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with exogenous disturbances
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SUMMARY

A direct adaptive non-linear control framework for multivariable non-linear uncertain systems with
exogenous bounded disturbances is developed. The adaptive non-linear controller addresses adaptive
stabilization, disturbance rejection and adaptive tracking. The proposed framework is Lyapunov-based and
guarantees partial asymptotic stability of the closed-loop system; that is, asymptotic stability with respect to
part of the closed-loop system states associated with the plant. In the case of bounded energy ¸

�disturbances the proposed approach guarantees a non-expansivity constraint on the closed-loop in-
put}output map. Finally, several illustrative numerical examples are provided to demonstrate the e$cacy of
the proposed approach. Copyright � 2002 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Unavoidable discrepancies between system models and real-world systems can result in degrada-
tion of control-system performance including instability. Thus, it is not surprising that one of the
fundamental problems in feedback control design is the ability of the control system to guarantee
robustness with respect to system uncertainties in the design model. To this end, adaptive control
along with robust control theory have been developed to address the problem of system
uncertainty in control-system design. The fundamental di!erences between adaptive control
design and robust control theory can be traced to the modelling and treatment of system
uncertainties as well as the controller architecture structures. In particular, adaptive control
[1}4] is based on constant linearly parameterized system uncertainty models of a known
structure but unknown variation, while robust control [5,6] is predicated on structured and/or
unstructured linear or non-linear (possibly time-varying) operator uncertainty models consisting



of bounded variation. Hence, for systems with constant real parameter uncertainty, robust
controllers will unnecessarily sacri"ce performance whereas adaptive feedback controllers can
tolerate far greater system uncertainty levels to improve system performance. Furthermore, in
contrast to "xed-gain robust controllers, which maintain speci"ed constants within the feed-
back control law to sustain robust performance, adaptive controllers directly or indirectly
adjust feedback gains to maintain closed-loop stability and improve performance in the face of
system uncertainties. Speci"cally, indirect adaptive controllers utilize parameter update laws to
identify unknown system parameters and adjust feedback gains to account for system variation,
while direct adaptive controllers directly adjust the controller gains in response to plant
variations.

In this paper we develop a direct adaptive control framework for adaptive stabilization,
disturbance rejection, and command following of multivariable non-linear uncertain systems with
exogenous disturbances. In particular, in the "rst part of the paper, a Lyapunov-based direct
adaptive control framework is developed that requires a matching condition on the system
disturbance and guarantees partial asymptotic stability of the closed-loop system; that is,
asymptotic stability with respect to part of the closed-loop system states associated with the plant.
Furthermore, the remainder of the state associated with the adaptive controller gains is shown to
be Lyapunov stable. In the case where the non-linear system is represented in normal form [7]
with input-to-state stable zero dynamics [7,8], we construct non-linear adaptive controllers
without requiring knowledge of the system dynamics or the system disturbance. In addition, the
proposed non-linear adaptive controllers also guarantee asymptotic stability of the system state if
the system dynamics are unknown and the input matrix function is parameterized by an unknown
constant sign de"nite matrix. Finally, in the second part of the paper, we generalize the
aforementioned results to uncertain non-linear systems with exogenous ¸

�
disturbances. In this

case, we remove the matching condition on the system disturbance. In addition, the proposed
framework guarantees that the closed-loop non-linear input}output map from uncertain
exogenous ¸

�
disturbances to system performance variables is non-expansive (gain bounded) and

the solution of the closed-loop system is partially asymptotically stable. The proposed adaptive
controller thus addresses the problem of disturbance rejection for non-linear uncertain systems
with bounded energy (square-integrable) ¸

�
signal norms on the disturbances and performance

variables. This is clearly relevant for uncertain systems with poorly modelled disturbances which
possess signi"cant power within arbitrarily small bandwidths.

We emphasize that the direct adaptive stabilization framework developed in this paper is
distinct from the methods given in References [1,2,9,10] predicated on model reference adaptive
control. The work of Narendra and Annaswamy [3] and Hong et al. [11] on linear direct
adaptive control is most closely related to the results presented herein. Speci"cally, specializing
our result to single-input linear systems with no internal dynamics and constant disturbances, we
recover the result given in Reference [11].

The contents of the paper are as follows. In Section 2 we present our main direct
adaptive control framework for adaptive stabilization, disturbance rejection, and command
following of multivariable non-linear uncertain systems with matched exogenous
bounded disturbances. In Section 3 we extend the results of Section 2 to non-linear uncertain
systems with exogenous ¸

�
disturbances without a matching condition requirement. Several

illustrative numerical examples are presented in Section 4 to demonstrate the e$cacy of the
proposed direct adaptive stabilization and tracking framework. Finally, in Section 5 we draw
some conclusions.
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2. ADAPTIVE CONTROL FOR NON-LINEAR SYSTEMS WITH
EXOGENOUS DISTURBANCES

In this section we begin by considering the problem of characterizing adaptive feedback control
laws for non-linear uncertain systems with exogenous disturbances. Speci"cally, consider the
following controlled non-linear uncertain system G given by

xR (t)"f (x (t))#G (x(t))u(t)#J (x(t))w (t), x (0)"x
�
, t*0 (1)

where x (t)3��, t*0, is the state vector, u(t)3��, t*0, is the control input, w(t)3��, t*0, is
a known bounded disturbance vector, f : ��P�� and satis"es f (0)"0, G :��P����, and
J :��P���� is a disturbance weighting matrix function with unknown entries. The control input
u( ) ) in (1) is restricted to the class of admissible controls consisting of measurable functions such
that u (t)3��, t*0. Furthermore, for the non-linear system G we assume that the required
properties for the existence and uniqueness of solutions are satis"ed; that is, f ( ) ), G ( ) ), J( ) ), u ( ) )
and w ( ) ) satisfy su$cient regularity conditions such that (1) has a unique solution forward in
time. For the statement of the following result recall the de"nition of zero-state observability
given in Reference [12].

Theorem 2.1.

Consider the non-linear system G given by (1). Assume there exists a matrix K
�
3���� and

functions GK : ��P���� and F :��P��, with F (0)"0, such that the zero solution x (t),0 to

xR (t)"f (x(t))#G(x (t))GK (x(t))K
�
F(x(t))O f

�
(x (t)), x (0)"x

�
, t*0 (2)

is globally asymptotically stable. Furthermore, assume there exists a matrix �3���� and
a function JK : ��P���� such that G(x)JK (x)�"J (x). In addition, assume that G is zero-state
observable with w (t),0 and output yO l (x), where l : ��P��, and let <

�
:��P� be such that

<
�
( ) ) is continuously di!erentiable, positive de"nite, radially unbounded, <

�
(0)"0, and, for all

x3��,

0"<�
�
(x) f

�
(x)#l� (x)l (x) (3)

Finally, let Q
�
3����, Q

�
3����, >3����, and Z3���� be positive de"nite. Then the

adaptive feedback control law

u (t)"GK (x (t))K (t)F (x(t))#JK (x (t))�(t)w(t) (4)

where K(t)3����, t*0, and �(t)3����, t*0, with update laws

KQ (t)"!�
�
Q

�
GK �(x(t))G�(x(t))<��

�
(x(t))F�(x (t))> (5)

�� (t)"!�
�
Q

�
JK � (x(t))G� (x(t))<��

�
(x(t))w�(t)Z (6)
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guarantees that the solution (x(t), K(t), �(t)),(0, K
�
,!�) of the closed-loop system given by (1),

(4), (5), and (6) is Lyapunov stable and l(x (t))P0 as tPR. If, in addition, l�(x)l (x)'0, xO0,
then x (t)P0 as tPR for all x

�
3��.

Proof. Note that with u (t), t*0, given by (4) it follows from (1) that

xR (t)"f (x(t))#G(x (t))GK (x (t))K(t)F(x (t))#G (x(t))JK (x(t))�(t)w (t)#J (x(t))w (t),

x (0)"x
�
, t*0 (7)

or, equivalently, using the fact that G(x)JK (x)�"J (x),

xR (t)"f
�
(x (t))#G(x(t))GK (x (t))(K (t)!K

�
)F(x (t))#G(x(t))JK (x(t)) (� (t))#�)w(t),

x(0)"x
�
, t*0 (8)

To show Lyapunov stability of the closed-loop system (5), (6) and (8) consider the Lyapunov
function candidate

<(x, K, �)"<
�
(x)#tr Q��

�
(K!K

�
)>��(K!K

�
)�#trQ��

�
(�#�)Z��(�#�)� (9)

Note that global asymptotic stability of the zero solution x (t),0 to (2) and zero-state observabil-
ity of (1) with w(t),0 and output l (x), guarantees the existence of a continuously di!erentiable,
positive-de"nite, radially unbounded function <

�
: ��P� satisfying (3). Furthermore, note that

<(0, K
�
,!�)"0 and, since <

�
( ) ), Q

�
, Q

�
, > and Z are positive de"nite, < (x, K, �)'0 for all

(x, K, �)O(0, K
�
,!�). In addition, <(x, K, �) is radially unbounded. Now, letting x (t), t*0,

denote the solution to (8) and using (3), (5) and (6), it follows that the Lyapunov derivative along
the closed-loop system trajectories is given by

<Q (x(t), K (t), �(t))"<�
�
(x(t))[ f

�
(x (t))#G(x(t))GK (x (t))(K (t)!K

�
)F (x(t))

#G (x(t))JK (x (t)) (� (t)#�)w (t)]#2trQ��
�

(K(t)!K
�
)>��KQ � (t)

#2trQ��
�

(�(t)#�)Z���� �(t)

"!l� (x(t))l (x(t))#tr[(K(t)!K
�
)F (x(t))<�

�
(x (t))G(x (t))GK (x(t))]

#tr [(�(t)#�)w (t)<�
�
(x (t))G(x(t))JK (x(t))]

!tr [(K(t)!K
�
)F (x (t))<�

�
(x(t))G(x (t))GK (x(t))]

!tr [(�(t)#�)w (t)<�
�
(x (t))G(x(t))JK (x(t))]

"!l� (x(t))l (x(t))

)0 (10)
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which proves that the solution (x(t), K(t), �(t)),(0, K
�
,!�) to (5), (6), and (8) is Lyapunov

stable. Furthermore, it follows from Theorem 4.4 of Reference [9] that l (x(t))P0 as tPR.
Finally, if l�(x)l(x)'0, xO0, then x (t)P0 as tPR for all x

�
3��. �

Remark 2.1

Note that the conditions in Theorem 2.1 imply that x (t)P0 as tPR and hence it follows from
(5) and (6) that (x(t), K (t), �(t))PMO �(x, K, �)3������������ : x"0, KQ "0, �� "0� as
tPR.

Remark 2.2.

Theorem 2.1 is also valid for non-linear time-varying uncertain systems G
�
of the form

xR (t)"f (t, x(t))#G(t, x (t))u(t)#J(t, (x (t))w (t), x (0)"x
�
, t*0 (11)

where f :����P�� and satis"es f (t, 0)"0, t*0, G : ����P����, and J : ����P����.
In particular, replacing F : ��P�� by F :����P��, where F (t, 0)"0, t*0, GK :��P����

by GK :����P����, and requiring G (t,x)JK (t, x)�"J (t, x), where JK : ����P���� and
t*0, in place of G(x)JK (x)�"J (x), it follows by using identical arguments as in the proof of
Theorem 2.1 that the adaptive feedback control law

u(t)"GK (t,x (t))K (t)F(t, x(t))#JK (t, x (t))� (t)w(t), (12)

with the update laws

KQ (t)"!�
�
Q

�
GK �(t,x (t))G� (t, x (t))<��

�
(x(t))F� (t, x (t))> (13)

�� (t)"!�
�
Q

�
JK �(t, x (t))G� (t, x(t))<��

�
(x (t))w� (t)Z (14)

where <�
�
(x) satis"es (3) with f

�
(x)"f (t, x)#G(t, x)GK (t, x)K

�
F (t, x), guarantees that the solution

(x(t), K(t), �(t)),(0, K
�
,!�) of the closed-loop system (11)}(14) is Lyapunov stable and

x(t)P0 as tPR for all x
�
3��.

Remark 2.3

It follows from Remark 2.2 that Theorem 2.1 can also be used to construct adaptive tracking
controllers for non-linear uncertain systems. Speci"cally, let r

�
(t)3��, t*0, denote a command

input and de"ne the error state e(t)O x(t)!r
�
(t). In this case, the error dynamics are given by

eR (t)"f
�
(t, e(t))#G(t, e (t))u (t)#J

�
(t, e(t))w

�
(t), e(0)"e

�
, t*0 (15)

where f
�
(t, e (t))"f (e (t)#r

�
(t))!n (t), with f (r

�
(t))"n(t), and J

�
(t, e(t))w

�
(t)"

n(t)!rR
�
(t)#J (t, e(t))w (t). Now, the adaptive tracking control law (12)}(14), with x (t) replaced

by e (t), guarantees that e (t)P0 as tPR for all e
�
3��.

It is important to note that the adaptive control law (4)} (6) does not require explicit knowledge
of the gain matrix K

�
, the disturbance matching matrix �, and the disturbance weighting matrix
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function J (x); even though Theorem 2.1 requires the existence of K
�
, F (x), GK (x), JK (x), and � such

that the zero solution x(t),0 to (2) is globally asymptotically stable and the matching condition
G(x)JK (x)�"J(x) holds. Furthermore, no speci"c structure on the non-linear dynamics f (x) is
required to apply Theorem 2.1; all that is required is the existence of F (x) such that the zero
solution x (t),0 to (2) is asymptotically stable so that (3) holds. However, if (1) is in normal form
with asymptotically stable internal dynamics [7], then we can always construct a function
F : ��P��, with F(0)"0, such that the zero solution x (t),0 to (2) is globally asymptotically
stable without requiring knowledge of the system dynamics. These facts are exploited below to
construct nonlinear adaptive feedback controllers for non-linear uncertain systems. For simpli-
city of exposition in the ensuing discussion we assume that J (x)"D, where D3���� is
a disturbance weighting matrix with unknown entries.

To elucidate the above discussion assume that the non-linear uncertain system G is generated
by

q����
�

(t)"f
��
(q (t))#

�
�
�	�

G
� �����

(q(t))u
�
(t)#

�
�
		�

DK
���	�

w
	
(t), q(0)"q

�
, t*0, i"1,2,m (16)

where q����
�

denotes the r
�
th derivative of q

�
, r

�
denotes the relative degree with respect to the output

q
�
, f

��
(q)"f

��
(q

�
,2, q������

�
,2, q

�
,2, q������

�
), G

������
(q)"G

������
(q

�
,2, q������

�
,2, q

�
,2, q������

�
),

DK
���	�

3�, i"1,2,m, k"1,2, d, and w
	
(t)3�, t*0, k"1,2, d. Here, we assume that the

square matrix function G
�
(q) composed of the entries G

���� ��
(q), i, j"1,2, m, is such that

detG
�
(q)O0, q3��( , where rL "r

�
#2#r

�
is the (vector) relative degree of (16). Furthermore,

since (16) is in a form where it does not possess internal dynamics, it follows that rL "n. The case
where (16) possesses internal dynamics is discussed below.

Next, de"ne x
�
O [q

�
,2, q������

�
]�, i"1,2,m, x

�
�
O [q������

�
,2, q������

�
]�, and

xO [x�
�
,2,x�

�
�
]�, so that (16) can be described by (1) with

f (x)"AI x#fJ
�
(x), G(x)"�

0
�������
G

�
(x) � , J (x)"D"�

0
�������

DK � (17)

where

AI "�
A

�
0
���
� , fJ

�
(x)"�

0
�������
f
�
(x) � ,

A
�
3�������� is a known matrix of zeros and ones capturing the multivariable controllable

canonical form representation [13], f
�
: ��P�� is an unknown function and satis"es f

�
(0)"0,

G
�
: ��P����, and DK 3����. Here, we assume that f

�
(x) is unknown and is parameterized as

f
�
(x)"� f

�
(x), where f

�
: ��P�� and satis"es f

�
(0)"0, and �3���� is a matrix of uncertain

constant parameters. Note that JK (x) and � in Theorem 2.1 can be taken as JK (x)"G��
�

(x) and
�"DK so that G(x)JK (x)�"J (x)"D is satis"ed.

Next, to apply Theorem 2.1 to the uncertain system (1) with f (x), G(x), and J (x) given by (17),
let K

�
3����, where s"q#r, be given by

K
�
"[�

�
!�, �

�
], (18)
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where �
�
3���� and �

�
3���� are known matrices, and let

F (x)"�
f
�
(x)

fL
�
(x)� (19)

where fL
�
: ��P�� and satis"es fL

�
(0)"0 is an arbitrary function. In this case, it follows that, with

GK (x)"G��
�

(x),

f
�
(x)"f (x)#G(x)GK (x)K

�
F (x)

"AI x#fJ
�
(x)#�

0
�������
G

�
(x) � G��

�
(x)[�

�
f
�
(x)!� f

�
(x)#�

�
fL
�
(x)]

"AI x#�
0
�������

�
�

f
�
(x)#�

�
fL
�
(x)� (20)

Now, since �
�
3���� and �

�
3���� are arbitrary constant matrices and fL

�
: ��P�� is an

arbitrary function we can always construct K
�
and F (x) without knowledge of f (x) such that the

zero solution x (t),0 to (2) can be made globally asymptotically stable. In particular, choosing
�

�
f
�
(x)#�

�
fL
�
(x)"AK x, where AK 3����, it follows that (20) has the form f

�
(x)"A

�
x, where

A
�
"[A�

�
, AK �]� is in multivariable controllable canonical form. Hence, choosing AK such that

A
�
is asymptotically stable, it follows from converse Lyapunov theory that there exists a positive-

de"nite matrix P satisfying the Lyapunov equation

0"A�
�
P#PA

�
#R (21)

where R is positive de"nite. In this case, with Lyapunov function <
�
(x)"x�Px, the adaptive

feedback controller (4) with update laws (5), (6), or, equivalently,

KQ (t)"!Q
�
GK � (x (t))G�(x(t))Px(t)F� (x(t))> (22)

�� (t)"!Q
�
JK � (x(t))G�(x (t))Px(t)w� (t)Z (23)

guarantees global asymptotic stability of the non-linear uncertain dynamical system (1) where
f (x), G (x) and J (x) are given by (17). As mentioned above, it is important to note that it is not
necessary to utilize a feedback linearizing function F (x) to produce a linear f

�
(x). However, when

the system is in normal form, a feedback linearizing function F (x) provides considerable simpli"-
cation in constructing <�

�
(x) necessary in computing the update laws (5) and (6).

A similar construction as discussed above can be used in the case where (1) is in normal form
with input-to-state stable zero dynamics [8] and w(t)"0. In this case, (16) is given by

q����
�

(t)"f
��
(q(t), z (t))#

�
�
�	�

G
������

(q(t), z (t))u
�
(t), q (0)"q

�
, t*0, i"1,2,m (24)

zR (t)"f


(q (t), z(t)), z(0)"z

�
(25)
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where f


: ��(�����(P����( , rL (n, and where we have assumed for simplicity of exposition that

the distribution spanned by the vector "elds col
�
(G (x)),2, col

�
(G(x)), where col

�
(G(x)) denotes

the ith column of G(x), is involutive [7]. Here, we assume that the zero solution z(t),0 to (25) is
input-to-state stable with q viewed as the input. Next, de"ne xO [xL �, z�]�, where
xL O [x�

�
,2, x�

�
�
]�3��( . Now, since the zero solution xL (t),0 can be made asymptotically

stable by a similar construction as discussed above and since the zero dynamics given by (25) are
input-to-state stable, it follows from Lemma 5.6 of Reference [9] that the zero solution x (t),0 to
(1) with w(t),0 is globally asymptotically stable.

Next, we consider the case where f (x) and G (x) are uncertain and rL "n. Speci"cally, we assume
that G

�
(x) is unknown and is parameterized as G

�
(x)"B

�
G

�
(x), where G

�
: ��P���� is known

and satis"es detG
�
(x)O0, x3��, and B

�
3����, with detB

�
O0, is an unknown symmetric sign

de"nite matrix but the sign de"niteness of B
�
is known; that is, B

�
'0 or B

�
(0. For the statement

of the next result de"ne B
�
O [0

�������
, I

�
]� for B

�
'0, and B

�
O [0

�������
,!I

�
]� for B

�
(0.

Corollary 2.1.

Consider the non-linear system G given by (1) with f (x), G(x), and J (x) given by (17) and
G

�
(x)"B

�
G

�
(x), where B

�
is an unknown symmetric matrix and the sign de"niteness of B

�
is

known. Assume there exists a matrix K
�
3���� and a function F :��P��, with F (0)"0, such

that the zero solution x (t),0 to (2) is globally asymptotically stable. Furthermore, assume that
G is zero-state observable with w (t),0 and output yO l (x), where l : ��P��, and let
<
�
:��P� be such that<

�
( ) ) is continuously di!erentiable, positive de"nite, radially unbounded,

<
�
(0)"0, and (3) holds. Finally, let>3���� and Z3���� be positive de"nite. Then the adaptive

feedback control law

u (t)"G��
�

(x(t))K(t)F(x (t))#G��
�

(x (t))�(t)w (t) (26)

where K(t)3����, t*0, and �(t)3����, t*0, with update laws

KQ (t)"!�
�
B�

�
<��

�
(x (t))F�(x (t))> (27)

�� (t)"!�
�
B�

�
<��

�
(x (t))w� (t)Z (28)

guarantees that the solution (x(t), K(t), �(t)),(0, K
�
,!�), where �3����, of the closed-loop

system given by (1), (26)}(28) is Lyapunov stable and l (x(t))P0 as tPR. If, in addition,
l�(x)l (x)'0, xO0, then x (t)P0 as tPR for all x

�
3��.

Proof. The result is a direct consequence of Theorem 2.1. First, let GK (x)"JK (x)"G��
�

(x) and
�"B��

�
DK so that G(x)JK (x)�"D and let K

�
"B��

�
[�

�
!�, �

�
]. Next, since Q

�
and Q

�
are

arbitrary positive-de"nite matrices, Q
�

in (5) and Q
�

in (6) can be replaced by q
�
�B

�
��� and

q
�
�B

�
���, respectively, where q

�
, q

�
are positive constants and �B

�
�"(B�

�
)�
�, where ( ) )�
� denotes

the (unique) positive-de"nite square root. Now, since B
�

is symmetric and sign de"nite it
follows from the Schur decomposition that B

�
";D

��
;�, where ; is orthogonal and D

��
is real

diagonal. Hence, �B
�
���B�"[0

�������
, I

�
]"B�

�
, where I

�
"I

�
for B

�
'0 and I

�
"!I

�
for

B
�
(0. Now, (5) and (6), with q

�
> and q

�
Z replaced by > and Z, imply (27) and (28),

respectively. �
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It is important to note that if, as discussed above K
�
, and F (x) are constructed to give

f
�
(x)"A

�
x in (2), where A

�
is an asymptotically stable matrix in multivariable controllable

canonical form, then considerable simpli"cation occurs in Corollary 2.1. Speci"cally, in this case
<
�
(x)"x�Px, where P'0 satis"es (21), and hence (27), (28) become

KQ (t)"!B�
�
Px(t)F�(x (t))> (29)

�� (t)"!B�
�
Px(t)w�(t)Z (30)

Finally, we note that by setting m"d"1, s"n, w(t),1, F (x)"x, f (x)"Ax, where
A"[A�

�
, 	�]�, A

�
3�������� is a known matrix, and 	3���� is an unknown vector,

G(x)"[0
�������

, b]�, where bO0 is unknown but sign bO b/ �b � is known, and
J(x)"[0

�������
, dL ]�, Corollary 2.1 specializes to the results given in Reference [11].

3. ADAPTIVE CONTROL FOR NON-LINEAR SYSTEMS WITH ¸
�

DISTURBANCES

In this section we consider the problem of characterizing adaptive feedback control laws for
non-linear uncertain systems with exogenous ¸

�
disturbances. Speci"cally, we consider the

following controlled non-linear uncertain system G given by

xR (t)"f (x(t))#G(x (t))u (t)#J (x (t))w (t), x (0)"x
�
, w ( ) )3¸

�
, t*0 (31)

with performance variables

z (t)"h (x(t)) (32)

where x (t)3��, t*0, is the state vector, u (t)3��, t*0, is the control input, w (t)3��, t*0, is
an unknown bounded energy ¸

�
disturbance, z(t)3��, t*0, is a performance variable,

f :��P�� and satis"es f (0)"0, G :��P����, J :��P���� and h :��P�� and satis"es
h(0)"0. The following theorem generalizes Theorem 2.1 to non-linear uncertain systems with
exogenous ¸

�
disturbances.

Theorem 3.1

Consider the non-linear system G given by (31) and (32). Assume there exists a matrix
K

�
3���� and functions GK : ��P���� and F :��P��, with F (0)"0, such that the zero

solution x (t),0 to (2) is globally asymptotically stable. Furthermore, assume there exists
a continuously di!erentiable function <

�
:��P� such that <

�
( ) ) is positive de"nite, radially

unbounded, <
�
(0)"0, and, for all x3��,

0"<�
�
(x) f

�
(x)#
 (x) (33)

where


(x)O
1

4��
<�

�
(x)J (x)J�(x)<��

�
(x)#h�(x)h (x) (34)
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Finally, let Q3���� and >3���� be positive de"nite. Then the adaptive feedback control law

u (t)"GK (x (t))K(t)F (x (t)) (35)

where K(t)3����, t*0, with update law

KQ (t)"!�
�
QGK �(x(t))G� (x(t))<��

�
(x(t))F� (x(t))> (36)

guarantees that the solution (x(t), K(t)),(0, K
�
) of the undisturbed (w(t),0) closed-loop

system given by (31), (35) and (36) is Lyapunov stable and h (x(t))P0 as tPR. If, in
addition, h�(x)h (x)'0, xO0, then x (t)P0 as tPR for all x

�
3��. Furthermore, the solution

x(t), t*0, to the closed-loop system given by (31), (35) and (36) satis"es the non-expansivity
constraint

�
�

�

z�(t)z(t) dt)�� �
�

�

w�(t)w (t) dt#<(x (0), K(0)), ¹*0, w ( ) )3¸
�

(37)

where

<(x, K)O<
�
(x)#trQ�� (K!K

�
)>��(K!K

�
)� (38)

Proof. Note that with u (t), t*0, given by (35) it follows from (31) that

xR (t)"f (x(t))#G(x (t))GK (x (t))K(t)F (x (t))#J (x (t))w (t), x (0)"x
�
, w ( ) )3¸

�
, t*0 (39)

or, equivalently, using the de"nition for f
�
(x) given in (2),

xR (t)"f
�
(x (t))#G (x(t))GK (x(t)) (K(t)!K

�
)F (x(t))#J (x (t))w (t), x (0)"x

�
, w ( ) )3¸

�
, t*0

(40)

To show Lyapunov stability of the closed-loop system (36) and (40) consider the Lyapunov
function candidate given by (38). Note that <(0, K

�
)"0 and, since <

�
( ) ), Q, and > are positive

de"nite, <(x, K)'0 for all (x, K)O(0, K
�
). Furthermore, <(x, K) is radially unbounded. Now,

Lyapunov stability of the undisturbed (w(t),0) closed-loop system (36) and (40) as well as
x(t)P0 as tPR for all x

�
3�� follows as in the proof of Theorem 2.1. To show that the

non-expansivity constraint (37) holds, note that, for all w3��,

0)�
1

2�
J� (x)<��

�
(x)!�w�

�

�
1

2�
J�(x)<��

�
(x)!�w�

"
(x)#��w�w!z�z!<��
�

(x)J (x)w (41)
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Now, let w ( ) )3¸
�

and let x(t), t*0, denote the solution of the closed-loop systems (36) and (40).
Then the Lyapunov derivative along the closed-loop system trajectories is given by

<Q (x (t), K(t))"<�
�
(x(t))[ f

�
(x(t))#G(x (t))GK (x(t)) (K(t)!K

�
)F (x(t))#J (x(t))w (t)]

#2trQ��(K(t)!K
�
)>��KQ � (t)

"!
(x(t))#tr [(K(t)!K
�
)F (x(t))<�

�
(x(t))G(x (t))GK (x(t))]

#<�
�
(x(t))J (x(t))w (t)!tr [(K(t)!K

�
)F (x(t))<�

�
(x(t))G(x (t))GK (x(t))]

"!
(x(t))#<�
�
(x (t))J (x (t))w (t)

)��w�(t)w (t)!z� (t)z(t) (42)

Now, integrating (42) over [0, ¹] yields

<(x (¹ ), K (¹ )))�
�

�

[��w�(t)w (t)!z� (t)z (t)] dt#<(x (0), K(0)), ¹*0, w ( ) )3¸
�

(43)

which, by noting that <(x (¹ ), K(¹ ))*0, ¹*0, yields (37). �

It is important to note that unlike Theorem 2.1 requiring a matching condition on the
disturbance, Theorem 3.1 does not require any such matching condition. Furthermore, as shown
in Section 2, if (31) is in normal form with asymptotically stable internal dynamics, then we can
always construct a function F : ��P��, with F (0)"0, such that the zero solution to (2) to
globally asymptotically stable without requiring knowledge of the system dynamics. In addition,
in the case where J (x)"D and h (x)"Ex, the adaptive controller (36) can be constructed to
guarantee the non-expansivity constraint (37) using standard linear H

�
methods. Speci"cally,

choosing f
�
(x)"A

�
x, where A

�
is asymptotically stable and in multivariable controllable canoni-

cal form, it follows from standard H
�

theory [14] that if (A
�
, E) is observable, �G(s)�

�
(�, where

G(s)"E (sI
�
!A

�
)��D, if and only if there exists a positive-de"nite matrix P satisfying the

bounded real Riccati equation

0"A�
�
P#PA

�
#���PDD�P#E�E (44)

It is well known that (44) has a non-negative-de"nite solution if and only if the Hamiltonian
matrix

H"�
A

�
!E�E

���DD�

!A�
�
� (45)

has no purely imaginary eigenvalues. If, in addition, E�E'0, then P'0. In this case, with
Lyapunov function <

�
(x)"x�Px, the adaptive feedback controller (35) with update law (36), or,

equivalently,

KQ (t)"!QGK �(x(t))G� (x(t))Px(t)F� (x(t))> (46)
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guarantees global asymptotic stability of the non-linear undisturbed (w(t),0) dynamical system
(31), where f (x) and G(x) are given by (17). Furthermore, the solution x (t), t*0, of the
closed-loop non-linear dynamical system (31) is guaranteed to satisfy the non-expansivity con-
straint (37).

Finally, if f (x) and G (x) given by (17) are uncertain and G
�
(x)"B

�
G

�
(x), where the sign

de"niteness of B
�
is known, then using an identical approach as in Section 2, it can be shown that

the adaptive feedback control law

u (t)"G��
�

(x(t))K(t)F(x (t)) (47)

with update law

KQ (t)"!�
�
B�

�
<��

�
(x(t))F� (x(t))> (48)

where B
�

is de"ned as in Section 2, guarantees asymptotic stability and non-expansivity of (31).

4. ILLUSTRATIVE NUMERICAL EXAMPLES

In this section we present several numerical examples to demonstrate the utility of the proposed
direct adaptive control framework for adaptive stabilization, disturbance rejection, and com-
mand following.

Example 4.1

Consider the uncertain controlled Van der Pol oscillator given by

zK (t)!
 (�!z� (t))zR (t)#�z(t)"bu(t), z(0)"z
�
, zR (0)"zR

�
, t*0 (49)

where �, �, 
, b3� are unknown. Note that with x
�
"z and x

�
"zR , (49) can be written in

state-space form (1) with x"[x
�
, x

�
]�, f (x)"[x

�
,!�x

�
#
(�!x�

�
)x

�
]�, and G (x)"[0, b]�.

Here, we assume that f (x) is unknown and can be parameterized as
f (x)"[x

�
, 	

�
x
�
#	

�
x
�
#	

�
x�
�
x
�
]�, where 	

�
, 	

�
, and 	

�
are unknown constants. Furthermore,

we assume that sign b is known. Next, let G
�
(x)"1, F (x)"[x

�
, x

�
, x�

�
x
�
]�, and

K
�
"1/b[	

��
!	

�
, 	

��
!	

�
,!	

�
], where 	

��
, 	

��
are arbitrary scalars, so that

f
�
(x)"f (x)#�

0

b�
1

b
[	

��
!	

�
, 	

��
!	

�
,!	

�
]F (x)

"�
0

	
��

1

	
��
� x (50)

Now, with the proper choice of 	
��

and 	
��

, it follows from Corollary 2.1 that the adaptive
feedback controller (26) with w (t),0 guarantees that x (t)P0 as tPR. Speci"cally, here we
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Figure 1. Phase portrait of controlled and uncontrolled Van der Pol oscillator.

Figure 2. State trajectories and control signal versus time.

choose 	
��

"!1, 	
��

"!2, and R"2I
�
, so that P satisfying (21) is given by

P"�
3

1

1

1� (51)

With �"1, �"1, 
"2, b"3,>"I
�
, and initial conditions x (0)"[1, 1]� and K (0)"[0, 0, 0],

Figure 1 shows the phase portrait of the controlled and uncontrolled system. Note that
the adaptive controller is switched on at t"15 s. Figure 2 shows the state trajectories versus
time and the control signal versus time. Finally, Figure 3 shows the adaptive gain history versus
time.
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Figure 3. Adaptive gain history versus time.

Example 4.2

The following example considers the utility of the proposed adaptive stabilization framework
for systems with time-varying dynamics. Speci"cally, consider the uncertain controlled Mathieu
system given by

z( (t)#� (1#2
 cos 2t)z(t)"bu (t), z(0)"z
�
, zR (0)"zR

�
, t*0 (52)

where �, 
, b3� are unknown. Note that with x
�
"z and x

�
"zR , (52) can be written in

state-space form (11) with x"[x
�
, x

�
]�, f (t, x)"[x

�
,!�(1#2
 cos 2t)x

�
]�, and

G(t, x)"[0, b]�. Here, we assume that sign b is known and f (t, x) can be parameterized as
f (t, x)"[x

�
, 	

�
x
�
#	

�
cos(2t)x

�
]�, where 	

�
and 	

�
are unknown constants. Next, let

GK (t, x)"1, F(t, x)"[x
�
, cos(2t)x

�
, x

�
,]�, and K

�
"1/b[	

��
!	

�
,!	

�
, �

�
], where 	

��
and �

�
are arbitrary scalars, so that

f
�
(x)"�

0

	
��

1

�
�
�x

Now, with the proper choice of 	
��

and �
�
, it follows from Corollary 2.1 and Remark 2.2 that the

adaptive feedback controller (12) with w (t),0 guarantees that x (t)P0 as tPR. Speci"cally,
here we choose 	

��
"!1, �

�
"!2, and R"2I

�
, so that P satisfying (21) is given by (51). With

�"1, 
"0.4, b"3, >"I
�
, and initial conditions x (0)"[1, 1]� and K (0)"[0, 0, 0], Figure 4

shows the phase portrait of the controlled and uncontrolled system. Note that the adaptive
controller is switched on at t"15 s. Figure 5 shows the state trajectories versus time and the
control signal versus time. Finally, Figure 6 shows the adaptive gain history versus time.

Example 4.3

The following example considers the utility of the proposed adaptive control framework
for command following. Speci"cally, consider the spring-mass-damper uncertain system with
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Figure 4. Phase portrait of controlled and uncontrolled Mathieu system.

Figure 5. State trajectories and control signal versus time.

nonlinear sti!ness given by

mxK (t)#cxR (t)#k
�
x (t)#k

�
x� (t)"bu(t)#dL w (t), x (0)"x

�
, xR (0)"xR

�
, t*0 (53)

where m, c, k
�
, k

�
3� are positive unknown constants, and b is unknown but sign b is known. Let

r
�
(t), t*0, be a desired command signal and de"ne the error state eJ (t)Ox (t)!r

�
(t) so that the

error dynamics are given by

meJ G (t)#ceJQ (t)#(k
�
#k

�
(eJ � (t)#3r

�
(t)eJ (t)#3r�

�
(t)))eJ (t)"bu(t)#dL w (t)

!(mrK
�
(t)#crR

�
(t)#k

�
r
�
(t)#k

�
r�
�
(t)), eJ (0)"eJ

�
, eJQ (0)"eJQ

�
, t*0 (54)
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Figure 6. Adaptive gain history versus time.

Here, we assume that the disturbance signal w (t) is a sinusoidal signal with unknown amplitude

and phase; that is, dL w (t)"�A�
�
#A�

�
sin(�t#�)"A

�
sin�t#A

�
cos�t, where

�"tan��(A
�
/A

�
) and A

�
and A

�
are unknown constants. Furthermore, the desired trajectory is

given by

r
�
(t)"tanh�

t!20

5 �
so that the position of the mass is moved from !1 to 1 at t"20 s. Note that with e

�
"eJ and

e
�
"eJQ , (53) can be written in state-space form (15) with e"[e

�
, e

�
]�, f

�
(r
�
, e)"[e

�
,!(1/m)

(k
�
#k

�
(e�

�
#3r

�
e
�
#3r�

�
))e

�
!(c/m)e

�
]�, G(t, e)"[0, (b/m)]�, J

�
(t, e)"1/m[0


��
, dL �

�
]�, where

dL
�
"[A

�
, A

�
,!k

�
,!k

�
,!c,!m], and w

�
(t)"[sin�t, cos�t, r

�
(t), r�

�
(t), rR

�
(t), rK

�
(t)]�. Here, we

parameterize f
�
(r
�
, e)"[e

�
, 	

�
e
�
#	

�
e
�
#	

�
e�
�
#	

�
r
�
e�
�
#	

�
r�
�
e
�
]�, where 	

�
, i"1,2, 5, are

unknown constants. Next, let G(t, e)"1, F (r
�
, e)"[e

�
, e

�
, e�

�
, r

�
e�
�
, r�

�
e
�
]�, and

K
�
"m/b[	

��
!	

�
, 	

��
!	

�
,!	

�
,!	

�
,!	

�
], where 	

��
, 	

��
are arbitrary scalars, so that f

�
(e) is

given by (50). Now, with the proper choice of 	
��

and 	
��

, it follows from Corollary 2.1 and
Remark 2.3 that the adaptive feedback controller (26) guarantees that e (t)P0 as tPR. Speci"-
cally, here we choose 	

��
"!1, 	

��
"!2, and R"2I

�
, so that P satisfying (21) is given by (51).

With m"1, c"1, k
�
"2, k

�
"0.5, dL w (t)"2 sin(�t#1), �"2, b"3, >"I

�
, Z"I



,

and initial conditions e(0)"[0, 0]�, K (0)"0
���

, and �(0)"0
��


, Figure 7 shows the
actual position and the reference signal versus time and the control signal versus time. Finally,
Figure 8 shows the adaptive gain history versus time.

Example 4.4

Consider the two-degree of freedom uncertain structural system given by

M
�
xK (t)#C

�
xR (t)#K

�
x (t)"u(t), x (0)"x

�
, xR (0)"xR

�
, t*0 (55)
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Figure 7. Position and control signal versus time.

Figure 8. Adaptive gain history versus time.

where x (t)3��, u (t)3��, t*0,

M
�
O�

m
�

0

0

m
�
� , C

�
O �

c
�
#c

�
!c

�

!c
�

c
�
� , K

�
O�

k
�
#k

�
!k

�

!k
�

k
�
�

and m
�
, m

�
, c

�
, c

�
, k

�
, k

�
3� are positive unknown constants. Let r

�
(t) be a desired command

signal and de"ne the error state eJ (t)Ox (t)!r
�
(t) so that the error dynamics are given by

M
�
eJ G (t)#C

�
eJQ (t)#K

�
eJ (t)"u (t)!M

�
rK
�
(t)!C

�
rR
�
(t)!K

�
r
�
(t), eJ (0)"eJ

�
, eJQ (0)"eJQ

�
, t*0

(56)
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Figure 9. Positions and control signals versus time.

Note that with e
�
"eJ and e

�
"eJQ , (59) can be written in state-space form (15) with e"[e�

�
, e�

�
]�,

f
�
(t, e)"[e�

�
,!(M��

�
K

�
e
�
#M��

�
C

�
e
�
)�]�, G(t, e)"[0

���
, M��

�
]�, J

�
(t, e)"[0


��
, DK �

�
]�,

where DK
�
"[!I

�
,!M��

�
C

�
,!M��

�
K

�
] and w

�
(t)"[rK �

�
, rR �

�
, r�

�
]�. Note that M��

�
is symmetric

and positive de"nite but unknown. Here, we parameterize f
�
(t, e) as f

�
(t, e)"[e�

�
,

(�
�
e
�
#�

�
e
�
)�]�, where �

�
3���� and �

�
3���� are unknown constant matrices. Next, let

GK (t, e)"I
�
, F (t, e)"e, and Kg"M

�
[�

��
#M��

�
K

�
,�

��
#M��

�
C

�
], where �

��
3����,

�
��

3���� are arbitrary matrices, so that

f
�
(e)"�

0
�

�
��

I
�

�
��
� e

Now, with the proper choice of �
��

and �
��

, it follows from Corollary 2.1 and Remark 2.3 that the
adaptive feedback controller (26) guarantees that e (t)P0 as tPR. Speci"cally, here we choose
�

��
"!I

�
, �

��
"!I

�
, and R"2I

�
, so that P satisfying (21) is given by

P"

3 0 1 0
0 3 0 1
1 0 2 0
0 1 0 2

With m
�
"3, m

�
"2, c

�
"c

�
"1, k

�
"2, k

�
"1, r

�
(t)"[5 cos (t), 3cos (t/�)]�, >"I

�
, Z"I



,

and initial conditions e(0)"0
���

, K (0)"0
���

, and �(0)"0
��


, Figure 9 shows the actual
positions and the reference signals versus time and the control signals versus time. Finally,
Figures 10 and 11 show the adaptive gain history versus time.

Example 4.5

The following example considers the utility of the proposed adaptive control framework for
¸
�

disturbance rejection. Speci"cally, consider the non-linear dynamical system representing
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Figure 10. Adaptive gain history versus time.

Figure 11. Adaptive gain history versus time.

a controlled rigid spacecraft given by

xR (t)"!I��
	

XI
	
x(t)#I��

	
u(t)#Dw (t), x (0)"x

�
, w( ) )3¸

�
, t*0 (57)

where x"[x
�
, x

�
, x

�
]� represents the angular velocities of the spacecraft with respect to the

body-"xed frame, I
	
3���� is an unknown positive-de"nite inertia matrix of the spacecraft,

u"[u
�
, u

�
, u

�
]� is a control vector with control inputs providing body-"xed torques about three

mutually perpendicular axes de"ning the body-"xed frame of the spacecraft, D3����, and

DIRECT ADAPTIVE CONTROL 169

Copyright � 2002 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2002; 16:151}172



Figure 12. Angular velocities versus time.

Figure 13. Control signals versus time.

X denotes the skew-symmetric matrix

XO
0 !x

�
x
�

x
�

0 !x
�

!x
�

x
�

0

Note that (57) can be written in state-space form (31) with f (x)"!I��
	

XI
	
x, G (x)"I��

	
, and

J(x)"D. Here, we assume that the inertia matrix I
	

of the spacecraft is symmetric and positive
de"nite but unknown. Since f (x) is a quadratic function, we parameterize f (x) as f (x)"� f

�
(x),

where �3���
 is an unknown matrix and f
�
(x)"[x�

�
, x�

�
, x�

�
, x

�
x
�
, x

�
x
�
, x

�
x
�
]�. Next, let

G
�
(x)"I

�
, F(x)"[ f �

�
(x), x�]�, and K

�
"I

	
[!�, �

�
], where �

�
3����, is an arbitrary

matrix, so that

f
�
(x)"�

�
x"A

�
x

Now, with the proper choice of �
�
, it follows from Theorem 3.1 that the adaptive feedback

controller (47) with update law (48) guarantees that x(t)P0 as tPR with w (t),0. Further-
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more, the closed-loop non-linear input}output map from ¸
�

disturbances Dw (t) to performance
variable z(t)"Ex (t) satis"es the non-expansivity constraint (37). Here, we choose A

�
"!10I

�
,

E�E"2I
�
, and �"1.4, so that P satisfying (44) is given by

P"

0.1653 0.0408 0.0245
0.0408 0.1255 0.0153
0.0245 0.0153 0.1092

With

I
	
"

20 0 0.9
0 17 0

0.9 0 15
, >"10I

�
, D"

8
5
3

, w (t)"e����� sin 1.8t

and initial conditions x (0)"[0.4, 0.2,!0.2], and K(0)"0
���

, Figure 12 shows the angular
velocities versus time. Figure 13 shows the control signals versus time. An alternative adaptive
feedback controller that also does not require knowledge of the inertia of the space-craft is
presented in Reference [15]. However, unlike the proposed controller, the adaptive controller
presented in Reference [15] is tailored to the spacecraft attitude control problem.

5. CONCLUSION

A direct adaptive non-linear control framework for adaptive stabilization, disturbance rejection,
and command following of multivariable non-linear uncertain systems with exogenous bounded
disturbances was developed. Using Lyapunov methods the proposed framework was shown to
guarantee partial asymptotic stability of the closed-loop system; that is, asymptotic stability with
respect to part of the closed-loop system states associated with the plant. Furthermore, in the case
where the non-linear system is represented in normal form with input-to-state stable zero
dynamics, the non-linear adaptive controllers were constructed without knowledge of the system
dynamics. Finally, several illustrative numerical examples were presented to show the utility of
the proposed adaptive stabilization and tracking scheme.

REFERENCES

1. AstroK m KJ, Wittenmark B. Adaptive Control. Addison-Wesley: Reading, MA, 1989.
2. Ioannou PA, Sun J. Robust Adaptive Control. Prentice-Hall: Upper Saddle River, NJ, 1996.
3. Narendra KS, Annaswamy AM. Stable Adaptive Systems. Prentice-Hall: Englewood Cli!s, NJ, 1989.
4. KrsticH M, Kanellakopoulos I, KokotovicH PV. Nonlinear and Adaptive Control Design. Wiley: New York, 1995.
5. Weinmann A. ;ncertain Models and Robust Control. Springer: New York, 1991.
6. Zhou K, Doyle JC, Glover K. Robust and Optimal Control. Prentice-Hall: Englewood Cli!s, 1996.
7. Isidori A. Nonlinear Control Systems. Springer: New York, 1995.
8. Sontag E. Smooth stabilization implies coprime factorization. IEEE ¹ransactions on Automatic Control, 1989;

34:435}443.
9. Khalil HK. Nonlinear Systems. Prentice-Hall: Upper Saddle River, NJ, 1996.

10. Kaufman H, Barkana I, Sobel K. Direct Adaptive Control Algorithms: ¹heory and Applications. Springer: New York,
1998.

11. Hong J, Cummings IA, Bernstein DS. Experimental application of direct adaptive control laws for adaptive
stabilization and command following. Proceedings of the IEEE Conference on Dec. Contr., Pheonix, AZ, 1999;
779}784.

DIRECT ADAPTIVE CONTROL 171

Copyright � 2002 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2002; 16:151}172



12. Hill DJ, Moylan PJ. Dissipative dynamical systems: basic input}output and state properties. Journal of Franklin
Institute, 309:327}357.

13. Chen C-T. ¸inear System ¹heory and Design. Holt, Rinehart, and Winston: New York, 1984.
14. Willems JC. Least squares stationary optimal control and the algebraic Riccati equation. IEEE ¹ransactions on

Automatic Control, 16:621}634.
15. Ahmed J, Coppola VT, Bernstein DS. Adaptive asymptotic tracking of space-craft attitude motion with inertia matrix

identi"cation. AIAA Journal on Guidance Control and Dynamics, 21:684}691.

172 W. M. HADDAD AND T. HAYAKAWA

Copyright � 2002 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2002; 16:151}172


