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A direct adaptive non-linear control framework for discrete-time multivariable non-linear uncertain systems with
exogenous bounded disturbances is developed. The adaptive non-linear controller addresses adaptive stabilization,
disturbance rejection and adaptive tracking. The proposed framework is Lyapunov-based and guarantees partial asymp-
totic stability of the closed-loop system; that is, asymptotic stability with respect to part of the closed-loop system states
associated with the plant. In the case of bounded energy ‘2 disturbances the proposed approach guarantees a non-
expansivity constraint on the closed-loop input–output map. Finally, three illustrative numerical examples are provided
to demonstrate the efficacy of the proposed approach.

1. Introduction

The purpose of feedback control is to achieve

desirable system performance in the face of system

uncertainty and system disturbances. Although system

identification can reduce uncertainty to some extent,

residual modelling discrepancies always remain.

Controllers must therefore be robust to achieve desired

disturbance rejection and/or tracking performance

requirements in the presence of such modelling uncer-

tainty. To this end, adaptive control along with robust

control theory have been developed to address the

problem of system performance in the face of system

uncertainty in control-system design without excessive

reliance on system models.

Adaptive controllers directly or indirectly adjust

feedback gains to maintain closed-loop stability and

improve performance in the face of system errors.

Specifically, indirect adaptive controllers utilize param-

eter update laws to estimate unknown system param-

eters and adjust feedback gains to account for system

variation, while direct adaptive controllers directly

adapt the controller gains in response to system varia-

tions. Even though adaptive control algorithms have

been developed in the literature for both continuous-

time and discrete-time systems, the majority of the

discrete-time results are based on recursive least squares

and least mean squares algorithms (Egardt 1980, Fuchs

1980, Goodwin and Long 1980, Goodwin et al. 1980,

Narendra and Lin 1980) with primary focus on state

convergence. Alternatively, Lyapunov-based adaptive

controllers have been developed for continuous-time

systems guaranteeing asymptotic stability of the system

states (see, e.g. Narendra and Annaswamy 1989, Krstić

et al. 1995, Kaufman et al. 1998). Notable Lyapunov-

based adaptive control algorithms for discrete-time

systems are given in Johansson (1989), Yeh and

Kokotović (1995), Rokui and Khorasani (1997) and

Venugopal et al. (2003). However, the literature on

discrete-time adaptive disturbance rejection control

using Lyapunov methods is virtually non-existent.

For discrete-time dynamical systems, Lyapunov-

based frameworks for adaptive control are quite intri-

cate since the Lyapunov difference does not remove

terms involving the model reference stabilizing gain

from the resulting Lyapunov difference expression. This

leads to asymptotic non-positivity of the Lyapunov

difference and thus Lyapunov stability cannot be

guaranteed (Venugopal et al. 2003). This difficulty was

first pointed out by Kanellakopoulos (1994) and is the

main reason why Lyapunov-based discrete-time adaptive

control is not a straightforward extension of continuous-

time adaptive control theory. As a result, most of the

discrete-time adaptive model reference and tracking

control results are based on the classical key technical

lemma which does not guarantee Lyapunov stability.

In this paper, using a logarithmic Lyapunov function

we develop a Lyapunov-based direct adaptive control

framework for adaptive stabilization, disturbance rejec-

tion and command following of multivariable discrete-

time non-linear uncertain systems with exogenous

bounded amplitude disturbances and ‘2 disturbances.

These results are analogous to, but by no means a direct

extension of, the recent continuous-time adaptive dis-

turbance rejection results in Haddad and Hayakawa

(2002) for continuous-time non-linear uncertain sys-

tems. In contrast to the results presented in Haddad

and Hayakawa (2002), logarithmic Lyapunov functions

are shown to be essential for discrete-time Lyapunov-

based adaptive control. Specifically, a logarithmic

Lyapunov-based direct adaptive control framework is

developed that guarantees partial asymptotic stability
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of the closed-loop system; that is, asymptotic stability
with respect to part of the closed-loop system states
associated with the plant. Furthermore, in the case
where the non-linear system is represented in normal
form, the non-linear discrete-time adaptive controller
is constructed without requiring knowledge of the system
dynamics or system disturbances. In the case where the
system disturbances are ‘2 disturbances, the proposed
framework guarantees that the closed-loop non-linear
input–output map from uncertain exogenous ‘2 dis-
turbances to system performance variables is non-
expansive and the solution of the closed-loop system
is partially asymptotically stable. The proposed adaptive
controller thus addresses the problem of disturbance
rejection for non-linear uncertain discrete-time systems
with bounded energy (square-summable) ‘2 signal
norms on the disturbances and performance variables.

The contents of the paper are as follows. In } 2
we present our main direct adaptive control framework
for adaptive stabilization, disturbance rejection, and
command following of multivariable non-linear uncer-
tain discrete-time systems with matched exogenous
bounded disturbances. In } 3 we extend the results of
} 2 to non-linear uncertain discrete-time systems with
exogenous ‘2 disturbances without a matching condition
requirement. Three illustrative numerical examples
are presented in } 4 to demonstrate the efficacy of the
proposed direct adaptive stabilization and tracking
framework. Finally, in } 5 we draw some conclusions.

The notation used in this paper is fairly standard.
Specifically, R denotes the set of real numbers, R

n

denotes the set of n� 1 real column vectors, ð ÞT denotes
transpose, ð Þy denotes the Moore–Penrose generalized
inverse, and N denotes the set of non-negative integers.
Furthermore, we write �minðMÞ (resp. �maxðMÞ) for the
minimum (resp. maximum) eigenvalue of the Hermitian
matrix M, �maxðMÞ, for the maximum singular value
of the matrix M, trð�Þ for the trace operator, and lnð�Þ
for the natural log operator.

2. Discrete-time adaptive control for non-linear

systems with exogenous disturbances

In this section we consider the problem of characteri-
zing adaptive feedback control laws for non-linear
uncertain discrete-time systems with exogenous distur-
bances. Specifically, consider the controlled non-linear
uncertain discrete-time system G given by

xðkþ 1Þ ¼ f ðxðkÞÞ þ GðxðkÞÞuðkÞ þ JðxðkÞÞwðkÞ,

xð0Þ ¼ x0, k 2 N ð1Þ

where xðkÞ 2 R
n, k 2 N , is the state vector, uðkÞ 2 R

m,
k 2 N , is the control input, wðkÞ 2 R

d , k 2 N , is a known
bounded disturbance vector such that kwðkÞk2 � �,
k 2 N , f :Rn

! R
n and satisfies f ð0Þ ¼ 0, G:Rn

! R
n�m

is such that rankGðxÞ ¼ m, x 2 R
n, and J:Rn

! R
n�d is

a disturbance weighting matrix function with unknown
entries. Note that even though w(k), k 2 N , is assumed
to be known, the disturbance signal JðxðkÞÞwðkÞ, k 2 N ,
is an unknown bounded disturbance. The control input
uð�Þ in (1) is restricted to the class of admissible controls
consisting of measurable functions such that uðkÞ 2
R

m, k 2 N .

Theorem 1: Consider the non-linear system G given by
(1). Assume there exist a matrix Kg 2 R

m�s, functions
Vs: R

n
!R, ĜG: Rn

!R
m�m, F : Rn

!R
s, P1u: R

n
!

R
1�m, ‘:Rn

! R
t, a non-negative-definite matrix func-

tion P2u: R
n
! R

m�m, and positive constants ���, ", �
and � such that Vsð�Þ and ‘ð�Þ are continuous, Vsð0Þ ¼ 0,
‘ð0Þ ¼ 0, det ĜGðxÞ 6¼ 0, x 2 R

n, ĜGTðxÞP2uðxÞĜGðxÞ � �Im,
x 2 R

n, and for all x 2 R
n and u 2 R

m

Vsð f ðxÞ þ GðxÞuÞ ¼ V sð f ðxÞÞ þ P1uðxÞu

þ uTP2uðxÞu ð2Þ

0 � Vsð f sðxÞÞ � V sðxÞ þ ‘TðxÞ‘ðxÞ

þ "P1uðxÞĜGðxÞĜG
T
ðxÞPT

1uðxÞ ð3Þ

FT
ðxÞFðxÞ � ���xTx, x 2 R

n ð4Þ

V sðxÞ � �xTx ð5Þ

where

f sðxÞ ¼
�

f ðxÞ þ GðxÞĜGðxÞKgFðxÞ ð6Þ

Furthermore, assume there exists a matrix C 2 R
m�d

such that GðxÞĜGðxÞC ¼ JðxÞ. Finally, let ~xxðkÞ ¼
�

½FT
ðxðkÞÞ,wT

ðkÞ�T, c> 0, and Q 2 R
m�m be positive

definite such that �maxðQÞ < 2. Then the adaptive feed-
back control law

uðkÞ ¼ ĜGðxðkÞÞKðkÞ ~xxðkÞ ð7Þ

where KðkÞ 2 R
m�ðsþd Þ, k 2 N , with update law

Kðkþ 1Þ ¼ KðkÞ �
1

cþ ~xxTðkÞ ~xxðkÞ
QĜG�1

ðxðkÞÞ

� Gy
ðxðkÞÞ xðkþ 1Þ � f sðxðkÞÞ½ � ~xxTðkÞ ð8Þ

guarantees that the solution ðxðkÞ,KðkÞÞ � ð0, ½Kg,�C�Þ

of the closed-loop system given by (1), (7) and (8) is
Lyapunov stable and ‘ðxðkÞÞ ! 0 as k ! 1. If, in addi-
tion, ‘TðxÞ‘ðxÞ > 0, x 2 R

n, x 6¼ 0, then xðkÞ ! 0 as
k ! 1 for all x0 2 R

n.

Proof: First, define ~KKðkÞ ¼
�
KðkÞ � K̂Kg and ~uuðkÞ ¼

�

~KKðkÞ ~xxðkÞ, where K̂Kg ¼
�
½Kg,�C�. Note that with u(k),

k 2 N , given by (7) it follows from (1) that

xðkþ 1Þ ¼ f ðxðkÞÞ þ GðxðkÞÞĜGðxðkÞÞKðkÞ ~xxðkÞ

þ JðxðkÞÞwðkÞ, xð0Þ ¼ x0, k 2 N ð9Þ
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or, equivalently, using (6) and the fact that
GðxÞĜGðxÞC ¼ JðxÞ

xðkþ 1Þ ¼ f sðxðkÞÞ þ GðxðkÞÞĜGðxðkÞÞ ~KKðkÞ ~xxðkÞ

¼ f sðxðkÞÞ þ GðxðkÞÞĜGðxðkÞÞ ~uuðkÞ,

xð0Þ ¼ x0, k 2 N ð10Þ

Furthermore, note that adding and subtracting K̂Kg to
and from (8) and using (10) it follows that

~KKðkþ 1Þ ¼ ~KKðkÞ �
1

cþ ~xxTðkÞ ~xxðkÞ
QĜG�1

ðxðkÞÞGy
ðxðkÞÞ

� GðxðkÞÞĜGðxðkÞÞ ~KKðkÞ ~xxðkÞ
h i

~xxTðkÞ

¼ ~KKðkÞ �
1

cþ ~xxTðkÞ ~xxðkÞ
Q ~KKðkÞ ~xxðkÞ ~xxTðkÞ, k 2 N

ð11Þ

To show Lyapunov stability of the closed-loop system
(10) and (11), consider the Lyapunov function candidate

Vðx,KÞ ¼ ln ð1þ V sðxÞÞ þ a trðK � K̂KgÞ
TQ�1

ðK � K̂KgÞ

ð12Þ

where

a �
ð1=4"Þ þ �

�minð2I �QÞ
max �2 þ c,

���

�

� �
ð13Þ

Note that Vð0, K̂KgÞ ¼ 0 and, since Vsð�Þ and Q are posi-
tive definite and a>0, Vðx,KÞ > 0 for all ðx,KÞ 6¼

ð0, K̂KgÞ. Furthermore, Vðx,KÞ is radially unbounded.
Now, letting x(k), k 2 N , denote the solution to (10)
and using (2), (3) and (11), it follows that the
Lyapunov difference along the closed-loop system
trajectories is given by

�VðxðkÞ,KðkÞÞ

¼
�
Vðxðkþ1Þ,Kðkþ1ÞÞ�VðxðkÞ,KðkÞÞ

¼ ln 1þVsðfsðxðkÞÞþGðxðkÞÞĜGðxðkÞÞ ~uuðkÞÞ
� �

þa tr ~KKðkÞ�
1

cþ ~xxTðkÞ ~xxðkÞ
Q ~KKðkÞ ~xxðkÞ ~xxTðkÞ

� �T

Q�1

� ~KKðkÞ�
1

cþ ~xxTðkÞ ~xxðkÞ
Q ~KKðkÞ ~xxðkÞ ~xxTðkÞ

� �

� lnð1þVsðxðkÞÞÞ�atr ~KKT
ðkÞQ�1 ~KKðkÞ

¼ ln
�
1þ

h
VsðfsðxðkÞÞÞþP1uðxðkÞÞĜGðxðkÞÞ ~uuðkÞ

þ ~uuTðkÞĜGT
ðxðkÞÞP2uðxðkÞÞĜGðxðkÞÞ ~uuðkÞ�VsðxðkÞÞ

i
� 1þVsðxðkÞÞ½ �

�1
�
þatr ~KKT

ðkÞQ�1 ~KKðkÞ

�
2a

cþ ~xxTðkÞ ~xxðkÞ
tr ~KKT

ðkÞ ~KKðkÞ ~xxðkÞ ~xxTðkÞ

þ
a

ðcþ ~xxTðkÞ ~xxðkÞÞ2
tr ~xxðkÞ ~xxTðkÞ ~KKT

ðkÞQ ~KKðkÞ ~xxðkÞ ~xxTðkÞ

�a tr ~KKT
ðkÞQ�1 ~KKðkÞ

� �‘TðxðkÞÞ‘ðxðkÞÞ� "P1uðxðkÞÞĜGðxðkÞÞĜG
T
ðxðkÞÞ

h

�PT
1uðxðkÞÞþP1uðxðkÞÞĜGðxðkÞÞ ~uuðkÞþ� ~uuTðkÞ ~uuðkÞ

i

� 1þVsðxðkÞÞ½ �
�1
�

2a

cþ ~xxTðkÞ ~xxðkÞ
~xxTðkÞ ~KKT

ðkÞ ~KKðkÞ ~xxðkÞ

þ
a

cþ ~xxTðkÞ ~xxðkÞ
~xxTðkÞ ~KKT

ðkÞQ ~KKðkÞ ~xxðkÞ ð14Þ

where in (14) we used ln a� ln b ¼ lnða=bÞ and
lnð1þ cÞ � c for a, b > 0 and c � �1, respectively, and
~xxT ~xx=ðcþ ~xxT ~xxÞ < 1. Now, adding and subtracting

1

4"

~uuTðkÞ ~uuðkÞ

1þ VsðxðkÞÞ

to and from (14) and collecting terms yields

�VðxðkÞ,KðkÞÞ

� �
1

1þ VsðxðkÞÞ
‘TðxðkÞÞ‘ðxðkÞÞ

�
1

1þ VsðxðkÞÞ
P1uðxðkÞÞ, ~uuTðkÞ
� �

�

"ĜGðxðkÞÞĜGT
ðxðkÞÞ � 1

2
ĜGðxðkÞÞ

� 1
2
ĜGT

ðxðkÞÞ ð1=4"ÞIm

2
4

3
5 PT

1uðxðkÞÞ

~uuðkÞ

2
4

3
5

þ
1

1þ VsðxðkÞÞ

1

4"
~uuTðkÞ ~uuðkÞ þ � ~uuTðkÞ ~uuðkÞ

	 


�
a

cþ ~xxTðkÞ ~xxðkÞ
~xxTðkÞ ~KKT

ðkÞð2Im �QÞ ~KKðkÞ ~xxðkÞ

� �
‘TðxðkÞÞ‘ðxðkÞÞ

1þ VsðxðkÞÞ

�
~xxTðkÞ ~KKT

ðkÞ ~RRðxðkÞ,wðkÞÞ ~KKðkÞ ~xxðkÞ

ðcþ ~xxTðkÞ ~xxðkÞÞð1þ VsðxðkÞÞÞ
, k 2 N

ð15Þ

where

~RRðx,wÞ ¼
�
að1þ VsðxÞÞð2Im �QÞ �

1

4"
þ �

� �
ðcþ ~xxT ~xxÞIm

ð16Þ
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Noting that 2Im �Q > 0, since by assumption
�maxðQÞ < 2, and a satisfies (13), it follows that

~RRðx,wÞ � að1þ �xTxÞð2Im �QÞ

�
1

4"
þ �

� �
ð�2 þ cþ FT

ðxÞFðxÞÞIm

� að1þ �xTxÞð2Im �QÞ

�
1

4"
þ �

� �
�2 þ cþ ���xTx
� �

Im

� 0, ðx,wÞ 2 R
n
�R

d
ð17Þ

Hence, the Lyapunov difference given by (15) yields

�VðxðkÞ,KðkÞÞ � �
‘TðxðkÞÞ‘ðxðkÞÞ

1þ VsðxðkÞÞ

�
~xxTðkÞ ~KKT

ðkÞ ~RRðxðkÞ,wðkÞÞ ~KKðkÞ ~xxðkÞ

~xxTðkÞ ~xxðkÞð1þ VsðxðkÞÞÞ

� 0, k 2 N ð18Þ

which proves that the solution ðxðkÞ,KðkÞÞ � ð0, K̂KgÞ to
(10) and (11) is Lyapunov stable. Furthermore, it
follows from (the discrete-time version of Theorem 2
of Chellaboina and Haddad (2002) that ‘ðxðkÞÞ ! 0 as
k ! 1. Finally, if ‘TðxÞ‘ðxÞ > 0, x 2 R

n, x 6¼ 0, then
xðkÞ ! 0 as k ! 1 for all x0 2 R

n. œ

Remark 1: Note that in the case where ‘TðxÞ‘ðxÞ > 0,
x 2 R

n, x 6¼ 0, the conditions in Theorem 1 imply that
xðkÞ ! 0 as k ! 1 and hence it follows from (8) that
ðxðkÞ,KðkÞÞ ! M¼

�
fðx,KÞ 2 R

n
� R

m�ðsþdÞ: x ¼ 0 and
Kðkþ 1Þ ¼ KðkÞg as k ! 1.

Remark 2: Theorem 1 is also valid for time-varying
uncertain dynamical systems Gk of the form

xðkþ 1Þ ¼ f ðk, xðkÞÞ þ Gðk, xðkÞÞuðkÞ þ Jðk, xðkÞÞwðkÞ,

xð0Þ ¼ x0, k 2 N ð19Þ

where f :N � R
n
! R

n and satisfies f ðk, 0Þ ¼ 0, k 2 N ,
G:N � R

n
! R

n�m and J:N �R
n
! R

n�d . In parti-
cular, replacing F :Rn

! R
s by F :N �R

n
! R

s and
ĜG:Rn

! R
m�m by ĜG : N �R

n
! R

m�m, and requiring
FT

ðk, xÞFðk, xÞ � ���xTx, ��� > 0, k 2 N , in place of (4)
and Gðk, xÞĜGðk, xÞC ¼ Jðk, xÞ in place of GðxÞĜGðxÞC ¼

JðxÞ, it follows by using identical arguments as in
the proof of Theorem 1 that the adaptive feedback
control law

uðkÞ ¼ ĜGðk, xðkÞÞKðkÞ ~xxðkÞ ð20Þ

where ~xxðkÞ ¼
�
½FT

ðk,xðkÞÞ, wT
ðkÞ�T, with update law

Kðkþ 1Þ ¼ KðkÞ �
1

cþ ~xxTðkÞ ~xxðkÞ
QĜG�1

ðk, xðkÞÞGy
ðk,xðkÞÞ

� ½xðkþ 1Þ � fsðxðkÞÞ� ~xx
T
ðkÞ ð21Þ

where fsðxÞ ¼ f ðk, xÞ þ Gðk, xÞĜGðk, xÞKgFðk, xÞ, guaran-
tees that the solution ðxðkÞ,KðkÞÞ � ð0, ½Kg,�C�Þ of the
closed-loop system (19)–(21) is Lyapunov stable and
xðkÞ ! 0 as k ! 1 for all x0 2 R

n.

Remark 3: It follows from Remark 2 that Theorem 1
can also be used to construct adaptive tracking con-
trollers for non-linear uncertain dynamical systems.
Specifically, let rdðkÞ 2 R

n, k 2 N , denote a command
input and define the error state eðkÞ ¼

�
xðkÞ � rdðkÞ.

In this case, the error dynamics are given by

eðkþ 1Þ ¼ fkðk, eðkÞÞ þ Gkðk, eðkÞÞuðkÞ

þ Jkðk, eðkÞÞwkðkÞ, eð0Þ ¼ e0, k 2 N ð22Þ

where fkðk, eðkÞÞ ¼ f ðeðkÞ þ rdðkÞÞ � nðkÞ with f ðrdðkÞÞ ¼
nðkÞ, Gkðk, eðkÞÞ ¼ GðeðkÞ þ rdðkÞÞ and Jkðk, eðkÞÞwkðkÞ ¼
nðkÞ � rdðkþ 1Þ þ JðeðkÞ þ rdðkÞÞwðkÞ. Now, the adap-
tive tracking control law (20) and (21), with x(k)
replaced by e(k), guarantees that eðkÞ ! 0 as k ! 1

for all e0 2 R
n.

It is important to note that the adaptive control
law (7) and (8) does not require explicit knowledge of
the gain matrix Kg, the disturbance matching matrix C,
the disturbance weighting matrix function J(x), and the
positive constants �, ���, " and �; even though Theorem 1
requires the existence of Kg and C along with the con-
struction of F(x), ĜGðxÞ and VsðxÞ such that GðxÞĜGðxÞC ¼

JðxÞ and (2)–(5) hold. Furthermore, if (1) is in normal
form with asymptotically stable internal dynamics
(Isidori 1995) and if the linear growth condition
f TðxÞ f ðxÞ � �̂�xTx, x 2 R

n, �̂� > 0, holds, then we can
always construct functions Vs:R

n
! R, F :Rn

! R
s,

and ĜG:Rn
! R

n�m such that (2)–(5) hold without requir-
ing knowledge of the system dynamics. For simplicity of
exposition in the ensuing discussion we assume that
JðxÞ ¼ D, where D 2 R

n�d is a disturbance weighting
matrix with unknown entries.

To elucidate the above discussion assume that
the non-linear uncertain system G is generated by the
difference model

ziðkþ�iÞ¼ fuiðzðkÞÞþ
Xm
j¼1

Gsði, jÞðzðkÞÞujðkÞþ
Xd
l¼1

D̂Dði, lÞwlðkÞ,

k2N , i¼1, . . . ,m ð23Þ

where �i 2 N denotes the time delay (or relative
degree) with respect to the output zi, zðkÞ ¼ ½z1ðkÞ, . . . ,
z1ðk þ �1 � 1Þ, . . . , zmðkÞ, . . . , zmðk þ �m � 1Þ�, zð0Þ ¼ z0,
D̂Dði, lÞ 2 R, i ¼ 1, . . . ,m, l ¼ 1, . . . , d, and wlðkÞ 2 R,
k 2 N , l ¼ 1, . . . , d. Here, we assume that the square
matrix function GsðzÞ composed of the entries
Gsði, jÞðzÞ, i, j ¼ 1, . . . ,m, is such that detGsðzÞ 6¼ 0,
z2R

�̂� , where �̂� ¼ �1 þ � � � þ �m. Furthermore, since
(23) is in a form where it does not possess internal
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dynamics, it follows that �̂� ¼ n. The case where (23)
possesses input-to-state stable internal dynamics can
be analogously handled as shown in Haddad and
Hayakawa (2002).

Next, define xiðkÞ ¼
�
½ ziðkÞ, . . . , ziðkþ �i � 2Þ�T, i ¼

1, . . . ,m, xmþ1ðkÞ ¼
�
½ z1ðk þ �1 � 1Þ, . . . , zmðk þ �m � 1Þ�T

and xðkÞ ¼
�
½ xT1 ðkÞ, . . . , x

T
mþ1ðkÞ�

T so that (23) can be
described by (1) with

f ðxÞ ¼ ~AAxþ ~ffuðxÞ, GðxÞ ¼
0ðn�mÞ�m

GsðxÞ

2
4

3
5,

JðxÞ ¼ D ¼

0ðn�mÞ�d

D̂D

2
4

3
5 ð24Þ

where

~AA ¼
A0

0m�n

" #
, ~ffuðxÞ ¼

0ðn�mÞ�1

f uðxÞ

2
4

3
5

A0 2 R
ðn�mÞ�n is a known matrix of zeros and ones

capturing the multivariable controllable canonical form
representation (Chen 1984), fu:R

n
! R

m is an unknown
function and satisfies f Tu ðxÞ fuðxÞ � �ux

Tx, x 2 R
n, where

�u > 0,Gs:R
n
! R

m�m and D̂D 2 R
m�d . Here, we assume

that f uðxÞ is unknown and is parameterized as f uðxÞ ¼
Yf nðxÞ, where f n: R

n
! R

q and satisfies f Tn ðxÞ fnðxÞ �

�nx
Tx, x 2 R

n, where �n > 0, and Y 2 R
m�q is a matrix

of uncertain constant parameters.
Next, to apply Theorem 1 to the uncertain system (1)

with f(x), G(x) and D given by (24), let Kg 2 R
m�s, where

s ¼ qþ r, be given by

Kg ¼ ½Yn �Y, Fn� ð25Þ

where Yn 2 R
m�q and Fn 2 R

m�r are known matrices,
and let

FðxÞ ¼
f nðxÞ

f̂fnðxÞ

" #
ð26Þ

where f̂fn: R
n
! R

r satisfying f̂f Tn ðxÞ f̂fnðxÞ � �̂�ux
Tx,

x 2 R
n, �̂�u > 0, is an arbitrary function. In this case,

it follows that, with ĜGðxÞ ¼ G�1
s ðxÞ

fsðxÞ ¼ f ðxÞ þ GðxÞĜGðxÞKgFðxÞ

¼ ~AAxþ ~ffuðxÞ þ
0ðn�mÞ�m

GsðxÞ

" #
G�1

s ðxÞ

� Yn f nðxÞ �Y f nðxÞ þ Fn f̂fnðxÞ
� �

¼ ~AAxþ
0ðn�mÞ�1

Yn f nðxÞ þ Fn f̂fnðxÞ

" #
ð27Þ

Note that, with ĜGðxÞ ¼ G�1
s ðxÞ, C in Theorem 1 can

be taken as C ¼ D̂D so that GðxÞĜGðxÞC ¼ JðxÞ ¼ D is
satisfied, and (4) is satisfied with ��� � �n þ �̂�n.

Now, since Yn 2 R
m�q and Fn 2 R

m�r are arbitrary
constant matrices and f̂fn:R

n
! R

r is an arbitrary func-
tion we can always construct Kg, VsðxÞ and F(x) without
knowledge of f(x) such that (2)–(5) hold. In particular,
choosing Yn f nðxÞ þ Fn f̂fnðxÞ ¼ ÂAx, where ÂA 2 R

m�n,
it follows that (27) has the form fsðxÞ ¼ Asx, where
As ¼ ½AT

0 ; ÂA
T
�
T is in multivariable controllable canonical

form. Hence, in the case where GðxÞ � B, choosing ÂA
such that Ac is asymptotically stable it follows that for
sufficiently small " > 0 there exists a positive-definite
matrix P satisfying the following Riccati inequality

0 � AT
s PAs � Pþ Rþ 4"AT

s PBB
TPAs ð28Þ

where R is a positive-definite matrix. In this case, with
VsðxÞ ¼ xTPx, equations (2)–(5) are satisfied with ĜGðxÞ �
Im, P1uðxÞ ¼ 2xTAT

s PB, P2uðxÞ ¼ BTPB and � � �minðPÞ,
and hence the adaptive feedback controller (7) with
update law (8) guarantees global asymptotic stability
of the non-linear uncertain discrete-time dynamical
system (1) where f(x), G(x) and J(x) are given by (24)
with GsðxÞ � Bs 2 R

m�m. As mentioned above, it is
important to note that it is not necessary to utilize a
feedback linearizing function F(x) to produce a linear
fsðxÞ. However, when the system is in normal form, a
feedback linearizing function F(x) assures the existence
of VsðxÞ that satisfies the conditions (2)–(5).

It is important to note that by choosingYn ¼ Fn ¼ 0
considerable simplification occurs in the update law.
Specifically, in this case it follows that

Gy
ðxÞ fsðxÞ ¼ 0m�ðn�mÞ,G

�1
s ðxÞ

h i A0

0m�n

	 

x ¼ 0

and hence the update law (8) can be simplified as

Kðkþ 1Þ ¼ KðkÞ �
1

cþ ~xxTðkÞ ~xxðkÞ
QĜG�1

ðxðkÞÞGy
ðxðkÞÞ

� xðkþ 1Þ ~xxTðkÞ ð29Þ

Finally, it is also important to note that Theorem 1 is
not restricted to dynamical systems satisfying the linear
growth constraint f TðxÞ f ðxÞ � �̂�xTx, x 2 R

n, �̂� > 0.
Theorem 1 can be used to construct adaptive discrete-
time controllers so long as the function F(x) satisfies (4)
and we can construct a function fsðxÞ such that (3) holds.

Next, we consider the case where f(x) and G(x) are
both uncertain. Specifically, we assume that G(x) is
such that GsðxÞ is unknown and is parameterized as
GsðxÞ ¼ BuGnðxÞ, where Gn: R

n
! R

m�m is known and
satisfies detGnðxÞ 6¼ 0, x 2 R

n and Bu 2 R
m�m, with

detBu 6¼ 0 and �maxðBuÞ � �, � > 0, is an unknown
symmetric sign-definite matrix but a bound � for the
maximum singular value of Bu and the sign definiteness
of Bu are known; that is, Bu > 0 or Bu < 0. For the
statement of the next result define B0 ¼

�
½0m�ðn�mÞ, Im�

T

for Bu > 0 and B0 ¼
�
½0m�ðn�mÞ,� Im�

T for Bu < 0.
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Corollary 1: Consider the non-linear system G given by
(1) with f (x), G(x) and J(x) given by (24), and GsðxÞ ¼
BuGnðxÞ, where Bu, with �maxðBuÞ < �, � > 0, is an
unknown symmetric sign-definite matrix and the sign
definiteness of Bu is known. Assume there exist a
matrix Kg 2 R

m�s, functions Vs:R
n
! R, F :Rn

! R
s,

P1u:R
n
! R

1�m, ‘:Rn
! R

t, a non-negative-definite
matrix function P2u:R

n
! R

m�m, and positive constants
���, ", � and � such that Vsð�Þ and ‘ð�Þ are continuous,
Vsð0Þ ¼ 0, ‘ð0Þ ¼ 0, �̂��2G�T

n ðxÞP2uðxÞG
�1
n ðxÞ � �Im,

x 2 R
n, �̂� > �=2, and, for all x 2 R

n and u 2 R
m,

equations (2)–(5) hold. Then the adaptive feedback
control law

uðkÞ ¼ �̂��1G�1
n ðxðkÞÞKðkÞ ~xxðkÞ ð30Þ

where KðkÞ 2 R
m�ðsþdÞ, k 2 N and ~xxðkÞ ¼

�
½FT

ðxðkÞÞ,
wT

ðkÞ�T, with update law

Kðkþ 1Þ ¼ KðkÞ �
1

cþ ~xxTðkÞ ~xxðkÞ
BT
0

� ½xðkþ 1Þ � fsðxðkÞÞ� ~xx
T
ðkÞ ð31Þ

guarantees that the solution ðxðkÞ,KðkÞÞ � ð0, ½Kg,�C�Þ,
where C 2 R

m�d , of the closed-loop system given by (1),
(30) and (31) is Lyapunov stable and ‘ðxðkÞÞ ! 0 as
k ! 1. If, in addition, ‘TðxÞ‘ðxÞ > 0, x 2 R

n, x 6¼ 0,
then xðkÞ ! 0 as k ! 1 for all x0 2 R

n.

Proof: The result is a direct consequence of Theorem 1.
First, let ĜGðxÞ ¼ �̂��1G�1

n ðxÞ and C ¼ �̂�B�1
u D̂D so that

GðxÞĜGðxÞ ¼ ½0m�ðn�mÞ, �̂�
�1Bu�

T and GðxÞĜGðxÞC ¼ D, and
let Kg ¼ �̂�B�1

u ½Yn �Y,Fn�. Next, since Q in (8) is an
arbitrary positive-definite matrix with �maxðQÞ < 2,
it can be replaced by �̂��1jBuj ¼ �̂��1ðB2

uÞ
1=2, where ð�Þ

1=2

denotes the (unique) positive-definite square root.
Now, since Bu is symmetric and sign definite it follows
from the Schur decomposition that Bu ¼ UDBu

UT,
where U is orthogonal and DBu

is real diagonal.
Hence, �̂��1jBujĜG

�1ðxÞGyðxÞ ¼ ½0m�ðn�mÞ, Im� ¼BT
0 , where

Im ¼ Im for Bu > 0 and Im ¼ �Im for Bs < 0. Now,
equation (8) implies (31). œ

3. Adaptive control for non-linear systems with

‘2 disturbances

In this section we consider the problem of charac-
terizing adaptive feedback control laws for non-linear
discrete-time uncertain dynamical systems with exo-
genous ‘2 disturbances. Specifically, we consider the
controlled non-linear uncertain system G given by

xðkþ 1Þ ¼ f ðxðkÞÞ þ GðxðkÞÞuðkÞ þ JðxðkÞÞwðkÞ,

xð0Þ ¼ x0, wð�Þ 2 ‘2, k 2 N ð32Þ

with performance variables

zðkÞ ¼ hðxðkÞÞ ð33Þ

where xðkÞ 2 R
n, k 2 N , is the state vector, uðkÞ 2 R

m,
k 2 N , is the control input, wðkÞ 2 R

d , k 2 N , is an
unknown bounded energy ‘2 disturbance, zðkÞ 2 R

p,
k 2 N , is a performance variable, f :Rn

! R
n and

satisfies f ð0Þ ¼ 0, G:Rn
! R

n�m, J:Rn
! R

n�d , and
h:Rn

! R
p is continuous and satisfies hð0Þ ¼ 0. The

following theorem generalizes Theorem 1 to discrete-
time non-linear uncertain dynamical systems with
exogenous ‘2 disturbances.

Theorem 2: Consider the non-linear system G given by
(32) and (33). Assume there exist a matrix Kg 2 R

m�s,
functions Vs:R

n
! R, ĜG:Rn

! R
m�m, F :Rn

! R
s, P1u:

R
n
! R

1�m, P1w:R
n
! R

1�d , Puw:R
n
! R

m�d , non-
negative-definite matrix functions P2u:R

n
! R

m�m and
P2w:R

n
! R

d�d , and positive constants ���, �̂�, a, ", � and
� such that Vsð�Þ is continuous and satisfies (5), Vsð0Þ ¼ 0,
det ĜGðxÞ 6¼ 0, x 2 R

n, F(x) satisfies (4), ðĜG�1ðxÞGyðxÞ�
JðxÞÞTðĜG�1ðxÞGyðxÞ JðxÞÞ � �̂�Id , x 2 R

n, ĜGTðxÞP2uðxÞ�
ĜGðxÞ < �Im, x 2 R

n, and, for all x 2 R
n, u 2 R

m and
w 2 R

d

Vsð f ðxÞ þ GðxÞuþ JðxÞwÞ

¼ Vsð f ðxÞÞ þ P1uðxÞuþ uTP2uðxÞuþ P1wðxÞw

þ uTPuwðxÞwþ wTP2wðxÞw ð34Þ

0 � Vsð fsðxÞÞ � VsðxÞ þ GðxÞ þ "P1uðxÞĜGðxÞĜG
T
ðxÞPT

1uðxÞ

ð35Þ

a

cþ FTðxÞFðxÞ
ð2I �QÞ �

ð1=4"Þ þ �

1þ VsðxÞ
Im

þ
1

4 ~��
~PPuwðxÞ ~PP

T
uwðxÞ, x 2 R

n

ð36Þ

where fsðxÞ is given by (6)

GðxÞ ¼� 1
4
P1wðxÞ½ð�

2
� ~��2

ÞIm�P2wðxÞ�
�1PT

1wðxÞ

þ hTðxÞhðxÞ ð37Þ

~PPuwðxÞ ¼
� 1

1þ VsðxÞ
ĜGT

ðxÞPuwðxÞ

�
2a

cþ FTðxÞFðxÞ
ĜG�1

ðxÞGy
ðxÞ JðxÞ

þ
2aFT

ðxÞFðxÞ

ðcþ FTðxÞFðxÞÞ2
QĜG�1

ðxÞGy
ðxÞ JðxÞ ð38Þ

� > 0, ð�2
� ~��2

ÞIm � P2wðxÞ > 0, Q 2 R
m�m is positive

definite with �maxðQÞ < 2 and ~�� is such that

~��2

1þ VsðxÞ
�

a�̂��maxðQÞ

cþ FTðxÞFðxÞ
� ~�� > 0, x 2 R

n ð39Þ
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where ~�� 2 R. Then the adaptive feedback control law

uðkÞ ¼ ĜGðxðkÞÞKðkÞFðxðkÞÞ ð40Þ

where KðkÞ 2 R
m�s, k 2 N , with update law

Kðkþ 1Þ ¼ KðkÞ �
1

cþ FTðxðkÞÞFðxðkÞÞ

�QĜG�1
ðxðkÞÞGy

ðxðkÞÞ

� ½xðkþ 1Þ � fsðxðkÞÞ�F
T
ðkÞ ð41Þ

guarantees that the solution ðxðkÞ,KðkÞÞ � ð0,KgÞ of the
undisturbed (wðkÞ � 0) closed-loop system given by (32),
(40) and (41) is Lyapunov stable and hðxðkÞÞ ! 0 as
k ! 1. If, in addition, hTðxÞhðxÞ > 0, x 2 R

n, x 6¼ 0,
then xðkÞ ! 0 as k ! 1 for all x0 2 R

n. Furthermore,
the solution x(k), k 2 N , to the closed-loop system
given by (32), (40) and (41) satisfies the non-expansivity
constraint

XK�1

k¼0

zTðkÞzðkÞ

1þ VsðxðkÞÞ
� �2

XK�1

k¼0

wT
ðkÞwðkÞ þ Vðxð0Þ,Kð0ÞÞ

K � 0, � > 0, wð�Þ 2 ‘2 ð42Þ

where

Vðx,KÞ ¼
�

lnð1þ VsðxÞÞ þ a trðK � KgÞ
TQ�1

ðK � KgÞ

ð43Þ

Proof: First, define ~KKðkÞ ¼
�
KðkÞ � Kg, ~xxðkÞ ¼ FðxðkÞÞ

and ~uuðkÞ¼
� ~KKðkÞ ~xxðkÞ. Note that with u(k), k 2 N , given

by (40) it follows from (32) that

xðkþ 1Þ ¼ f ðxðkÞÞ þGðxðkÞÞĜGðxðkÞÞKðkÞFðxðkÞÞ

þ JðxðkÞÞwðkÞ, xð0Þ ¼ x0, wð�Þ 2 ‘2, k 2N

ð44Þ

or, equivalently, using the definition for fsðxÞ given in (6)

xðkþ1Þ ¼ fsðxðkÞÞþGðxðkÞÞĜGðxðkÞÞ ~KKðkÞ ~xxðkÞþJðxðkÞÞwðkÞ

¼ fsðxðkÞÞþGðxðkÞÞĜGðxðkÞÞ ~uuðkÞþJðxðkÞÞwðkÞ,

xð0Þ¼x0, wð�Þ2‘2, k2N ð45Þ

Furthermore, note that by adding and subtracting Kg to
and from (41) and using (45) it follows that

~KKðkþ1Þ¼ ~KKðkÞ�
1

cþ ~xxTðkÞ ~xxðkÞ
QĜG�1

ðxðkÞÞGy
ðxðkÞÞ

�½GðxðkÞÞĜGðxðkÞÞ ~KKðkÞ ~xxðkÞþJðxðkÞÞwðkÞ� ~xxTðkÞ

¼ ~KKðkÞ �
1

cþ ~xxTðkÞ ~xxðkÞ
Q ~KKðkÞ ~xxðkÞ ~xxTðkÞ

�
1

cþ ~xxTðkÞ ~xxðkÞ
QĜG�1

ðxðkÞÞGy
ðxðkÞÞ

� JðxðkÞÞwðkÞ ~xxTðkÞ, k 2 N ð46Þ

To show Lyapunov stability of the undisturbed closed-
loop system (45) and (46) consider the Lyapunov func-
tion candidate given by (43). Note that Vð0,KgÞ ¼ 0
and, since Vsð�Þ and Q are positive definite and a > 0,
Vðx,KÞ > 0 for all ðx,KÞ 6¼ ð0,KgÞ. Furthermore,
Vðx,KÞ is radially unbounded. Now, since (34) collapses
to (2) in the case where wðkÞ � 0, Lyapunov stability
of the undisturbed closed-loop system (45) and (46) as
well as xðkÞ ! 0 as k ! 1 for all x0 2 R

n follows as in
the proof of Theorem 1.

To show that the non-expansivity constraint (42)
holds, note that, for all w 2 R

d

0 � 1
2P

T
1wðxÞ � ðð�2 � ~��2ÞIm � P2wðxÞÞw

� �T
� ½ð�2

� ~��2
ÞIm � P2wðxÞ�

�1

� 1
2
PT
1wðxÞ � ðð�2 � ~��2ÞIm � P2wðxÞÞw

� �
¼ GðxÞ þ ð�2

� ~��2
ÞwTw� zTz� P1wðxÞw

� wTP2wðxÞw ð47Þ

Now, let wð�Þ 2 ‘2 and let x(k), k 2 N , denote the
solution of the closed-loop system (45). Then, using
(34), (35), (39), (46) and (47), the Lyapunov difference
along the closed-loop system trajectories is given by

�VðxðkÞ,KðkÞÞ

¼ ln
�
1þVsð fsðxðkÞÞþGðxðkÞÞuðkÞþJðxðkÞÞwðkÞÞ

�

þatr
�
~KKðkÞ�

1

cþ ~xxTðkÞ ~xxðkÞ
Q ~KKðkÞ ~xxðkÞ ~xxTðkÞ

�
1

cþ ~xxTðkÞ ~xxðkÞ
QĜG�1

ðxðkÞÞGy
ðxðkÞÞJðxðkÞÞwðkÞ ~xxTðkÞ

�T
Q�1

�

�
~KKðkÞ�

1

cþ ~xxTðkÞ ~xxðkÞ
Q ~KKðkÞ ~xxðkÞ ~xxTðkÞ

�
1

cþ ~xxTðkÞ ~xxðkÞ
QĜG�1

ðxðkÞÞGy
ðxðkÞÞJðxðkÞÞwðkÞ ~xxTðkÞ

�

� ln 1þVsðxðkÞÞð Þ�atr ~KKT
ðkÞQ�1 ~KKðkÞ

¼ ln
�
1þ

h
VsðfsðxðkÞÞÞþP1uðxðkÞÞĜGðxðkÞÞ ~uuðkÞ

þ ~uuTðkÞĜGT
ðxðkÞÞP2uðxðkÞÞĜGðxðkÞÞ ~uuðkÞþP1wðxðkÞÞwðkÞ

þ ~uuTðkÞĜGT
ðxðkÞÞPuwðxðkÞÞwðkÞþwT

ðkÞP2wðxðkÞÞwðkÞ

�VsðxðkÞÞ
i
½1þVsðxðkÞÞ�

�1
�
þatr ~KKT

ðkÞQ�1 ~KKðkÞ
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þ
a

ðcþ ~xxTðkÞ ~xxðkÞÞ2
tr ~xxðkÞwT

ðkÞJT
ðxðkÞÞGyT

ðxðkÞÞĜG�T

�QĜG�1
ðxðkÞÞGy

ðxðkÞÞJðxðkÞÞwðkÞ ~xxTðkÞ

þ
a

ðcþ ~xxTðkÞ ~xxðkÞÞ2
tr ~xxðkÞ ~xxTðkÞ ~KKT

ðkÞQ ~KKðkÞ ~xxðkÞ ~xxTðkÞ

�
2a

cþ ~xxTðkÞ ~xxðkÞ
tr ~KKT

ðkÞ ~KKðkÞ ~xxðkÞ ~xxTðkÞ

�
2a

cþ ~xxTðkÞ ~xxðkÞ
tr ~KKT

ðkÞĜG�1
ðxðkÞÞGy

ðxðkÞÞJðxðkÞÞwðkÞ ~xxTðkÞ

þ
2a

ðcþ ~xxTðkÞ ~xxðkÞÞ2
tr ~xxðkÞ ~xxTðkÞ ~KKT

ðkÞQĜG�1
ðxðkÞÞGy

ðxðkÞÞ

�JðxðkÞÞwðkÞ ~xxTðkÞ�atr ~KKT
ðkÞQ�1 ~KKðkÞ

� ½�GðxðkÞÞ�"P1uðxðkÞÞĜGðxðkÞÞĜG
T
ðxðkÞÞPT

1uðxðkÞÞ

þP1uðxðkÞÞĜGðxðkÞÞ ~uuðkÞþ� ~uuTðkÞ ~uuðkÞþP1wðxðkÞÞwðkÞ

þwT
ðkÞP2wðxðkÞÞwðkÞ�½1þVsðxðkÞÞ�

�1

þ ~uuTðkÞ
h 1

1þVsðxðkÞÞ
ĜGT

ðxðkÞÞPuwðxðkÞÞ

�
2a

cþ ~xxTðkÞ ~xxðkÞ
ĜG�1

ðxðkÞÞGy
ðxðkÞÞJðxðkÞÞ

þ
2a ~xxTðkÞ ~xxðkÞ

ðcþ ~xxTðkÞ ~xxðkÞÞ2
QĜG�1

ðxðkÞÞGy
ðxðkÞÞJðxðkÞÞ

i
wðkÞ

þ
a

cþ ~xxTðkÞ ~xxðkÞ
wT

ðkÞJT
ðxðkÞÞGyT

ðxðkÞÞĜG�TQĜG�1
ðxðkÞÞ

�Gy
ðxðkÞÞJðxðkÞÞwðkÞ�

a

cþ ~xxTðkÞ ~xxðkÞ

� ~xxTðkÞ ~KKT
ðkÞð2Im�QÞ ~KKðkÞ ~xxðkÞ

�

h
�2wT

ðkÞwðkÞ�zTðkÞzðkÞ�"P1uðxðkÞÞĜGðxðkÞÞĜG
T
ðxðkÞÞ

�PT
1uðxðkÞÞþP1uðxðkÞÞĜGðxðkÞÞ ~uuðkÞþ� ~uuTðkÞ ~uuðkÞ

i
�½1þVsðxðkÞÞ�

�1
þ ~uuTðkÞ ~PPuwðxðkÞÞwðkÞ� ~��wT

ðkÞwðkÞ

�
a

cþ ~xxTðkÞ ~xxðkÞ
~xxTðkÞ ~KKT

ðkÞð2Im�QÞ ~KKðkÞ ~xxðkÞ, k2N ð48Þ

where in (48) we used ln a� ln b ¼ lnða=bÞ and
lnð1þ cÞ � c for a, b > 0 and c � �1, respectively,
and ~xxT ~xx=ðcþ ~xxT ~xxÞ < 1. Now, using (36), adding and
subtracting

~uuTðkÞ
h 1

4"

1

1þ VsðxðkÞÞ
Im

þ
1

4 ~��
~PPuwðxðkÞÞ ~PP

T
uwðxðkÞÞ

i
~uuðkÞ, k 2 N

to and from (48), and collecting terms yields

�VðxðkÞ,KðkÞÞ

�
1

1þ VsðxðkÞÞ
½�2wT

ðkÞwðkÞ � zTðkÞzðkÞ�

�
1

1þVsðxðkÞÞ
P1uðxðkÞÞ, ~uu

T
ðkÞ

� �

�
"ĜGðxðkÞÞĜGT

ðxðkÞÞ �1
2
ĜGðxðkÞÞ

�1
2ĜG

T
ðxðkÞÞ ð1=4"ÞIm

2
4

3
5 PT

1uðxðkÞÞ

~uuðkÞ

" #

� ~uuTðkÞ,wT
ðkÞ

� �

�
ð1=4 ~��Þ ~PPuwðxðkÞÞ ~PP

T
uwðxðkÞÞ �

1
2
~PPuwðxðkÞÞ

�1
2
~PPT
uwðxðkÞÞ ~��Id

2
4

3
5 ~uuðkÞ

wðkÞ

" #

þ ~uuTðkÞ
1

4"

1

1þVsðxðkÞÞ
Imþ

1

4 ~��
~PPuwðxðkÞÞ ~PP

T
uwðxðkÞÞ

	 

~uuðkÞ

þ
�

1þVsðxðkÞÞ
~uuTðkÞ ~uuðkÞ�

a

cþ ~xxTðkÞ ~xxðkÞ

� ~xxTðkÞ ~KKT
ðkÞð2I�QÞ ~KKðkÞ ~xxðkÞ

��2wT
ðkÞwðkÞ�

zTðkÞzðkÞ

1þVsðxðkÞÞ

� ~uuTðkÞ

	
a

cþ ~xxTðkÞ ~xxðkÞ
ð2I�QÞ�

ð1=4"Þþ�

1þVsðxðkÞÞ
Im

�
1

4 ~��
~PPuwðxðkÞÞ ~PP

T
uwðxðkÞÞ



~uuðkÞ

��2wT
ðkÞwðkÞ�

zTðkÞzðkÞ

1þVsðxðkÞÞ
, k2N ð49Þ

Now, summing (49) over k ¼ 0, . . . ,K� 1 yields

VðxðKÞ,KðKÞÞ �
XK�1

k¼0

�2wT
ðkÞwðkÞ �

zTðkÞzðkÞ

1þ VsðxðkÞÞ

" #

þ Vðxð0Þ,Kð0ÞÞ, K � 0, wð�Þ 2 ‘2

ð50Þ

which, by noting that VðxðKÞ,KðKÞÞ � 0, K � 0,
yields (42). œ

It is important to note that unlike Theorem 1
requiring a matching condition on the disturbance,
Theorem 2 does not require any such matching con-
dition. Furthermore, as shown in } 2, if (32) is in normal
form with asymptotically stable internal dynamics and
f TðxÞ f ðxÞ � �̂�xTx, x 2 R

n, where �̂� > 0, then we can
always construct a function F :Rn

! R
s such that Fð�Þ

satisfies (4) and (34)–(36) hold without requiring knowl-
edge of the system dynamics. In addition, in the case
where JðxÞ ¼ D and hðxÞ ¼ Ex, the adaptive controller
(40) can be verified to guarantee the modified non-
expansivity constraint (42) using standard linear H1

methods. Specifically, choosing fsðxÞ ¼ Asx, where As is
asymptotically stable and in multivariable controllable
canonical form, it follows from standard discrete-time
H1 theory (Gu et al. 1989) that if ðAs,EÞ is observable,
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kGðsÞk1 <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � ~��2

p
, where GðsÞ ¼ EðsIn � AsÞ

�1D,
if and only if there exists a positive-definite matrix P
satisfying the discrete-time bounded real Riccati
inequality

0> AT
s PAs �PþAT

s PD½ð�2 � ~��2
ÞIm �DTPD�

�1

�DTPAs þETE ð51Þ

In this case, if GðxÞ � B is a constant matrix, then there
exists a sufficiently small " > 0 such that

0 � AT
s PAs � Pþ AT

s PD½ð�2
� ~��2

ÞIm �DTPD�
�1DTPAs

þ ETE þ 4"AT
s PBB

TPAs ð52Þ

Now, with VsðxÞ ¼ xTPx, there exists ~�� > 0 such that
(34)–(36) and (39) are satisfied with ĜGðxÞ ¼ Im, Q ¼ Im,
P1uðxÞ ¼ 2xTAT

s PB,P2uðxÞ ¼ BTPB,P1wðxÞ ¼ 2xTAT
s PD,

PuwðxÞ ¼ 2BTPD, P2wðxÞ ¼ DTPD and

a >
1

4"
þ �

� �
max c,

���

�

� �

Hence, the adaptive feedback controller (40) with update
law (41), or, equivalently

Kðkþ 1Þ ¼ KðkÞ �
1

cþ FTðxðkÞÞFðxðkÞÞ
By

� ½xðkþ 1Þ � As xðkÞ�F
T
ðkÞ ð53Þ

guarantees global asymptotic stability of the non-linear
undisturbed (wðkÞ � 0) dynamical system (32), where
f (x) and G(x) are given by (24) with GsðxÞ � Bs.
Furthermore, the solution x(k), k 2 N , of the closed-
loop non-linear dynamical system (32), (33) is guaran-
teed to satisfy the non-expansivity constraint (42).

Finally, if f (x) and G(x) given by (24) are uncertain
and GsðxÞ ¼ BuGnðxÞ, where a bound for the maximum
singular value � of Bu and the sign definiteness of Bu

are known, then using an identical approach as in } 2, it
can be shown that the adaptive feedback control law

uðkÞ ¼ �̂��1G�1
n ðxðkÞÞKðkÞFðxðkÞÞ ð54Þ

where �̂� > �=2, with update law

Kðkþ 1Þ ¼ KðkÞ �
1

cþ ~xxTðkÞ ~xxðkÞ
BT
0

� ½xðkþ 1Þ � fsðxðkÞÞ� ~xx
T
ðkÞ ð55Þ

where B0 is defined as in } 2, guarantees asymptotic
stability and non-expansivity of (32).

4. Illustrative numerical examples

In this section we present three numerical examples
to demonstrate the utility of the proposed discrete-time
adaptive control framework for adaptive stabilization,
disturbance rejection and command following.

Example 1: Consider the linear uncertain system
given by

zðkþ 2Þ þ a1zðkþ 1Þ þ a0zðkÞ ¼ buðkÞ þ d̂d sin 7k,

zð0Þ ¼ z0, zð1Þ ¼ z1, k 2 N ð56Þ

where zðkÞ 2 R, k 2 N , uðkÞ 2 R, k 2 N , and a0, a1,
b, d̂d 2 R are unknown constants. Note that with
x1ðkÞ ¼ zðkÞ and x2ðkÞ ¼ zðkþ 1Þ, equation (56) can be
written in state space form (1) with x ¼ ½x1, x2�

T,

f ðxÞ ¼ ½x2,� a0x1 � a1x2�
T, GðxÞ ¼ ½0, b�T, JðxÞ ¼ ½0, d̂d�T

and wðkÞ ¼ sin 7k. Here, we assume that f(x) is unknown
and can be parameterized as f ðxÞ ¼ ½x2, 	1x1 þ 	2x2�

T,
where 	1 and 	2 are unknown constants. Furthermore,
we assume that sgn b is known and jbj < � ¼ 2. Next,
let9 GnðxÞ ¼ 1, FðxÞ ¼ x, �̂� ¼ 1, and Kg ¼ ð1=bÞ½	n1� 	1,
	n2 � 	2�, where 	n1 , 	n2 are arbitrary scalars, so that

fsðxÞ ¼ f ðxÞ þ
0

b

	 

1

b
	n1� 	1, 	n2� 	2
� �

FðxÞ

¼
0 1

	n1 	n2

	 

x

Note that since (56) is linear all the conditions of
Corollary 1 are trivially satisfied. Now, with the proper
choice of 	n1 and 	n2 , it follows from Corollary 1 that
the adaptive feedback controller (30) guarantees that
xðkÞ ! 0 as k ! 1. With �̂� ¼ 1, 	1 ¼ �1, 	2 ¼ 0:25,
b ¼ 0:4, d̂d ¼ 10, c¼ 1, 	n1 ¼ �0:02, 	n2 ¼ 0:3 and
initial conditions xð0Þ ¼ ½�1, 3�T and Kð0Þ ¼ ½0, 0, 0�,
figure 1 shows the phase portrait of the controlled and
uncontrolled system. Note that the adaptive controller
is switched on at k¼ 30. Figure 2 shows the state trajec-
tories vs. time and the control signal vs. time. Finally,
figure 3 shows the adaptive gain history vs. time.

Example 2: Consider the two-degree of freedom
uncertain linear system given by

Mszðkþ 2Þ þ Cszðkþ 1Þ þ KszðkÞ ¼ uðkÞ,

zð0Þ ¼ z0, zð1Þ ¼ z1, k 2 N ð57Þ

where zðkÞ 2 R
2, uðkÞ 2 R

2, k 2 N , and Ms,Cs,Ks 2

R
2�2 are unknown matrices. Here we assume that

Ms ¼ MT
s > 0 and �maxðM

�1
s Þ < � ¼ 2 but otherwise

Ms is unknown. Let rdðkÞ be a desired command signal
and define the error state ~eeðkÞ ¼

�
zðkÞ � rdðkÞ so that

the error dynamics are given by

Ms ~eeðkþ 2Þ þ Cs ~eeðkþ 1Þ þ K s ~eeðkÞ

¼ uðkÞ �Msrdðkþ 2Þ � Csrdðkþ 1Þ � K srdðkÞ,

~eeð0Þ ¼ ~ee0, ~eeð1Þ ¼ ~ee1, k 2 N ð58Þ

Note that with e1ðkÞ ¼ ~eeðkÞ and e2ðkÞ ¼ ~eeðkþ 1Þ, equa-
tion (58) can be written in state space form (22) with
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e ¼ ½eT1 , e
T
2 �

T, fkðk, eÞ ¼ ½eT2 , � ðM�1
s K se1 þM�1

s Cse2Þ
T
�
T,

Gðk, eÞ ¼ ½02�2,M
�1
s �

T, Jkðk, eÞ ¼ ½06�2, D̂D
T
k �

T, where

D̂Dk ¼ ½�I2, �M�1
s Cs, �M�1

s K s� and wkðkÞ ¼ ½rTd ðkþ 2Þ,

rTd ðkþ 1Þ, rTd ðkÞ�
T. Next, let GnðxÞ ¼ I , FðeÞ ¼ e, �̂� ¼ 1

and Kg ¼ Ms½Yn1
þM�1

s K s,Yn2
þM�1

s Cs�, where Yn1
2

R
2�2, Yn2

2 R
2�2 are arbitrary matrices, so that

fsðeÞ ¼
02 I2

Yn1
Yn2

	 

e

Note that since (57) is linear all the conditions of

Corollary 1 are trivially satisfied. Now, with the proper

choice of Yn1
and Yn2

, it follows from Corollary 1 and

Remark 3 that the adaptive feedback controller (30)

guarantees that eðkÞ ! 0 as t ! 1. With

Ms ¼
3 1

1 2

	 

, Cs ¼

2 2

1 1

	 

, Ks ¼

2 1

1 2

	 


rdðkÞ ¼ ½sin 0:5k, 0:5�T, �̂� ¼ 1, c¼ 1,Yn1
¼ Yn2

¼ 02, and

initial conditions xð0Þ ¼ ½3, � 4, � 2, 1�T and Kð0Þ ¼

02�10, figure 4 shows the actual positions and the refer-

ence signals vs. time and the control signals vs. time.

Note that the adaptive controller is switched on

at k¼ 40.

Example 3: Consider the non-linear uncertain system
given by

zðkþ 2Þ þ a1
z3ðkÞ

1þ z2ðkÞ
þ a2 lnð1þ jzðkþ 1ÞjÞ ¼ buðkÞ,

zð0Þ ¼ z0, zð1Þ ¼ z1, k 2 N ð59Þ

where zðkÞ 2 R, k 2 N , uðkÞ 2 R, k 2 N , and a1, a2,
b 2 R are unknown constants. Note that with x1ðkÞ ¼
zðkÞ and x2ðkÞ ¼ zðkþ 1Þ, equation (59) can be written
in state space form (1) with x ¼ ½x1, x2�

T

f ðxÞ ¼ x2, � a1
x31

1þ x21
� a2 lnð1þ jx2jÞ

" #T

GðxÞ ¼ ½0, b�T and wðkÞ � 0. Here, we assume that f(x) is
unknown and can be parameterized as

f ðxÞ ¼ x2, 	1
x31

1þ x21
þ 	2 lnð1þ jx2jÞ

" #T

where 	1 and 	2 are unknown constants. Furthermore,
we assume that sgn b is known and jbj < � ¼ 2. Next, let
GnðxÞ ¼ 1

FðxÞ ¼
x31

1þ x21
, lnð1þ jx2jÞ, x

T

" #T
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Figure 3. Adaptive gain history vs. time.



�̂� ¼ 1 and Kg ¼ ð1=bÞ½�	1,� 	2,
n1 ,
n2 �, where 
n1 , 
n2

are arbitrary scalars, so that

fsðxÞ ¼ f ðxÞ þ
0

b

	 

1

b
�	1,� 	2, 
n1

, 
n2

� �
FðxÞ

¼
0 1


n1

n2

	 

x

In addition, note that

FT
ðxÞFðxÞ ¼

x21
1þ x21

 !2

x21 þ ln2ð1þ jx2jÞ þ xTx � 2xTx

and thus (4) is satisfied with ��� ¼ 2. Now, with the proper
choice of 
n1

and 
n2
, it follows from Corollary 1 that

the adaptive feedback controller (30) guarantees that
xðkÞ ! 0 as k ! 1. With �̂� ¼ 1, 	1 ¼ 2, 	2 ¼ �3,
b ¼ 1:4, c¼ 1, 	n1 ¼ 0:1, 	n2 ¼ 0:1, and initial conditions
xð0Þ ¼ ½1:5, 7:3�T and Kð0Þ ¼ ½0, 0, 0, 0�, figure 5 shows
the state trajectory vs. time and the control signal vs.
time. Finally, figure 6 shows the adaptive gain history
vs. time.

5. Conclusion

A discrete-time direct adaptive non-linear control
framework for adaptive stabilization, disturbance

rejection and command following of multivariable
non-linear uncertain dynamical systems with exogenous
bounded disturbances and bounded energy ‘2 distur-
bances was developed. This framework is distinct from
the standard discrete-time adaptive control methods
for model reference and tracking problems developed
in the literature predicated on the classical key technical
lemma and quadratic Lyapunov functions, which does
not guarantee Lyapunov stability. Specifically, using
logarithmic Lyapunov functions the proposed frame-
work was shown to guarantee partial asymptotic
stability of the closed-loop system; that is, asymptotic
stability with respect to part of the closed-loop system
states associated with the plant. Hence, unlike contin-
uous-time adaptive control theory based on quadratic
Lyapunov functions, logarithmic Lyapunov functions
are shown to be essential for discrete-time Lyapunov-
based adaptive control. Furthermore, in the case where
the non-linear system is represented in normal form,
the non-linear adaptive controllers were constructed
without knowledge of the system dynamics. Future
research will involve using logarithmic Lyapunov
functions to extend discrete-time adaptive control
results based on recursive least squares and least mean
squares algorithms to additionally guarantee partial
asymptotic stability. Finally, output feedback extensions
will also be considered.
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Figure 5. State trajectory and control signal vs. time.
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