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A Lyapunov-based adaptive control framework for discrete-time non-linear systems

with exogenous disturbances
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A direct adaptive non-linear control framework for discrete-time multivariable non-linear uncertain systems with
exogenous bounded disturbances is developed. The adaptive non-linear controller addresses adaptive stabilization,
disturbance rejection and adaptive tracking. The proposed framework is Lyapunov-based and guarantees partial asymp-
totic stability of the closed-loop system; that is, asymptotic stability with respect to part of the closed-loop system states
associated with the plant. In the case of bounded energy ¢, disturbances the proposed approach guarantees a non-
expansivity constraint on the closed-loop input—output map. Finally, three illustrative numerical examples are provided

to demonstrate the efficacy of the proposed approach.

1. Introduction

The purpose of feedback control is to achieve
desirable system performance in the face of system
uncertainty and system disturbances. Although system
identification can reduce uncertainty to some extent,
residual modelling discrepancies always remain.
Controllers must therefore be robust to achieve desired
disturbance rejection and/or tracking performance
requirements in the presence of such modelling uncer-
tainty. To this end, adaptive control along with robust
control theory have been developed to address the
problem of system performance in the face of system
uncertainty in control-system design without excessive
reliance on system models.

Adaptive controllers directly or indirectly adjust
feedback gains to maintain closed-loop stability and
improve performance in the face of system errors.
Specifically, indirect adaptive controllers utilize param-
eter update laws to estimate unknown system param-
eters and adjust feedback gains to account for system
variation, while direct adaptive controllers directly
adapt the controller gains in response to system varia-
tions. Even though adaptive control algorithms have
been developed in the literature for both continuous-
time and discrete-time systems, the majority of the
discrete-time results are based on recursive least squares
and least mean squares algorithms (Egardt 1980, Fuchs
1980, Goodwin and Long 1980, Goodwin et al. 1980,
Narendra and Lin 1980) with primary focus on state
convergence. Alternatively, Lyapunov-based adaptive
controllers have been developed for continuous-time
systems guaranteeing asymptotic stability of the system
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states (see, e.g. Narendra and Annaswamy 1989, Krsti¢
et al. 1995, Kaufman et al. 1998). Notable Lyapunov-
based adaptive control algorithms for discrete-time
systems are given in Johansson (1989), Yeh and
Kokotovic (1995), Rokui and Khorasani (1997) and
Venugopal et al. (2003). However, the literature on
discrete-time adaptive disturbance rejection control
using Lyapunov methods is virtually non-existent.

For discrete-time dynamical systems, Lyapunov-
based frameworks for adaptive control are quite intri-
cate since the Lyapunov difference does not remove
terms involving the model reference stabilizing gain
from the resulting Lyapunov difference expression. This
leads to asymptotic non-positivity of the Lyapunov
difference and thus Lyapunov stability cannot be
guaranteed (Venugopal et al. 2003). This difficulty was
first pointed out by Kanellakopoulos (1994) and is the
main reason why Lyapunov-based discrete-time adaptive
control is not a straightforward extension of continuous-
time adaptive control theory. As a result, most of the
discrete-time adaptive model reference and tracking
control results are based on the classical key technical
lemma which does not guarantee Lyapunov stability.

In this paper, using a logarithmic Lyapunov function
we develop a Lyapunov-based direct adaptive control
framework for adaptive stabilization, disturbance rejec-
tion and command following of multivariable discrete-
time non-linear uncertain systems with exogenous
bounded amplitude disturbances and ¢, disturbances.
These results are analogous to, but by no means a direct
extension of, the recent continuous-time adaptive dis-
turbance rejection results in Haddad and Hayakawa
(2002) for continuous-time non-linear uncertain sys-
tems. In contrast to the results presented in Haddad
and Hayakawa (2002), logarithmic Lyapunov functions
are shown to be essential for discrete-time Lyapunov-
based adaptive control. Specifically, a logarithmic
Lyapunov-based direct adaptive control framework is
developed that guarantees partial asymptotic stability
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of the closed-loop system; that is, asymptotic stability
with respect to part of the closed-loop system states
associated with the plant. Furthermore, in the case
where the non-linear system is represented in normal
form, the non-linear discrete-time adaptive controller
is constructed without requiring knowledge of the system
dynamics or system disturbances. In the case where the
system disturbances are ¢, disturbances, the proposed
framework guarantees that the closed-loop non-linear
input-output map from uncertain exogenous £, dis-
turbances to system performance variables is non-
expansive and the solution of the closed-loop system
is partially asymptotically stable. The proposed adaptive
controller thus addresses the problem of disturbance
rejection for non-linear uncertain discrete-time systems
with bounded energy (square-summable) ¢, signal
norms on the disturbances and performance variables.

The contents of the paper are as follows. In §2
we present our main direct adaptive control framework
for adaptive stabilization, disturbance rejection, and
command following of multivariable non-linear uncer-
tain discrete-time systems with matched exogenous
bounded disturbances. In §3 we extend the results of
§2 to non-linear uncertain discrete-time systems with
exogenous ¢, disturbances without a matching condition
requirement. Three illustrative numerical examples
are presented in §4 to demonstrate the efficacy of the
proposed direct adaptive stabilization and tracking
framework. Finally, in § 5 we draw some conclusions.

The notation used in this paper is fairly standard.
Specifically, R denotes the set of real numbers, R”
denotes the set of n x 1 real column vectors, ()T denotes
transpose, ()" denotes the Moore—Penrose generalized
inverse, and NV denotes the set of non-negative integers.
Furthermore, we write Ay, (M) (resp. Agax(M)) for the
minimum (resp. maximum) eigenvalue of the Hermitian
matrix M, op. (M), for the maximum singular value
of the matrix M, tr(-) for the trace operator, and In(-)
for the natural log operator.

2. Discrete-time adaptive control for non-linear
systems with exogenous disturbances

In this section we consider the problem of characteri-
zing adaptive feedback control laws for non-linear
uncertain discrete-time systems with exogenous distur-
bances. Specifically, consider the controlled non-linear
uncertain discrete-time system G given by

x(k + 1) = f(x(k)) + Gx(k)u(k) + J(x(k))w(k),
x(0)=xy, keN (1)

where x(k) e R", k € N, is the state vector, u(k) € R"™,
k € N, is the control input, w(k) € R, k € N, is a known
bounded disturbance vector such that |w(k)|, <34,
ke N, f:R" — R" and satisfies /(0) = 0, G: R" — R"™"

is such that rank G(x) = m, x € R", and J: R" - R™ is
a disturbance weighting matrix function with unknown
entries. Note that even though w(k), k € NV, is assumed
to be known, the disturbance signal J(x(k))w(k), k € N,
is an unknown bounded disturbance. The control input
u(-) in (1) is restricted to the class of admissible controls

consisting of measurable functions such that u(k) e
R" ke N.

Theorem 1: Consider the non-linear system G given by
(1). Assume there exist a matrix Ky € R™*, functions
Ve R — R, G: R" — R™"™  F: [RQ”—HRY P R"—
R>” 0 R" — R, a non-negative-definite matrix func-
tion Py, R" — R™" and positive constants y, €, 1
and v such that V(-) and €(-) are continuous, V(0) =0,
200) =0, detG(x) #£0, x € R", GT(x)P2(x)G(x) < vl,,
x € R", and for all x € R" and u € R™

V(f(x) + G(xu) = V(f(x)) + Pr(x)u
+u" Py (xX)u )

0> Vi(f(x) — V(x) + £ (x)e(x)

+ &P, (x)G(x)G" (x) P, (x) 3)
FT(0)F(x) <px"x, xeR" (4)
Vi(x) > px'x (%)
where
f4(x) 2 £(x) + G)G(x) K F(x) (6)

Furthermore, assume there exists a matrix ¥ € R4
such  that G(x)é(x)'f’ = J(x). Finally, let )?(k)é
[FT(x(k), w' (k)]", ¢>0, and Q € R™™ be positive
definite such that hy,(Q) < 2. Then the adaptive feed-
back control law

u(k) = G(x(k) K (k)% (k) (7
where K(k) € R™ ) ke N, with update law

K(k+1) = K(k) — 0G™" (x(k))

¢ + xT(k)x(k)

x G (x(k)x(k + 1) — f{(x(k)IE" (k) (8)
guarantees that the solution (x(k), K(k)) = (0,[Ky, — ¥])
of the closed-loop system given by (1), (7) and (8) is
Lyapunov stable and £(x(k)) — 0 as k — oo. If, in addi-

tion, £1(x)(x) >0, x e R", x#£0, then x(k)— 0 as
k — oo for all x, € R".

Proof: First, deﬁne K(k)2 K(k) and u(k) 2
K(k)%(k), where K [ — Y]. Note that with u(k),
k € N, given by (7) it follows from (1) that
x(k + 1) = f(x(k)) + G(x(k)G(x(k) K (k)% (k)

+ J(x(k)w(k), x0)=x5, keN (9
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or, equivalently,
G(x)G(x)V = J(x)

using (6) and the fact that

x(k + 1) = f(x(k)) + G(x(k)G(x(k) K (k)% (k)
= f(x(k)) + G(x(k)G(x(k))i(k),
x(0)=xy, keN (10)

Furthermore, note that adding and subtracting Ieg to
and from (8) and using (10) it follows that

R+ 1) = K(k)— 06! (x(0)G" (x(k)

T 7 (x(k)

x [ GO G RNR (07(K) |77 ()

OK(x(k)xT(k), keN
(1

To show Lyapunov stability of the closed-loop system
(10) and (11), consider the Lyapunov function candidate

~ 1
=K - om

V(x,K)=In(l + V(x) + atr(K — K)"O7'(K — K,)
(12)
where

(1/4e) +v
a>————
B )‘min(ZI - Q)

Note that V(0, Ieg) =0 and, since V(-) and Q are posi-
tive definite and a>0, V(x,K) >0 for all (x,K) #
(0,K,). Furthermore, V(x,K) is radially unbounded.
Now, letting x(k), kK € N, denote the solution to (10)
and using (2), (3) and (11), it follows that the
Lyapunov difference along the closed-loop system
trajectories is given by

max{52 toe %} (13)

AV (x(k), K (k)
=V (x(k+ 1), K(k+1)) = V(x(k), K (k)

=In(1+ Vi(£(00) + GO G(x(k)ack)

T
+atr<1€(k)— QI%(k)fc(k)iT(k)> o

1
e+ 7 ()x(k)

2 o121\ =T
X (K(k) - WQK(k)x(k)x (k)>
—In(1+ V(x(k))) — atrK " (k)0 ™' K (k)
= In (1 [ Vo (AGeR)) + Pru(cRDGx0i)
8" (G () Pa (XU G xRN = V()]

x[14 V()™ ) +atr KT (00 K (k)

a >T o1 2 1 =T
—mtﬂ( (k) K(k)x(k)x" (k)

# = =T T nd ~ ~T
+(c TR trX(k)x" (k)K" (k)QK(k)%(k)x" (k)
—atrK (k)0 ™' K (k)
< [~ D) — Py (NGOG ()

X L)+ Pru (<D Gx(kph) +vir" (k)ak) |

1 a ~T =T ot ~
X [14 Vi(x(k))] —mx (k)K" (k)K (k)x(k)
a ~T =T ~ ~
+W?€ ()K" (k) QK (k)x(k) (14)

where in (14) we used Ina—Inb=In(a/b) and
In(1+¢) <c for a,b >0 and ¢ > —1, respectively, and
)ET)E/(C +iT%) < 1. Now, adding and subtracting

1 a'(kak)
4e 1+ V(x(k)

to and from (14) and collecting terms yields

AV (x(k), K (k)

1
= TG0

I
I+ V(x(k))

eG(x(k)G" (x(k)  —1G(x(k) | [PL (x(k))
X
—1G"(x(k)) (k)

€1 (x(k))e(x(k))

Py (x(k)), @' (K)]

(1/4)1,,

1

| o
+m[£u (kyu(k) + vit (k)u(k)i|

a ~T, 1\ 5T -
~ TR WKTREL, - QR MK
€T (x(k))e(x(k))

- 1 + V(x(k))

XK (k) R(x(k), w(k)) K (k)% (k)
(e + X (R)X())(1 + Vi(x(k))

keN
(15)

where

R(x,w) 2 a(l + V()2 — Q) ~ (4—18 + v) (c+ X8,

(16)
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Noting that 27, —Q >0, since by assumption
Amax(Q) < 2, and a satisfies (13), it follows that

R(x,w) > a(l + ux"x)(21,, — Q)

_ (L + U) (52 +c—+ FT(X)F(X))]W
4e

> a(l + px"x)(21, — Q)

1 -
- (5 + U) (52 +c+ yxTx)Im

>0, (x,w) e R" x R? (17)
Hence, the Lyapunov difference given by (15) yields

€ (x(k))e(x(k))
1 4+ Vi(x(k))

XK (k) R(x(k), w(k)) K (Kk)5(k)
T (R)Z()(1 + Vi(x(k))
<0, keN (18)

which proves that the solution (x(k), K(k)) = (0, Ieg) to
(10) and (11) is Lyapunov stable. Furthermore, it
follows from (the discrete-time version of Theorem 2
of Chellaboina and Haddad (2002) that £(x(k)) — O as
k — oo. Finally, if £'(x)¢(x) > 0, x € R", x #0, then
x(k) — 0 as k — oo for all x, € R". ]

Remark 1: Note that in the case where £T(x)¢(x) > 0,
x € R", x #0, the conditions in Theorem 1 imply that
x(k) — 0 as k — oo and hence it follows from (8) that
(x(k), K(k)) > M2 {(x,K) e R" x R"™0+): v =0 and
K(k+1) = K(k)} as k — oo.

AV(x(k), K(k)) = —

Remark 2: Theorem 1 is also valid for time-varying
uncertain dynamical systems Gy of the form

x(k + 1) = f(k, x(k)) + G(k, x(k))u(k) + J(k, x(k))w(k),
x(0)=xy, keN (19)

where f: N x R" — R" and satisfies f(k,0) =0,k € N,
G:N xR'" > R™ and J:N x R" - R™?. In parti-
cular, replacing F:R" — R* by F:N xR" — R’ and
G:R" - R™" by G: N x R" - R™", and requiring
F'(k,x)F(k,x) < yx'x, 7> 0,k € N, in place of (4)
and G(k, x)G(k, x)¥ = J(k, x) in place of G(x)G(x)¥ =
J(x), it follows by using identical arguments as in
the proof of Theorem 1 that the adaptive feedback
control law

u(k) = G(k, x(k)) K (k)%(k) (20)
where X(k) 2 [F"(k, x(k)), w' (k)]", with update law

K(k+1)=K(k)—- 0G ™" (k, x(k))G" (k, x(k))

e+ XT(k)x(k)
x [x(k + 1) — fi(x(R))F" (k) 1)

where f,(x) = f(k, x) + G(k, x)G(k, x)K F(k, x), guaran-
tees that the solution (x(k), K(k)) = (0,[K,,—'P]) of the
closed-loop system (19)—(21) is Lyapunov stable and
x(k) — 0 as k — oo for all x, € R".

Remark 3: It follows from Remark 2 that Theorem 1
can also be used to construct adaptive tracking con-
trollers for non-linear uncertain dynamical systems.
Specifically, let rq(k) € R", k € N, denote a command
input and define the error state e(k)éx(k)—rd(k).
In this case, the error dynamics are given by

e(k + 1) = fi(k, e(k)) + Gi(k, e(k)u(k)
+ Ji(k, e(k)wi(k), keN (22)

where f(k, e(k)) = f(e(k) + rq(k)) — n(k) with f(rq(k)) =
n(k), Gy(k, e(k)) = G(e(k) + rq(k)) and Jy(k, e(k))wi (k) =
n(k) —rq(k + 1) + J(e(k) 4 rq(k))w(k). Now, the adap-
tive tracking control law (20) and (21), with x(k)
replaced by e(k), guarantees that e(k) — 0 as k — oo
for all ¢, € R".

6(0) = €0>

It is important to note that the adaptive control
law (7) and (8) does not require explicit knowledge of
the gain matrix K,, the disturbance matching matrix ¥,
the disturbance weighting matrix function J(x), and the
positive constants v, y, € and w; even though Theorem 1
requires the existence of K, and ¥ along with the con-
struction of F(x), G(x) and V(x) such that G(x)G(x)¥ =
J(x) and (2)—(5) hold. Furthermore, if (1) is in normal
form with asymptotically stable internal dynamics
(Isidori 1995) and if the linear growth condition
T f(x) < pxTx, x e R", p > 0, holds, then we can
always construct functions Vi R"— R, F:R" — R’,
and G:R" — R™" such that (2)—(5) hold without requir-
ing knowledge of the system dynamics. For simplicity of
exposition in the ensuing discussion we assume that
J(x) = D, where D e R™“ is a disturbance weighting
matrix with unknown entries.

To elucidate the above discussion assume that
the non-linear uncertain system G is generated by the
difference model

m d
2k + 1) =fu20)+ Y Gy 20w (k) + > Dy ywi(k).
j=1 I=1

keN, i=1,...m (23)

where 7; € N denotes the time delay (or relative
degree) with respect to the output z;, z(k) = [z1(k), ...,
itk + 7 =D, zp(h), s 2k + 7 — D], 2(0) = 2o,
D([j[)GR, i:l,...,m, ZZI,...,d, and W[(k)ER,
keN,[l=1,...,d. Here, we assume that the square
matrix function Gg(z) composed of the entries
Gy (2, 0,j=1,....,m, is such that detG(z)# 0,
zeR*, where T=1 +---+1,. Furthermore, since
(23) is in a form where it does not possess internal
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dynamics, it follows that T = n. The case where (23)
possesses input-to-state stable internal dynamics can
be analogously handled as shown in Haddad and
Hayakawa (2002).

Next, define x;(k) £ [zi(k),....zik + 1, = 2], i=
1a cee,m, xm-‘rl(k) é [Zl(k + T — 1)7 e azm(k + T — 1)]T
and x(k)2[x](k),..., x5 (k)] so that (23) can be
described by (1) with

0(}1—}71) xXm

[ =Ax+f(0), G = :
G(x)
0(}1—!71)><d
J(x)=D = (24)
D
where
~ AO ~ 0(}1—}71)>< 1
A= s L) =
015 fu(x)

Ay € R i a known matrix of zeros and ones
capturing the multivariable controllable canonical form
representation (Chen 1984), f,: R" — R” is an unknown
function and satisfies £, (x) f,(x) < y,x'x, x € R", where
Vo > 0,G:R" — R™" and D € R™“. Here, we assume
that f,(x) is unknown and is parameterized as f,(x) =
Of ,(x), where f: R" — R? and satisfies f,} (x)/,(x) <
y.x'x, x € R", where y, > 0, and © € R™ is a matrix
of uncertain constant parameters.

Next, to apply Theorem 1 to the uncertain system (1)
with f(x), G(x) and D given by (24), let K, € R"™’, where
s = q +r, be given by

Kg =[0,—0, ¢,] (25)
where @, € R and &, € R™" are known matrices,
and let

Ju(x)
F(x)=|". (26)
Sa(x)

where £ R" > R’ satisfying fi (x)£y(x) < pux'a,
xeR",p, >0, is an _arbitrary function. In this case,
it follows that, with G(x) = G '(x)

fix) = () + G)G()KF(x)
— Ax+£o(x) + {O("””X’” } G(x)
Gi(x)
X [04f4(x¥) = O (x) + o fu() ]

~ |: 0(n—m)><1 :|
= Ax+ R 27)
O, /n(X) + @, fu(x)

Note that, with Agx) = G'(x), ¥ in Theorem 1 can
be taken as ¥ = D so that G(x)G(x)¥Y =J(x) =D is
satisfied, and (4) is satisfied with ¥ > y, + 7.

Now, since @, € R"*? and @, € R"*" are arbitrary
constant matrices and f,:[R" — R’ is an arbitrary func-
tion we can always construct K, V(x) and F(x) without
knowledge of f(x) such that (2)~(5) hold. In particular,
choosing @, f,(x) + ®, fo(x) = Ax, where A€ R"™",
it follows that (27) has the form fi(x) = A,x, where
Ay = [AOT, /iT]T is in multivariable controllable canonical
form. Hence, in the case where G(x) = B, choosing A4
such that A is asymptotically stable it follows that for
sufficiently small ¢ > 0 there exists a positive-definite
matrix P satisfying the following Riccati inequality

0> Al PA; — P+ R+4s4! PBB' P4, (28)

where R is a positive-definite matrix. In this case, with
V(x) = x" Px, equations (2)—(5) are satisfied with é(x) =
Ly, Pry(x) = 2xT A PB, P5,(x) = B' PBand jt < Jin(P),
and hence the adaptive feedback controller (7) with
update law (8) guarantees global asymptotic stability
of the non-linear uncertain discrete-time dynamical
system (1) where f(x), G(x) and J(x) are given by (24)
with Gy(x) = B, € R™". As mentioned above, it is
important to note that it is not necessary to utilize a
feedback linearizing function F(x) to produce a linear
f<(x). However, when the system is in normal form, a
feedback linearizing function F(x) assures the existence
of V,(x) that satisfies the conditions (2)—(5).

It is important to note that by choosing ®, = &, =0
considerable simplification occurs in the update law.
Specifically, in this case it follows that

A
GT(X)fg(X) = |:Om><(n—m)> Gs_l(x)]|:0 ’ ]X =0

and hence the update law (8) can be simplified as

x x(k + DX (k) (29)

Finally, it is also important to note that Theorem 1 is
not restricted to dynamical systems satisfying the linear
growth constraint f1(x)f(x) <yx'x, xeR", 7> 0.
Theorem 1 can be used to construct adaptive discrete-
time controllers so long as the function F(x) satisfies (4)
and we can construct a function f;(x) such that (3) holds.

Next, we consider the case where f(x) and G(x) are
both uncertain. Specifically, we assume that G(x) is
such that Gg(x) is unknown and is parameterized as
G,(x) = B,G,(x), where G,: R" — R™" is known and
satisfies detG,(x) #0, x € R" and B, € R, with
detB, #0 and o,(By) <o, o >0, is an unknown
symmetric sign-definite matrix but a bound « for the
maximum singular value of B, and the sign definiteness
of B, are known; that is, B, > 0 or B, < 0. For the
statement of the ngxt result define Boé[OmX(,,_m),Im]T
for B, > 0 and By =[0,,x(s_m)> — L] for B, <O.



Lyapunov-based discrete-time adaptive control 255

Corollary 1: Consider the non-linear system G given by
(1) with f(x), G(x) and J(x) given by (24), and Gs(x) =
BuGh(x), where By, with omax(By) <a, a >0, is an
unknown symmetric sign-definite matrix and the sign
definiteness of By is known. Assume there exist a
matrix Ky, € R™, functions Vi R" - R, F:R" — R,
PR R>™™ R - R, a non-negative-definite
matrix function Py,:R" — R"™"™ and positive constants
y, &, W and v such that V() and €(-) are continuous,
V(0 =0, €0)=0, & 2G; (P0G (x) < vl
xeR", a@>a/2, and, for all xeR" and ueR",
equations (2)—(5) hold. Then the adaptive feedback
control law

u(k) = &' G, (x(k) K (k)% (k) (30)
where K(k) e R™) ke N and 5(k) 2 [F'(x(k)),
w (0], with update law
1 T
¢ + xT(k)x(k) By
x [x(k + 1) — filx(DIX (k) (31)

guarantees that the solution (x(k), K(k)) = (0,[K,, —¥]),
where ¥ € R™ Y of the closed-loop system given by (1),
(30) and (31) is Lyapunov stable and ¢(x(k)) — 0 as
k — oo. If, in addition, €' (x)é(x) >0, x € R", x#£0,
then x(k) — 0 as k — oo for all x, € R".

K(k+1) = K(k) —

Proof: The result is a direct consequence of Theorem 1.
First, let G(x)—a_lG 1(x) and ¥ =aB; D so that
G(X)G(X) = [Opx(n_my> &' B,]" and G(x)G(x)‘I’ D, and
let Ky = aB;'[0, — O, d,]. Next, since Q in (8) is an
arbitrary positive-deﬁnite matrix with An.x(Q) < 2,
it can be replaced by @ '|B,| = &~'(B2)"/?, where (-)!/?
denotes the (unique) positive-definite square root.
Now, since B, is symmetric and sign definite it follows
from the Schur decomposition that B, = UDp, UT,
where U is orthogonal and Dp, is real diagonal.
Hence, ¢~ !By|G1(x)G' (%) = [Omx(n—my> Zm] = B, where
Znm=1, for B, >0 and Z,, = —1I, for B; <0. Now,
equation (8) implies (31). Ol

3. Adaptive control for non-linear systems with
£ disturbances

In this section we consider the problem of charac-
terizing adaptive feedback control laws for non-linear
discrete-time uncertain dynamical systems with exo-
genous ¢, disturbances. Specifically, we consider the
controlled non-linear uncertain system G given by

x(k 4 1) = f(x(K)) + Gx(k)u(k) + J (x(k))w(k),

x(0)=xy, w)edly,, keN (32)
with performance variables
z(k) = h(x(k)) (33)

where x(k) € R", k € N, is the state vector, u(k) € R",
k e N, is the control input, w(k) € RY, k € N, is an
unknown bounded energy ¢, disturbance, z(k) € R,
ke N, is a performance variable, f:R" — R" and
satisfies /(0) =0, G:R" - R™™, J:R" — R™‘, and
h:R" — R’ is continuous and satisfies 4(0) = 0. The
following theorem generalizes Theorem 1 to discrete-
time non-linear uncertain dynamical systems with
exogenous ¢, disturbances.

Theorem 2: Consider the non-linear system G given by
(32) and (33). Assume there exist a matrix K, € R™,
functions Vi: R" — R, G:R" - R™" F:R" — R, Py,:
R" — R, PR — R, P, :R"— R™ non-
negative-definite matrix functions P,:R" — R™"™ and
P, R" — RIxd and positive constants y, 5 a, &, i and
v such that V() is continuous and satisfies (5), V5(0) =0,
det G(x) #0, x e R, F(x) satisfies (4), (G 1(x)GT(x)x
TN (GG () () <8Iy, x € R, GT(x)Py(x)x
G(x) < vl,, xeR" and, for all xeR", ueR" and
we R?

Vi(/(x) + G(x)u + J(x)w)
= Vi(f () + Pr(0)u + " Py (xX)u + Py (x)w

+ul P, (xX)w + wi Py, (X)W (34)

0 > V(£i(x) = Vi(x) 4+ I'(x) + £P1,(x)G(x)GT (x) P, (%)

(35)
a (1/4e) +v
m( -0)= TV() m
1 5 5T n
+ EPUW(X)PMW(‘X)’ xeR
(36)
where f,(x) is given by (6)
F(X) IPIM (X)[()/ - )I PZM (X)] Plu (x)
+ W (x)h(x) (37)
. A 1 AT
PMW(X) - 1 + Vs(x) G (x)PLlW(x)
2a A—1 i
T FTOFD) F(x)G ()G (x) J(x)
2aF (X)F(X) A,
mQG ()G (x)J(x)  (38)

y >0, (Y} =), — Py, (x) >0, O € R™™ is positive
definite with Ay, (Q) < 2 and y is such that

7 abhnn(Q)

1+ V(x) xeR" (39

>i>0
c+ FTFx) =" 7"
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where A € R. Then the adaptive feedback control law
u(k) = G(x(k) K (k)F (x(k)) (40)
where K(k) € R k € N, with update law

1
+ FT(x(k))F (x(k))

x 0G™ ! (x(k)G' (x(k))
x [x(k + 1) = fx(DIF (k) (41)

K(k+1)= K(k) —

guarantees that the solution (x(k), K(k)) = (0, K,) of the
undisturbed (w(k) = 0) closed-loop system given by (32),
(40) and (41) is Lyapunov stable and h(x(k)) — 0 as
k — oo. If, in addition, h"(x)h(x) > 0, x € R", x+0,
then x(k) — 0 as k — oo for all x, € R". Furthermore,
the solution x(k), ke N, to the closed-loop system
given by (32), (40) and (41) satisfies the non-expansivity
constraint

=tk
Z i

2
e (k)) < Z wl (lkKyw(k) + V(x(0), K(0))

K>0, y>0, w()edl, (42)

where

V(x, K)2 In(1 + V(x)) + atr(K — K)"O7'(K - K,)
(43)

Proof: F1rst define K(k)= K(k) K,, x(k) = F(x(k))
and u(k)= K(k)x(k) Note that with u(k), k € N, given
by (40) it follows from (32) that

x(k + 1) = f(x(k)) + GOx(k) G(x(K)) K (k) F (x(k)
+J(x(k)w(k), x(0)=xy, w()el,, keN
(44)
or, equivalently, using the definition for f,(x) given in (6)
x(k+1) = £,(x(k)) + G(x(k) G (x(k) K (k) (k) + T (x(k))wik)
=1,(x(k)) + Gx(k) Gx(k))ii(k) + T (x(R)w(k).
x(0)=xg, w(-)€ly, keN (45)

Furthermore, note that by adding and subtracting K, to
and from (41) and using (45) it follows that

K(k+1)=K(k) - 0G™" (x(k)G' (x(k)

1
o+ X1 (k)% (k)
X [G(x(k)G(x(k) K (k)% (k) +J (x(k))w(k))F" (k)

= K(k) - QK (k)X (k)" (k)

¢ + XT(k)x(k)
1

o+ $(k)x(k)

x J(x(k)w(k)x (k),

0G™" (x(k))G" (x(k))
keN (46)

To show Lyapunov stability of the undisturbed closed-
loop system (45) and (46) consider the Lyapunov func-
tion candidate given by (43). Note that V(0,K,) =0
and, since V(-) and Q are positive definite and a > 0,
V(x,K)>0 for all (x,K)#(0,K,). Furthermore,
V(x, K) is radially unbounded. Now, since (34) collapses
to (2) in the case where w(k) =0, Lyapunov stability
of the undisturbed closed-loop system (45) and (46) as
well as x(k) — 0 as k — oo for all x, € R” follows as in
the proof of Theorem 1.

To show that the non-expansivity constraint (42)
holds, note that, for all w € R

(= Py = Pay ]’
x [ = P,y — Payy(x)] !
x [1P1.(x) = (V= 7)1,

=TIx)+ G —Pwlw—zTz—

- P2w(x))w]
Plu(x)w

_— Ps,(x)w 47)

Now, let w(:) € £, and let x(k), k € N/, denote the
solution of the closed-loop system (45). Then, using
(34), (35), (39), (46) and (47), the Lyapunov difference
along the closed-loop system trajectories is given by

AV (x(k),K(k))
=In (1 + V(s (x(k)) + G(x(k))uk) +J (X(k))W(k)))

+atr(1€(k)— OK (kX)X (k)

1
e+ ()x(k)

—7QG’1(X(k))GT(X(k))J(X(k))W(k)ch(k))TQ’I
c+ 5T (k)% (k)

x (k(k) - OK()F()FT (k)

c+xT (k) (k)
_ A—1 i (=T
e U CCOME OO (k))
—In(1+4 Vy(x(k)))—atrK (k)0 K (k)
=In (14 [ Vi (AN + Pry () G x(kio
1" (k)G (x(k)) Py (x(k) G(x(k))it(k) + P, (k) wi(k)
1" ()G (x(K)) P,y (x(k))W(K) +w" (k) Py, (x(K)w(k)

— V() |11+ V) +atrK T (k)0 R (k)
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a X )T T T A-T
+mtm(k)w (k) J " (x(k))G" (x(k))G

x G~ (k)G (NI (xF) ()T (Je)

# = =T T il ~ ~T
et i ay OF K (DK XRE (k)

—W%trkT(k)k(k))z(k)xT(k)
__ 22
c+FT (k) (k)
b
(c+ET(k)x(k))

x J(x(k)w(k) XL (k) — atrKT (k)0 K (k)

tr K" ()G (x(k))G" (x(k)) T () w(d) £ (Je)

tr¥ (X" ()K" () QG (x(k)G' (x(k))

< [~ I(x(k)) — Py, (x(k)G(x(k))G" (x(k)) P, (x(k))
+ Py (x(R)G(x(ke)i(k) + vii (k)i(k) + Py, (x(k))w(k)
W) Py (xR + V()N ™!

+17T(k)[ G (x(k)) P,y (x(K))

1
1+ V(x(k))
2a
e+ 7T (k)x(k)
2axT (k)%(k)
(c+ 5T (k)x(k))

G~ (kNG (eI (x(k)

06~ (x(k)G (x(k (x(k) |wit

+mwT(k)ﬂ(x(k»G*T(x(k»é—TQG‘-1(x(k))

+ ) _ a
x G (x(k))J (x(k))yw(k) PR

X (k)K (k)21 — QK (k) (k)

= [0 ) = =" (R)z0k) = £ Pr, (<0G (x(0) G (x(K)
x PL xR + PO G (xRN + v (R)a(k) |
X [1 V)™ 4" (k)P (xk)wik) = A (Ryw(k)

a ~T ST = ~
—mx (WK ()2, — OK()x(k), keN (48)

where in (48) we used Ina—Inb=In(a/b) and
In(l14+¢)<c¢ for a,b>0 and ¢ > —1, respectively,
and X'X/(c +% %) < 1. Now, using (36), adding and
subtracting
1 1
T
k)| ——————1
i ( )[481 TV (xky) "

+ 4%ﬁuw(x(k»ﬁz‘,v(x(k))]a(k), keN

to and from (48), and collecting terms yields

AV (x(k), K(k))

2. T T
= m[y w' (kyw(k) — z* (k)z(k)]

[Prx(k)), @' (k)]

INERAR))
[ eG(x(k) G (x(k)) —3G(x(k) [PE,(ch»}
—1GT(x(k))  (1/40)I,, u(k)

—[@" (k). w' (k)]
[ (1/4%) B, (x(k)) L, (x(k) —;ﬁm,u(x(k))} [a(k)}

X

— 1Py (x(k)) e w(k)
+i' (k) [4% mlm +%ﬁuw(x(k))ﬁ;,(x(k))] i)
+m[ﬁ(k)ﬁ(k) - m
x XY (KT (k)21 — Q)K (k)% (k)
<A (k) —%
0] e O 1 g

1 -~ ~ ~
_Epuw(x(k))Puw(x(k))]u(k)
2V (k)z(k)
14+ V(x(k))’
Now, summing (49) over k =0,...,/ — 1 yields

2T (k)z(k)
1+ Vy(x(k))

<y wl(k)wk)— keN (49)

K-1
V(). K(K) < ) |:J/2WT(k)W(k) -

k=0

+ V(x(0), K(0)), K=0, w()edt,

(50)

which, by noting that V(x(K),K(K))>0, K >0,
yields (42). O

It is important to note that unlike Theorem 1
requiring a matching condition on the disturbance,
Theorem 2 does not require any such matching con-
dition. Furthermore, as shown in §2, if (32) is in normal
form with asymptotically stable internal dynamics and
7T f(x) < pxTx, x € R", where y > 0, then we can
always construct a function F:R" — R’ such that F(-)
satisfies (4) and (34)—(36) hold without requiring knowl-
edge of the system dynamics. In addition, in the case
where J(x) = D and /(x) = Ex, the adaptive controller
(40) can be verified to guarantee the modified non-
expansivity constraint (42) using standard linear H,
methods. Specifically, choosing f,(x) = 4,x, where A, is
asymptotically stable and in multivariable controllable
canonical form, it follows from standard discrete-time
H,, theory (Gu et al. 1989) that if (A, E) is observable,
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IG®)lloe < v/¥* =72 where  G(s) = E(sl, — 4)™' D,
if and only if there exists a positive-definite matrix P
satisfying the discrete-time bounded real Riccati
inequality

0> ATPA,— P+ AT PD[(y* — )1, — D" PD]™!
x D"PA+E'E (51)
In this case, if G(x) = B is a constant matrix, then there
exists a sufficiently small ¢ > 0 such that
0> AlPA,— P+ AT PD[(y* — 7)1, — D" PD]"' DT P4,
+ EYE + 44T PBB" P A, (52)

Now, with V,(x) = x"Px, there exists A > 0 such that
(34)—(36) and (39) are satisfied with G(x) =1,, O =1,
P, (x) =2x"41PB, P, (x) = B'PB, P,,(x) = 2xT Al PD,
P,.(x) =2B"PD, P,,(x) = D"PD and

(i)l 7
a>|-—+v]|maxqc, —
4e 7
Hence, the adaptive feedback controller (40) with update
law (41), or, equivalently

1 i
¢+ FT(x(k) F(x(k))

x [x(k + 1) — Ay x(k)[F (k) (53)

K(k+1) = K(k) —

guarantees global asymptotic stability of the non-linear
undisturbed (w(k) = 0) dynamical system (32), where
f(x) and G(x) are given by (24) with Gy(x) = B,.
Furthermore, the solution x(k), k € N, of the closed-
loop non-linear dynamical system (32), (33) is guaran-
teed to satisfy the non-expansivity constraint (42).
Finally, if f(x) and G(x) given by (24) are uncertain
and G,(x) = B,G,(x), where a bound for the maximum
singular value o of B, and the sign definiteness of B,
are known, then using an identical approach as in §2, it
can be shown that the adaptive feedback control law

u(k) = &' Gy (x(k)K (k) F(x(k) (54)
where & > «/2, with update law

% BT
¢+ xT(lx(k) °

x [x(k+ 1) = DI (k) (55)

where By is defined as in §2, guarantees asymptotic
stability and non-expansivity of (32).

K(k+1) = K(k) —

4. Illustrative numerical examples

In this section we present three numerical examples
to demonstrate the utility of the proposed discrete-time
adaptive control framework for adaptive stabilization,
disturbance rejection and command following.

Example 1: Consider the linear uncertain system
given by

z(k 4+ 2) + ajz(k + 1) 4+ agz(k) = bu(k) + d sin 7k,
z20)=1z), z(l)=1z, keN (56)

where z(k) e R, ke N, u(k) e R, ke N, and ay, ay,
b,d € R are unknown constants. Note that with
x1(k) = z(k) and x,(k) = z(k + 1), equation (56) can be
written in state space form (1) with x = [x1, xo],
f() =[x, = agxy — arxa]', G(x) = [0,6]", J(x) = [0, d]"
and w(k) = sin 7k. Here, we assume that f{x) is unknown
and can be parameterized as f(x) = [x,, 0;x| + 6hx,]T,
where 6; and 6, are unknown constants. Furthermore,
we assume that sgnbd is known and |b| < @ = 2. Next,
let9 G,(x) =1, F(x) = x, @ =1, and K, = (1/b)[6,, — 6;,
0n, — 6], where 6, , 6, are arbitrary scalars, so that

071
Jsx) =f(x) + [b]b[9n1_91a9n2_92]F(x)

0 1
= X
o, o]

Note that since (56) is linear all the conditions of
Corollary 1 are trivially satisfied. Now, with the proper
choice of 6, and 6,,, it follows from Corollary 1 that
the adaptive feedback controller (30) guarantees that
x(k) - 0 as k — oco. With @ =1, 6, = -1, 6, =0.25,
b=04, d=10, c=1, 6, =-0.02, 6, =0.3 and
initial conditions x(0) =[—1,3]" and K(0)=[0,0,0],
figure 1 shows the phase portrait of the controlled and
uncontrolled system. Note that the adaptive controller
is switched on at k= 30. Figure 2 shows the state trajec-
tories vs. time and the control signal vs. time. Finally,
figure 3 shows the adaptive gain history vs. time.

Example 2: Consider the two-degree of freedom
uncertain linear system given by

Mz(k +2) + Cozk + 1) + Ko2(k) = u(h),
z(0)=zy, z()=1z,, keN (57)

where z(k) € R?, u(k) e R>, ke N, and M,, C,, K, €
R>? are unknown matrices. Here we assume that
My=MI>0 and A, (M;') <o =2 but otherwise
M is unknown. Let ryq(k) be a desired command signal
and define the error state e(k) éz(k) —ryq(k) so that
the error dynamics are given by

M@k +2) + Cé(k + 1) + K (k)
= u(k) — Mgrq(k +2) — Cyrg(k + 1) — Krq(k),
§0)=2é), (1)=&, keN (58)

Note that with e (k) = e(k) and e,(k) = e(k + 1), equa-
tion (58) can be written in state space form (22) with
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Figure 2. State trajectories and control signal vs. time.

259



260 T. Hayakawa et al.

1
=05 B
Na

O -
| | | | | | | | |
0 10 20 30 40 50 60 70 80 90 100
Time (k)
0.2 T
0 -
=3
0.2k .
-0.4r B
| | | | | | | | |
0 10 20 30 40 50 60 70 80 90 100
Time (k)
T
O -

< 0.5 B
o)

N

A
| | | | | | | | |
0 10 20 30 40 50 60 70 80 90 100
Time (k)

Figure 3.

e=[el.e3]", fulk.e)=[e;, — (M{' K, + M ' Cyer)']",
G(k,e) = [03,0. M, Ji(k.€) = [0g.2. D", where
Dy =[-L, — M'C,, — M7'K] and wy (k) = [ri (k + 2),
ri(k + 1), r{ (01T, Next, let Gy(x) =1, Fle)=e, 4 =1
and K, = M{[0,, + M 'K, 0, + M;'C,], where 0, ¢
R>*2, 0, R**? are arbitrary matrices, so that
0, b,
ro=[o o]

Note that since (57) is linear all the conditions of
Corollary 1 are trivially satisfied. Now, with the proper
choice of @, and O,,, it follows from Corollary 1 and
Remark 3 that the adaptive feedback controller (30)
guarantees that e(k) — 0 as t - oo. With

3.1 2 2 2 1
Mg = , C, = , K, =
1 2 I 1 1 2

ra(k) = [sin 0.5k, 0.5]",6¢ = l,c=1,0,, = 0, = 0,,and
initial conditions x(0) =[3, —4, —2,1]" and K(0) =
0,410, figure 4 shows the actual positions and the refer-
ence signals vs. time and the control signals vs. time.

Note that the adaptive controller is switched on
at k=40.

Adaptive gain history vs. time.

Example 3: Consider the non-linear uncertain system

given by
3
(k)
2(k+2) +a %Zz(k) +ayIn(l + 2(k + 1)) = bu(k),
20) =1z, z()=1z,, keN (59)

where z(k) e R, ke N, ukk)eR, ke N, and a;, a5,
b € R are unknown constants. Note that with x;(k) =
z(k) and x,(k) = z(k + 1), equation (59) can be written
in state space form (1) with x = [x;, x,]"

3 T
L —aIn(1 + |x2|):|

f(x) = |:x2, _a11+x
1

G(x) = [0,b]" and w(k) = 0. Here, we assume that f(x) is
unknown and can be parameterized as

T
3
!
= ,0p——+6,In(1 +
S(x) [Xz Tya Tt ( |X2|):|
where 0, and 6, are unknown constants. Furthermore,
we assume that sgn b is known and |p| < o = 2. Next, let
Gy(x)=1

x? T '
F(x) = ma In(1 + |x;]), x
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Figure 4. Positions and control signals vs. time.

a=1and K, = (1/b)[—0,, — 01, ¢y, $,], Where ¢, , ¢y,
are arbitrary scalars, so that

071
fs(x) :f(x) + |:bj| E[_Qla - 02, ¢n]a ¢n2 ]F(X)

o o)
= X
&n,  Pn,

In addition, note that

2

2

FY(x)F(x) = <1 11X2> x% + lnz(l +x)) + xTx < 2xTx
1

and thus (4) is satisfied with y = 2. Now, with the proper
choice of ¢, and ¢,,, it follows from Corollary 1 that
the adaptive feedback controller (30) guarantees that
x(k) -0 as k— oo. With a=1, 6, =2, 6, = -3,
b=14,c=1,6, =0.1, 6, = 0.1, and initial conditions
x(0) =[1.5,7.3]" and K(0) =10, 0, 0, 0], figure 5 shows
the state trajectory vs. time and the control signal vs.
time. Finally, figure 6 shows the adaptive gain history
vs. time.

5. Conclusion

A discrete-time direct adaptive non-linear control
framework for adaptive stabilization, disturbance

rejection and command following of multivariable
non-linear uncertain dynamical systems with exogenous
bounded disturbances and bounded energy ¢, distur-
bances was developed. This framework is distinct from
the standard discrete-time adaptive control methods
for model reference and tracking problems developed
in the literature predicated on the classical key technical
lemma and quadratic Lyapunov functions, which does
not guarantee Lyapunov stability. Specifically, using
logarithmic Lyapunov functions the proposed frame-
work was shown to guarantee partial asymptotic
stability of the closed-loop system; that is, asymptotic
stability with respect to part of the closed-loop system
states associated with the plant. Hence, unlike contin-
uous-time adaptive control theory based on quadratic
Lyapunov functions, logarithmic Lyapunov functions
are shown to be essential for discrete-time Lyapunov-
based adaptive control. Furthermore, in the case where
the non-linear system is represented in normal form,
the non-linear adaptive controllers were constructed
without knowledge of the system dynamics. Future
research will involve using logarithmic Lyapunov
functions to extend discrete-time adaptive control
results based on recursive least squares and least mean
squares algorithms to additionally guarantee partial
asymptotic stability. Finally, output feedback extensions
will also be considered.
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