.

Theorem 15: Consider the non-negative dynamical

system G given by (43) and (44) and assume that (A,C)

is observable and G is geometrically dissipative with

respect to the supply rate sðu, yÞ ¼ eTu� eTMy, where

M >> 0. Then, the positive feedback interconnection

of G and �ð�, �Þ is globally asymptotically stable for all

�ð�, �Þ 2 F.

Proof: Since �ðk, yÞ �� 0 for all k 2 N , y 2 R
l

þ, and

(43) and (44) is a discrete-time non-negative dynamical

system, it follows that the positive feedback intercon-

nection of G and �ð�, �Þ given by

xðkþ1Þ ¼ AxðkÞ þ B�ðk, yðkÞÞ,

xð0Þ ¼ x0, k 2 N

is a non-negative dynamical system for all �ð�, �Þ 2 F.
Next, since (A,C) is observable and G is geometri-

cally dissipative with respect to the supply rate

sðu, yÞ ¼ eTu� eTMy, it follows from Remark 4 and

Theorem 13 with r¼ e and q ¼ �MTe that there

exists p 2 R
n
þ, l 2 R

n
þ and w 2 R

m
þ, and a scalar �>1

such that

0 ¼ ATp�
1

�
pþ CTMTeþ l ð50Þ

0 ¼ BTpþDTMTe� eþ w ð51Þ

Next, consider the Lyapunov function candidate VsðxÞ ¼
pTx and note that for x 2 R

n
þ, x 6¼ 0

�VsðxÞ ¼ pTðAxþ B�Þ � pTxþ
1

�
pTx�

1

�
pTx

¼ pTðAxþ B�Þ �
�� 1

�
pTx�

1

�
pTx

� pTðAxþ B�Þ �
1

�
pTx

¼ eT½� �My� � lTx� wT�

� eT½� �My�

Now, since � �� My for all �ð�, �Þ 2 F, it follows that
�VsðxÞ < 0, x 2 R

n
þ, x 6¼ 0. Hence, the positive feedback

interconnection of G and �ð�, �Þ is globally asymptotically
stable for all �ð�, �Þ 2 F. &

Remark 8: To consider non-linearities with upper
and lower bounds of the form M1y �� �ðk, yÞ ��

M2y, where �ð�, �Þ 2 F, we can use the standard loop
shifting techniques discussed in Khalil (1996, p. 408).
In this case, Theorem 15 holds with �ðk, yÞ, A, B, C, D
and M replaced by �ðk, yÞ �M1y, Aþ BðI �M1DÞ

�1
�

M1C, BðI �M1DÞ
�1, ðI �DM1Þ

�1C, ðI �DM1Þ
�1D

and M2 �M1, respectively.

Theorem 16: Consider the non-linear non-negative
dynamical system G given by (21) and (22), where
f : D ! R

n is non-negative, GðxÞ �� 0, hðxÞ �� 0 and
JðxÞ �� 0, x 2 R

n

þ. Suppose there exist functions
Vs: R

n

þ ! Rþ and P1u: R
n

þ ! R
1�m

þ , such that Vsð�Þ is
positive definite, Vsð0Þ ¼ 0, VsðxÞ ! 1 as kxk ! 1,
and

0 ¼ Vsð f ðxÞÞ �
1

�
VsðxÞ � eTMhðxÞ þ ‘ðxÞ ð52Þ

0 ¼ P1uðxÞ � eTMJðxÞ � eT þW
T
ðxÞ ð53Þ

Then, the positive feedback interconnection of G and
�ð�, �Þ is globally asymptotically stable for all �ð�, �Þ 2 F.

Proof: The proof is similar to that of Theorem 15
and hence is omitted. &

8. Illustrative example

In this section, we provide an example to demon-
strate the utility of some of the basic mathematical
results developed in the paper. This example models
the flow of thyroxine when injected into the blood
stream and then carried into the liver where it is con-
verted into iodine which in turn is absorbed into the
bile. A simple yet accurate model for the flow of
thyroxine into the blood stream is captured by the
three-compartment model shown in figure 2.

Non-negative and compartmental dynamical systems 1859



The first compartment corresponds to the blood
plasma, the second compartment to the liver, and the
third compartment to the bile. Note that the feedback
path between Compartments I and II reflects the fact
that neither conversion nor absorption occurs instanta-
neously; that is, a fraction of the thyroxine that enters
the liver is fed back to the blood before conversion to
iodine. To analyse this compartmental system let, for
i, j ¼ 1, 2, 3, xi denote the concentration of thyroxine
in compartment i, aij denote the instantaneous transfer
coefficient of thyroxine flow rates from compartment j
to compartment i in units of (time)�1, and u1 denote a
bolus (impulse) injection into the blood stream. Since at
t¼ 0 no absorption or transfer of thyroxine can occur it
follows that x2ð0Þ ¼ x3ð0Þ ¼ 0. Furthermore, since the
input material is a bolus injection we can always repro-
duce the impulsive response with the free response
by setting x3ð0Þ ¼ bv, where v 2 R denotes the impulse
strength. Hence, a mass balance of the three-state
compartment model shown in figure 2 yields (3) with

Ac ¼

�a21 a12 0

a21 �ða12 þ a32Þ 0

0 a32 0

2
64

3
75 ð54Þ

Now, it follows that the discretization of (3) is given
by (4) where Ad ¼ eAch and h is the sampling rate.
Note that since Ac is essentially non-negative it follows
from Lemma 2.2 of Haddad et al. (2001) that Ad �� 0.
Hence, Ak

d �� 0, k 2 N , and consequently if x(0) is
non-negative, then the solution xðhÞ ¼ Ak

dxð0Þ is non-
negative for all k 2 N .

Next, we assume that the sample rate h is small
so that Ad ¼ eAch ¼

P1

i¼0ði!Þ
�1
ðAchÞ

i

 I þ hAc. In this

case

Ad ¼

1� ha21 ha12 0

ha21 1� hða12 þ a32Þ 0

0 ha32 1

2
64

3
75 ð55Þ

Furthermore, since Ad � I is singular it follows that
the set of equilibria E ¼ fðx1, x2, x3Þ 2 R

3
þ: Adx ¼ xg ¼

N ðAd � IÞ ¼ fðx1, x2, x3Þ 2 R
3
þ: ð0, 0, x3Þg. Now, taking

p ¼ e >> 0 and r ¼ ½0 0 0�T, it follows that (2) holds

and hence the discretized system is Lyapunov stable
by (i) of Theorem 1. In addition, since

specðAdÞ

¼ 1�
h

2
ða12 þ a21 þ a32Þ �

h

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða12 þ a21 þ a32Þ

2
� 4a21a32

q
,

	

1�
h

2
ða12 þ a21 þ a32Þ �

h

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða12 þ a21 þ a32Þ

2
� 4a21a32

q
, 1




it follows from Theorem 2 that the discretized system
is semistable. Finally, we show that the discretized
system is non-accumulative. Here, we assume u1ðkÞ is
an arbitrary discrete input and the bile is discharged
into the duodenum so that yðkÞ ¼ CxðkÞ, where
C ¼ ½0, 0, a33� and a33 > 0. In this case, using the storage
function Vsðx1, x2, x3Þ ¼ x1 þ x2 þ x3 it follows that
�Vsðx1, x2, x3Þ � u1 � y and hence the discretized
system is non-accumulative.

9. Conclusion

In this paper we developed stability results for
discrete-time linear and non-linear non-negative and
compartmental systems using linear Lyapunov func-
tions. In addition, dissipativity results for discrete-time
non-linear non-negative systems with linear and non-
linear storage functions and linear supply rates were also
developed. Furthermore, we developed new Kalman–
Yakubovich–Popov conditions in terms of the non-
negative system dynamics for characterizing dissipative-
ness via system storage functions and linear supply rates
for non-negative dynamical systems. Finally, general
stability criteria were given for Lyapunov and asympto-
tic stability of feedback interconnections of discrete-time
linear and non-linear non-negative dynamical systems.
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