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Abstract

An output feedback control analysis and design framework for linear systems with input

hystereses nonlinearities is developed. Specifically, by transforming the hystereses nonlinea-

rities into dissipative input–output dynamical operators, dissipativity theory is used to analyze

and design linear controllers for systems with hysteretic actuators. The overall framework

guarantees partial asymptotic stability of the closed-loop system; that is, asymptotic stability

with respect to part of the closed-loop system state associated with the plant and the

controller. Furthermore, the remainder of the state associated with the hysteresis dynamics is

shown to be semistable; that is, solutions of the hysteretic system converge to Lyapunov stable

equilibrium points determined by the system initial conditions.
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1. Introduction

In recent years the desire to orbit large, lightweight space structures with high-
performance requirements has prompted researchers to consider actuators which
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possess a fraction of the size and weight of more conventional actuation devices. As
a consequence, considerable research interest has focused in the field of smart or
adaptive materials as a viable alternative to conventional proof mass actuators for
vibration control [1–6]. Due to the fact that adaptation in smart materials is a result
of physical nonlinear changes occurring within the material, these actuation devices
exhibit significant hysteresis in the actuator response. Specifically, smart distributed
actuators such as shape memory alloys, magnetostrictives, electrorheological fluids,
and piezoceramics all exhibit hysteretic effects [1–6]. Since hystereses nonlinearities
can severely degrade closed-loop system performance, and in some cases drive the
system to a limit cycle instability, they must be accounted for in the control-system
design process.
Even though numerous models for capturing hystereses effects have been

developed [7–14], with the Preisach model [7–9] being the most widely used,
controller analysis and synthesis for feedback systems with hystereses nonlinearities
has received little attention in the literature. Notable exceptions include
[2,11,13,15,16]. The main complexity arising in hystereses nonlinearities is the fact
that every reachable point in the input–output hysteresis map does not correspond to
a uniquely defined point. In fact, at any reachable point in the input–output
hysteresis map there exists an infinite number of trajectories that may represent the
future behavior of the hysteresis dynamics. These trajectories depend on a particular
past history of the extremum values of the input. However, hystereses nonlinearities
with counterclockwise loops have been shown to be dissipative with respect to a
supply rate involving force inputs and velocity outputs [17]. Dissipative hystereses
models include the well-known backlash nonlinearities, stiction nonlinearities, relay
hystereses, and most of the hystereses nonlinearities arising in smart material
actuators [15].
The contribution of this paper is a methodology for analyzing and designing

output feedback controllers for systems with input hystereses nonlinearities.
Specifically, by transforming the hystereses nonlinearities into dissipative input–
output dynamic operators, dissipativity theory [18] is used to analyze and design
linear controllers for systems with input hystereses nonlinearities. In particular, by
representing the input hysteresis nonlinearity as a dissipative input–output
dynamical operator with respect to a given supply rate, partial closed-loop
asymptotic stability [19,20]; that is, asymptotic stability with respect to part of the
closed-loop state associated with the plant and the controller, is guaranteed in the
face of an input hysteresis nonlinearity. Furthermore, it is shown that the reminder
of the state associated with the hysteresis dynamics is semistable [21]; that is, the limit
points of the hysteretic states converge to Lyapunov stable equilibrium points
determined by the system initial conditions.

2. Mathematical preliminaries

In this section, we establish definitions, notation, and several key results. Let F
and #F denote real separable function spaces and let BðF; #FÞ denote the space of
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bounded linear operators from F into #F: In the case where F ¼ Rn and #F ¼ Rm

are finite dimensional Euclidean spaces, we use the notation and terminology
introduced above with appropriate changes. Specifically, bounded linear operators
are represented by matrices over a fixed orthonormal basis so that Rm�n ¼
BðRn;RmÞ: Furthermore, for MARm�n; we write MT for the transpose of M and
MX0 (resp., M > 0) to denote the fact that the square symmetric matrix M is
nonnegative (resp., positive) definite. Finally, we write In to denote the n � n identity
matrix, V 0ðxÞ to denote the Fr!echet derivative of V at x; C0 to denote the set of
continuous functions, and Cr to denote the set of functions with r continuous
derivatives.
In this paper, we represent nonlinear dynamical systems G defined on the semi-

infinite interval ½0;NÞ as a mapping between function spaces satisfying an
appropriate set of axioms. For the following definition, U is an input space and is
a subset of bounded continuous U-valued functions on ½0;NÞ: The set UDRm

contains the set of input values; that is, at any time t; uðtÞAU : The space U is
assumed to be closed under the shift operator; that is, if uAU; then the function uT

defined by uT ðtÞ ¼ uðt þ TÞ is contained in U for all TX0: Furthermore, Y is
an output space and is a subset of continuous Y -valued functions on ½0;NÞ: The
set YDRl contains the set of output values; that is, each value of yðtÞAY ; tX0:
The space Y is assumed to be closed under the shift operator; that is, if yAY;
then the function yT defined by yT ðtÞ ¼ yðt þ TÞ is contained in Y for all TX0:
Finally,D is a metric space with topology of uniform convergence and metric r :D�
D-½0;NÞ: Hence, the notions of openness, convergence, continuity, and com-
pactness that we use in the paper refer to the topology generated on D by the
metric rð�; �Þ:

Definition 2.1 (Willems [18]). A stationary dynamical system on D is the octuple
ðD;U;U ; Y;Y ; ½0;NÞ; s; qÞ; where s : ½0;NÞ �D�U-D and q :D� U-Y are
such that the following axioms hold:

(i) Continuity: sð�; �; uÞ is jointly continuous for all uAU:
(ii) Consistency: sð0; x0; uÞ ¼ x0 for all x0AD and uAU:
(iii) Determinism: sðt;x0; u1Þ ¼ sðt; x0; u2Þ for all tA½0;NÞ; x0AD; and u1; u2AU

satisfying u1ðtÞ ¼ u2ðtÞ; tpt:
(iv) Semi-group property: sðt; sðt;x0; uÞ; uÞ ¼ sðt þ t;x0; uÞ for all x0AD; uAU; and

t; tA½0;NÞ:
(v) Read-out map: There exists yAY such that yðtÞ ¼ qðsðt;x0; uÞ; uðtÞÞ for all x0AD;

uAU; and tX0:

Henceforth, we denote the dynamical system ðD;U;U ;Y;Y ; ½0;NÞ; s; qÞ by G:
Furthermore, we refer to sðt;x0; uÞ; tX0; as the trajectory or state transition operator

of G corresponding to x0AD and uAU: For a given trajectory sðt;x0; uÞ; tX0; we
refer to x0AD as the initial condition of G: Furthermore, an equilibrium point of the
undisturbed ðu 	 0Þ dynamical system G is a point xAD satisfying sðt;x; 0Þ ¼ x for
all tX0: An equilibrium point xAD of the undisturbed ðu 	 0Þ dynamical system G is
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Lyapunov stable if, for each open neighborhood O1 containing x; there exists an open
neighborhood O2DO1 containing x such that sðt;x0; 0ÞAO1; tX0; for all x0AO2: An
equilibrium point in xAD of the undisturbed ðu 	 0Þ dynamical system G is
semistable [21] if x is Lyapunov stable and there exists an open neighborhood O3
containing x such that limt-N sðt;x0; 0Þ exists for all x0AO3: For the dynamical
system G given by Definition 2.1, a function r :U � Y-R is called a supply rate [18]
if it is locally integrable; that is, for all input–output pairs uAU and yAY ; rð�; �Þ
satisfies

R t2
t1

jrðuðsÞ; yðsÞÞjdsoN; t1; t2X0:

Definition 2.2 (Willems [18]). A dynamical system G is dissipative with respect to the

supply rate rðu; yÞ if there exists a continuous nonnegative-definite function
Vs :D-R; called a storage function, such that the dissipation inequality

VsðxðtÞÞpVsðxðt1ÞÞ þ
Z t

t1

rðuðsÞ; yðsÞÞ ds ð1Þ

is satisfied for all t1; tX0 and where xðtÞ ¼ sðt;x0; uðtÞÞ; tXt1; with x0AD and uðtÞAU :

Definition 2.3. A setMCD is a positively invariant set for the undisturbed ðuðtÞ 	 0Þ
dynamical system G if x0AM implies that sðt;x0; 0ÞAM for all tX0:

For the next result, define the notation

V�1ðgÞ9fxAQ :V ðxÞ ¼ gg;

where gAR; QDD; and V :Q-R is a continuous function, and let Mg denote the
largest positively invariant set (with respect to the undisturbed ðuðtÞ 	 0Þ dynamical
system G) contained in V�1ðgÞ:

Theorem 2.1 (LaSalle [22]). Let sðt;x0; 0Þ; tX0; denote a trajectory of the nonlinear

undisturbed ðuðtÞ 	 0Þ dynamical system G and let DcCD be a positively invariant set

with respect to G: Assume that every positive orbit gþðx0Þ9
S

tA½0;NÞ sðt;x0; 0Þ in Dc
is contained in a compact set and there exists a continuous function V :Dc-R such

that V ðsðt;x0; 0ÞÞpV ðsðt;x0; 0ÞÞ; 0ptpt; for all x0ADc: If x0ADc; then

sðt;x0; 0Þ-M9
S

gAR Mg as t-N:

Next, we consider finite dimensional linear dynamical systems. Specifically,
consider the linear system with a state space representation

’xðtÞ ¼ AxðtÞ þ BuðtÞ; xð0Þ ¼ x0; tX0; ð2Þ

yðtÞ ¼ CxðtÞ þ DuðtÞ; ð3Þ

and transfer function GðsÞ ¼ CðsIn � AÞ�1B þ D; where xARn; uARm; yARm;
AARn�n; BARn�m; CARm�n; and DARm�m: Let

GðsÞBmin
A B

C D

� �
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denote a state space realization of GðsÞ: The notation Bmin is used to denote a minimal
realization. A square transfer function GðsÞ is called positive real [23] if (1) all the
poles of GðsÞ lie in the closed left-half plane with simple poles on s ¼ jo; and (2)
GðsÞ þ G�ðsÞ is nonnegative definite for Re½s� > 0: A square transfer function GðsÞ is
called strictly positive real [23] if there exists e > 0 such that Gðs � eÞ is positive real.
Next, we state the strict positive real lemma used to characterize strict positive

realness in the state space setting.

Lemma 2.1 (Khalil [23]).

GðsÞBmin
A B

C D

� �

is strictly positive real if and only if there exist matrices PARn�n; LARp�n; and

WARp�m; with P positive definite, and a positive constant e such that

0 ¼ ATP þ PA þ eP þ LTL; ð4Þ

0 ¼ PB � CT þ LTW ; ð5Þ

0 ¼ D þ DT � WTW : ð6Þ

Finally, the following theorem is needed for the main results in this paper.

Theorem 2.2. Let

GðsÞBmin
A B

C D

� �

be asymptotically stable. Assume that every element of GðsÞ has at least one zero at the

origin; that is, Gð0Þ ¼ �CA�1B þ D ¼ 0: Then s�1GðsÞ is strictly positive real if and

only if there exist matrices PARn�n and LARp�n; with P positive definite, and a

positive constant e such that

0 ¼ ATP þ PA þ eP þ LTL; ð7Þ

0 ¼ BTP � CA�1: ð8Þ

Proof. The proof is a direct consequence of Lemma 2.1 using �CA�1B þ D ¼ 0 and
noting that s�1GðsÞ ¼ CA�1ðsI � AÞ�1B: &

3. Preisach dynamical model for hystereses nonlinearities

In this section, we introduce a mathematical model due to Preisach [7] for
capturing the dynamics of hystereses nonlinearities. Specifically, let shð�Þ denote a
scalar rate-independent, counterclockwise hysteresis nonlinearity with dynamic
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memory. Rate-independent refers to the fact that the hysteresis curves generated in
R2 by an input–output pair are input rate-independent, while counterclockwise refers
to the fact that the loops generated by hystereses nonlinearities are counterclockwise.
For a given bounded continuous input uðtÞAR; tX0; the output of a Preisach
hysteresis model is given by

yðtÞ ¼ shðuðtÞÞ ¼
Z Z

aXb
mða; bÞ gab½uðtÞ� da db; ð9Þ

where gabð�Þ is a unit relay characterized by two switching points a and b as
shown in Fig. 1, and mða;bÞ :R� R-R is a weighting function associated with each
unit relay.
If mð�; �Þ is bounded and piecewise continuous, then sh :C0-C0: If, in addition,

mð�; �Þ is nonnegative definite and has a finite support, then sh :S-S; where S
denotes the real separable Sobolev space S9fuð�ÞAC1 :

R
N

�N
ðu2ðtÞ þ ’u2ðtÞÞdtoNg:

For details of these facts see Ref. [24]. The Preisach model characterized by Eq. (9)
reflects the fact that a hysteresis nonlinearity can be modeled as a superposition of
independent weighted relays with different switching points. Note that to guarantee
counterclockwise hysteretic loops we require aXb: Although gab½uðtÞ� in Eq. (9) has
local memory; that is, it only depends on certain recent portions of the input time
history, Preisach models at a given time t are generally dependent on the overall
input time history and hence are dynamic. This fact is elucidated below.
Most mathematical properties of the nonlinear dynamical Preisach model are

conveniently facilitated by geometrical interpretation. Specifically, consider the half
ða;bÞ-plane P (Preisach plane) shown in Fig. 2(a) whose points represent unit relays
with associated ða;bÞ switching point pairs. Since every point in P can only have two
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output values; namely þ1 or �1; P is divided into two input-dependent regions
PþðtÞ and P�ðtÞ in which gab½uðtÞ� is þ1 and �1; respectively. Note that
PþðtÞ,P�ðtÞ ¼ P for all t; and hence Eq. (9) can be written as

yðtÞ ¼ shðuðtÞÞ ¼
Z Z

PþðtÞ
mða; bÞ da db�

Z Z
P�ðtÞ

mða;bÞ da db: ð10Þ

These input-dependent regions result in the dynamic nature of the Preisach model.
To see this, assume that the system starts at a demagnetized state [8] at time t ¼ �T ;
that is, PþðtÞ and P�ðtÞ are initially divided along the line a ¼ �b at time t ¼ �T ;
T > 0; and the initial configuration of PþðtÞ and P�ðtÞ at t ¼ 0 shown in Fig. 2(a) is
attained by a continuous (fictitious) input defined on ð�T ; 0�: Next, suppose a
bounded continuous input uðtÞ; tX0; is applied to shð�Þ as shown in Fig. 2(b). Note
that since uðtÞ; tX0; is continuous and bounded, PþðtÞ and P�ðtÞ are simply
connected regions. Now, if uðtÞ; tX0; is increasing, relays in P�ðtÞ with apuðtÞ; tX0;
will switch to þ1 and PþðtÞ will increase. Furthermore, the horizontal branch of the
boundary (Preisach boundary) shown in Fig. 2(a) will move along the a-axis in a
positive direction. Alternatively, if uðtÞ; tXt1; is decreasing, the input will switch
relays with bXuðtÞ; tXt1; to �1 and P�ðtÞ will increase. In this case, the vertical
branch of the Preisach boundary shown in Fig. 2(a) will move along the b-axis in a
negative direction and define a vertex V on the boundary. For every input reversal
applied to the Preisach model, a corresponding vertex on the boundary is defined
which gives the Preisach boundary a decreasing staircase shape as shown in Fig. 2(a).
However, if the input magnitude at a given time is greater than past input extrema,
some of the vertices can disappear. This phenomenon is known as the wiping out

property [8] and is prevalent in Preisach hystereses models. In addition, the final
branch of the moving Preisach boundary always touches the line a ¼ b so that the
intersection between the boundary and the line a ¼ b in the Preisach plane P is
ðuðtÞ; uðtÞÞ for all t: Finally, it is important to note that the remaining vertices and the
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current value of the input on the moving boundary uniquely define the output of the
model.
The above geometrical interpretation of the Preisach model shows that the output

yðtÞ ¼ shðuðtÞÞ of the hysteresis nonlinearity is a function of the input uðtÞ; tX0; past
extrema of the input, and the initial state of the Preisach boundary at t ¼ 0:
Furthermore, the input-dependent Preisach boundary plays a key role in the memory
of these past input extrema. The above observations show that the Preisach model is
a dynamical model that captures hystereses nonlinearities.
To investigate the dynamical properties of the Preisach model, let U be the set of

bounded inputs defined by

U9fuAC0 : uðtÞAUDR; tX� T : juðtÞjoM; tX� T ; and lim
t-�T

uðtÞ ¼ 0g;

where M > 0; let the output space Y be the set of real-valued continuous functions
defined on ½0;NÞ; and let Y be the set of outputs given by yðtÞ ¼ shðuðtÞÞ; uðtÞAU ;
tX0: Furthermore, define the metric space D as a set of all Lipschitz continuous
functions c : ½0;M�-R denoting the Preisach boundary with the metric
rðx1; x2Þ9

RM

0 jx1ðsÞ � x2ðsÞjds: Note that rðx1;x2Þ ¼
R R

Px1x2

da db; where
Px1x2CP is the region bounded by x1;x2AD and the a ¼ b line as shown in
Fig. 3. Finally, we assign U; Y; and D as the input space, the output space, and the
state space, respectively, and define the state transition operator sð�; �; �Þ of the
Preisach model as a concatenation of mappings between these spaces. In particular,
the moving Preisach boundary in D is taken as the state of the (infinite dimensional)
system. Since the moving Preisach boundary in the Preisach model has a decreasing
staircase shape, there exists a one-to-one mapping from D into a set of sequence of
past input extrema or, equivalently, the vertices of the moving Preisach boundary.
This sequence is called the reduced memory sequence and is defined as follows.

Definition 3.1 (Visintin [25]). Let uAU: Then the reduced memory sequence of
uðtÞAU ; tX� T ; denoted by frig

N

i¼0 is an infinite sequence of non-wiped out extrema
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constructed from the past history of uðtÞAU ; tX� T ; satisfying

r0 ¼ 0;

r1 ¼ uðt1Þ;

ri ¼
maxtAðti ;t�uðtÞ if ri�1ori�2;

mintAðti ;t�uðtÞ if ri�1 > ri�2;

(

where t1 ¼ maxftAð�T ; t� : juðtÞj ¼ Zg; Z ¼ maxtAð�T ;t�juðtÞj; and ti ¼
maxftAðti�1; t� : uðtÞ ¼ rig: If uAU has a finite number of extrema, the reduced
memory sequence has finite length N; tN ¼ t; and uðtN Þ ¼ uðtÞ: In this case, uðtÞ;
tX� T ; has a finite number of non-wiped out past extrema, and hence set ri ¼ rN

for all iXN:

Let RCcN; where cN is the set of all bounded sequences, be the space of reduced
memory sequences of uAU: Note that the one-to-one mapping between R and D
implies that the Preisach model is an infinite dimensional dynamical system. Now, let
f1 :U-R; f2 :R-D; and q :D-Y denote the mappings between the input space
U; the reduced memory sequence space R; the state space D; and the output space;
that is,

U$
f1

fr1
R$

f2

f�1
2

D!
q

Y; ð11Þ

where f1 :U-R is given by the algorithm in Definition 3.1. Note that since the
reduced memory sequence only identifies dominant extrema of uAU; it follows that
an infinite number of inputs have the same reduced memory sequence. Hence, f�1

1

does not exist. Thus, the mapping from the reduced memory sequence space R to the
input space is given by a right inverse fr1 :R-U: For further details of these
mappings see Ref. [24]. Now, for a given initial condition xhð0ÞAD and input uAU;
the state transition operator sð�; �; �Þ for the Preisach model is given by

sðt;xhð0Þ; uðtÞÞ ¼ f23f1ðf
r
13f

�1
2 ðxhð0ÞÞ}uðtÞÞ; ð12Þ

where 3 denotes the composition operator and } :S�S-S denotes the
concatenation operator defined by

uðt0;t1�}vðt1;t2�9
u; t0otpt1;

v; t1otpt2:

(
ð13Þ

Note that sðt;xhð0Þ; uðtÞÞ first maps the given initial condition xhð0Þ to a fictitious
input function in U defined on ð�T ; 0� to generate an initial configuration (initial
condition) of the Preisach boundary that does not correspond to a demagnetized
state. This map is then concatenated with a given input uðtÞ defined on ð0; t�: The
resulting map is then mapped to D: As shown in Ref. [24], the state transition
operator given by Eq. (12) satisfies the axioms in Definition 2.1 and hence the
Preisach model is a dynamical system.
The following result allows us to characterize the set of all equilibria for a Preisach

model. Let De9fxAD : there exists t > 0 and u : ½�T ; tÞ-U such that uðtÞ ¼ 0; tX0;
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x ¼ sðt;xhð0Þ; uðtÞÞ; and xhð0Þ ¼ f2ðf1ðuð0ÞÞÞg; that is, De is the set of all trajectories
in D such that uðtÞ ¼ 0; tX0; and there exists a (fictitious) input u : ½�T ; tÞ-R such
that the state transition operator starting at a demagnetized state at t ¼ �T satisfies
sðt;xhð0Þ; uðtÞÞADe for some time t > 0:

Proposition 3.1. Let xhð0ÞADe: Then sðt; xhð0Þ; 0Þ ¼ xhð0Þ; for all tX0:

Proof. Let u0 ¼ fr13f
�1
2 ðxhð0ÞÞ and let 0ðt1;t2� denote the zero function on ðt1; t2�: Note

that u0 is defined on ð�T ; 0� and u0ð0Þ ¼ 0 since xhð0ÞADe: Now, for any tX0;
maxtAðtn;t�ðu0}0ð0;t�Þ ¼ maxtAðtn;t� u0ðtÞ and mintAðtn;t�ðu0}0ð0;t�Þ ¼ mintAðtn;t� u0ðtÞ; for
all tnpt: Hence, it follows from the definition of the reduced memory sequence that
f1ðu0}0ð0;t�Þ ¼ f1ðu0Þ: Now, the result follows by noting that sðt;xhð0Þ; 0Þ ¼
f23f1ðu0}0ð0;t�Þ ¼ f23f1ðu0Þ ¼ f23f13f

r
13f

�1
2 ðxhð0ÞÞ ¼ xhð0Þ; tX0: &

Proposition 3.1 shows thatDe corresponds to the set of all equilibria for a Preisach
model. Furthermore, note that there exists an infinite number of states in De since
every decreasing Preisach boundary that touches the origin of the Preisach planeP is
an element of De: Finally, since that the set of all trajectories sðt; xhð0Þ; uðtÞÞAD with
uðtÞ ¼ 0 for all tX0 also belong to De; it follows from Proposition 3.1 that in the
absence of external input; the state space of a Preisach dynamical system consists of
only equilibria and hence is semistable.
The following properties of the metric space D (with metric r) and the state

transition operator of the Preisach model are needed for the main stability results of
this paper.

Lemma 3.1 (Gorbet [24]). The metric space D with metric r :D�D-½0;NÞ is

complete.

Proposition 3.2. Let uAU and suppose there exists e > 0 and tNX0 such that juðtÞjoe
for all uðtÞAU ; t > tN : Then rðsðtp; xhð0Þ; uðtpÞÞ; sðtq;xhð0Þ; uðtqÞÞÞo2eM; tp; tq > tN ;
xhð0ÞAD:

Proof. Let tp > tq: To determine the metric between two hysteretic states in a
given orbit, consider all points in the Preisach plane P such that gabðtpÞagabðtqÞ:
Now, since juðtÞjoM; tX0; all relays satisfying aXM or bp� M will not
switch states for all tX0: Next, consider the Preisach boundary at t ¼ tq > tN : Since
juðtÞjoe; t > tN ; gabðtÞ satisfying aXe and bp� e (i.e., points corresponding
to area A in Fig. 4) will remain unchanged for all t > tN : Furthermore, gabðtÞ
satisfying bXe (i.e., points corresponding to area C in Fig. 4), and ape (i.e.,
points corresponding to area F in Fig. 4) will maintain the value of �1 and 1,
respectively, for all t > tN : Hence, only points corresponding to areas B; D; and E

shown in Fig. 4 will switch states after time tN :However, since the boundary between
PþðtÞ and P�ðtÞ has a decreasing staircase shape, the maximum area between
sðtp;xhð0Þ; uðtpÞÞ and sðtq;xhð0Þ; uðtqÞÞ will be either B,E or D,E; whose area is
equal to 2eM : &
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Theorem 3.1. Let uAU be such that uðtÞ-0 as t-N: Then there exists xheAD such

that limt-N sðt;xhð0Þ; uðtÞÞ ¼ xhe for all xhð0ÞAD:

Proof. Since uAU; juðtÞjoM; tX0: Now, for t; t1X0 such that t > t1; let
juðtÞjo1=2M: Then, it follows from the Proposition 3.2 that
rðsðtp; xhð0Þ; uðtpÞÞ; sðtq;xhð0Þ; uðtqÞÞÞo1; tp; tq > t1; xhð0ÞAD: Repeating this procedure
with t > tn > tn�1; it follows that rðsðtp; xhð0Þ; uðtpÞÞ; sðtq; xhð0Þ; uðtqÞÞÞo1=n; tp; tq > tn:
Now, consider the sequence fsðtn;xhð0Þ; uðtnÞÞg

N

n¼1: Since tn > tn�1 and
rðsðtp; xhð0Þ; uðtnÞÞ; sðtq;xhð0Þ; uðtn�1ÞÞÞ-0 as tn; tn�1-N; fsðtn;xhð0Þ; uðtnÞÞg

N

n¼1 is a
Cauchy sequence. Hence, since by Lemma 3.1 the metric space ðD;rÞ is complete, it
follows that fsðtn;xhð0Þ; uðtnÞÞg

N

n¼1 is convergent which proves the result. &

Next, we show that the Preisach dynamical system is dissipative with respect to a
certain supply rate. To see this, consider a weighted relay gabð�Þ with generalized
weighted power pðtÞ ¼ mða;bÞuðtÞ’ga;b½uðtÞ� so thatZ t2

t1

pðtÞdt ¼
Z t2

t1

mða;bÞuðtÞ’gab½uðtÞ�dt; t2Xt1: ð14Þ

Since gab½uðtÞ� is constant and can switch between71 over the time interval t1ptpt2;
it follows that Eq. (14) is equal to either 2mða;bÞa or �2mða;bÞb after a switch,
depending on the previous state of gabð�Þ: In addition, since mða;bÞ is by assumption
nonnegative, the sign of

R t2
t1

pðtÞdt will depend on a; b and the previous state of the
relay and possibly the number of switchings between t1 and t2: Furthermore, since
pðtÞ is the product of the input and the time rate of change of output of the relay, pðtÞ
can be interpreted as the generalized power of gabð�Þ and

R t2
t1

pðtÞdt as the generalized
energy transfer of gabð�Þ: Noting that negative energy transfer represents the energy
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recovered from gabð�Þ; we can define the stored, or available, energy of gabð�Þ as the
positive part of the value of

R t2
t1

pðtÞdt:
Using the above energy formalism, the concept of stored energy can be extended

to the Preisach dynamical model. Specifically, if xhðtÞAD; tX0; denotes the state of a
Preisach model shð�Þ; then the total generalized stored energy of shð�Þ is given by

VhðxhÞ92
Z Z

Q1-PþðtÞ
mða; bÞb da db� 2

Z Z
Q3-P�ðtÞ

mða;bÞa da db; ð15Þ

where

Q19fða;bÞ: a > 0;b > 0g-P; ð16Þ

Q39fða;bÞ: ao0; bo0g-P: ð17Þ

Note that if mða;bÞX0; then VhðxhÞX0 for all xhAD: The next result shows that the
Preisach dynamical system is dissipative with respect to the supply rate rðu; yÞ ¼ 2u ’y:
For this result and the reminder of the paper, we assume that m :R� R-R is
bounded, piecewise continuous, and mða;bÞX0 for aXb:

Theorem 3.2 (Gorbet et al. [24]). Let uð�Þ and yð�Þ denote the input and output,
respectively, to the Preisach dynamical model shð�Þ: Then there exists a continuous

nonnegative-definite function Vh :D-R such that

VhðxhðtÞÞpVhðxhðt0ÞÞ þ
Z t

t0

2uðsÞ ’yðsÞds; tXt0; ð18Þ

for all t0; tX0; where xhðtÞAD; tX0; is the state of the Preisach model.

An excellent exposition of the above passivity formalism of the Preisach model can
be found in Ref. [26]. The next result shows that the Preisach model attains a state of
minimum stored energy when uðtÞ ¼ 0 for a given time t:

Proposition 3.3 (Gorbet et al. [24]). Let uð�Þ; xhð�Þ; and Vh :D-R denote the input,
state, and stored energy, respectively, of the Preisach dynamical model shð�Þ: If uðtÞ ¼ 0
for a given time tX0; then VhðxhðtÞÞ ¼ 0; xhðtÞAD:

It follows from Proposition 3.3 that if xhðtÞADe at any given time t; then
VhðxhðtÞÞ ¼ 0; which implies DeDfxhAD :VhðxhÞ ¼ 0g: Now, suppose there exists a
neighborhood of the origin of the Preisach plane P such that mða;bÞ > 0; aXb: Then
every Preisach state sðt;xhð0Þ; uðtÞÞ with zero stored energy at a given time tX0 must
correspond to the case where uðtÞ ¼ 0; since if uðtÞa0; VhðxhðtÞÞa0 by Equation (15).
This implies that De+fxhAD :VhðxhÞ ¼ 0g: Hence, in the case where mða; bÞ > 0;
aXb; in a neighborhood of the origin of the Preisach plane, De ¼ fxhAD :VhðxhÞ ¼
0g which gives an alternative characterization of the set of all equilibria of the
Preisach model.
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4. Stability conditions for systems with input hystereses nonlinearities

In this section, we develop absolute stability criteria for feedback systems with
hystereses nonlinearities sh :Sm-Sm; where Sm9fuð�ÞAC1 :

R
N

�N
ðuTðtÞuðtÞ þ

’uTðtÞ ’uðtÞÞdtoNg denotes a real separable Sobolev space of m � 1 functions.
Specifically, given a finite dimensional dynamical system with state-space realization

GðsÞBmin
A B

C D

� �

we derive sufficient conditions that guarantee partial asymptotic stability;
that is, asymptotic stability with respect to part of the system states, of the
feedback interconnection involving the linear dynamical system GðsÞ and the
feedback multivariable, component decoupled hysteresis nonlinearity shð�ÞASh;
where

Sh9fsh :Sm-Sm : shðyðtÞÞ ¼ ½sh1 ðy1Þyshm
ðymÞ�Tg: ð19Þ

Here, shi
ð�Þ; iAf1;y;mg; denotes a Preisach-type hysteresis nonlinearity with

bounded, piecewise continuous, and nonnegative definite weighting function
miðai;biÞ such that aiXbi: Furthermore, we assume that miðai; biÞ > 0; aiXbi; in a
neighborhood of the origin of the Preisach plane D for each shi

ð�Þ: Note that this
additional assumption on miðai; biÞ ensures that shi

ð�Þ has a hysteretic effect for
arbitrarily small input changes, and hence hysteresis nonlinearities with local
memories such as stiction and backlash are excluded from the set Sh: However, since
Preisach models with the above additional assumption can capture most of the
hystereses nonlinearities arising in smart material actuators such as shape memory
alloys and piezoceramics [2,3], the class of hystereses nonlinearities Sh is quite
general.
Note that the negative feedback interconnection of GðsÞ and shð�Þ is given by

’xðtÞ ¼ AxðtÞ þ BuðtÞ; xð0Þ ¼ x0; tX0; ð20Þ

yðtÞ ¼ CxðtÞ þ DuðtÞ; ð21Þ

uðtÞ ¼ �shðyðtÞÞ; ð22Þ

where xARn; u; yARm; and sið�ÞASh: Furthermore, note that (see Fig. 5) the stability
of the closed-loop system (20)–(22) is equivalent to the stability of the negative
feedback interconnection of *GðsÞ and *shð�Þ; where

*GðsÞ9s�1GðsÞ; *shðyðtÞÞ9
d

dt
shðyðtÞÞ ¼

d

dt
sh1ðy1ðtÞÞ?

d

dt
shm

ðymðtÞÞ
� �T

: ð23Þ

Next, we provide an absolute stability result for the feedback system given by
Eqs. (20)–(22) where shð�ÞASh is a Preisach multivariable, component decoupled
hysteresis nonlinearity. For the statement of this result, define *x9½xT; x�h �

�ARn �D;
where ð Þ� denotes the adjoint operator on D; and let *sðt; *xÞ denote the trajectory of
the feedback system (20)–(22).
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Theorem 4.1. Let

GðsÞBmin
A B

C D

� �

be asymptotically stable, assume rank B ¼ m; suppose that every element of GðsÞ has at

least one zero at the origin, and assume s�1GðsÞ is strictly positive real. Then, there

exists a neighborhood of the origin D0DRn �D such that if *xð0ÞAD0; then all

equilibria of the feedback system (20)–(22) are semistable. Furthermore, xðtÞ-0 as

t-N:

Proof. First note that the stability of the negative feedback interconnection of GðsÞ
and shð�Þ is equivalent to the stability of the negative feedback interconnection of
*GðsÞ ¼ s�1GðsÞ and *shð�Þ: Now, since

s�1GðsÞB
A B

CA�1 0

� �

is strictly positive real and Gð0Þ ¼ 0; it follows from Theorem 2.2 that there exists
matrices P and L; with P positive definite, and a positive constant e such that Eqs. (7)
and (8) hold. Furthermore, since shð�ÞASh; it follows from Theorem 3.2 that *shð�Þ is
dissipative with respect to the supply rate yTðtÞ *uðtÞ; where *uðtÞ ¼ *shðyðtÞÞ: Hence,
there exists a continuous nonnegative-definite storage function Vh :D-R such that

VhðxhðtÞÞpVhðxhð0ÞÞ þ 2
Z t

0

yTðsÞ *uðsÞdt; tX0; ð24Þ

where xhðtÞAD; tX0; is the dynamic state of *shð�Þ: Next, since s�1GðsÞ is strictly
positive real, VpðxÞ9xTPx; where P > 0 satisfies Eqs. (7) and (8), is a candidate
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storage function for the dynamical system *GðsÞ with input *uðtÞ and output yðtÞ:
Hence,

’VpðxðtÞÞ ¼V 0
pðxðtÞÞ½AxðtÞ � B *uðtÞ�

¼ xTðATP þ PAÞxðtÞ � 2xTðtÞPB *uðtÞ

¼ � exTðtÞPxðtÞ � xTðtÞLTLxðtÞ � 2xTA�TCT *uðtÞ

p � exTðtÞPxðtÞ � 2yTðtÞ *uðtÞ; ð25Þ

or, equivalently,

VpðxðtÞÞpVpðxð0ÞÞ � e
Z t

0

xTðsÞPxðsÞds � 2
Z t

0

yTðsÞ *uðsÞdt; tX0: ð26Þ

Now, defining V ðx; xhÞ9VpðxÞ þ VhðxhÞ and adding Eqs. (24) and (26) yields

V ðxðtÞ;xhðtÞÞpV ðxð0Þ; xhð0ÞÞ � e
Z t

0

xTðsÞPxðsÞds; tX0: ð27Þ

Next, it follows from Theorem 2.1 that *xðtÞ-M ¼
S

gAR Mg as t-N; whereMg is
the largest invariant set contained in V�1ðgÞ: Now, for a given gAR; if *xð0ÞAMg; it
follows from Eq. (27) that

gpg� e
Z t

0

xTðsÞPxðsÞds; tX0; ð28Þ

which implies that xðtÞ ¼ 0 for all tX0: Since g is arbitrary, MCf *xðtÞ: xðtÞ 	 0g
and hence xðtÞ-0 as t-N: Next, since rank B ¼ m and xðtÞ-0 as t-N; it
follows that uðtÞ-0 and yðtÞ-0 as t-N: Furthermore, it follows from
Theorem 3.1, with uðtÞ replaced by yðtÞ; that there exists xheAD such that
limt-N sðt;xhð0Þ; yðtÞÞ ¼ xhe for all xhð0ÞAD: Now, since VhðxhÞ ¼ 0 if and only if
xhADe; it follows that V ðx;xhÞ defined above is a candidate Lyapunov function for
the closed-loop system (20)–(22). Thus, using Eq. (27), it follows that
V ðxðtÞ; xhðtÞÞpV ðxðtÞ;xhðtÞÞ; tXt; and hence Lyapunov stability of the feedback
system (20)–(22) follows from standard arguments. Furthermore, semistability of all
equilibria of the closed-loop system (20)–(22) follows from the fact that
limt-N sðt;xhð0Þ; yðtÞÞ ¼ xhe and limt-NxðtÞ ¼ 0: Finally, asymptotic stability of
the zero solution xðtÞ 	 0 is immediate. &

Remark 4.1. Note that if Vh :D-R is uniformly unbounded on NCD; that is,
given a > 0 there exists a compact set DcCN with DcaN such that V ðxhÞXa;
xheDc; then the results of Theorem 4.1 are global.

Remark 4.2. If we assume that shi
ð�Þ; i ¼ f1;y;mg; in Sh are such that

miðai;biÞ; aiXbi; are not positive definite in a neighborhood of the origin, then
Theorem 4.1 guarantees semistability of the invariant set fxhAD :VhðxhÞ ¼
0g,f0g+De,f0g:
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5. Static output feedback controllers with actuator hystereses nonlinearities

In this section, we introduce a feedback stabilization problem involving input
hystereses nonlinearities (see Fig. 6). The goal of this problem is to determine a static
output feedback controller that stabilizes a given linear dynamical system with
hysteretic actuator nonlinearities shð�ÞASh:
Output feedback stabilization problem. Given the nth-order controllable and

observable plant

’xðtÞ ¼ AxðtÞ � BshðuðtÞÞ; xð0Þ ¼ x0; tX0; ð29Þ

yðtÞ ¼ CxðtÞ � DshðuðtÞÞ; ð30Þ

where xARn; uARm; yARl ; and shð�ÞASh; determine an output feedback controller

uðtÞ ¼ KyðtÞ; ð31Þ

where KARm�l ; that satisfies the following design criteria:

(i) the closed-loop system (29)–(31) is semistable; and
(ii) xðtÞ-0 as t-N:

Theorem 5.1. Consider the feedback system given by Eqs. (29)–(31). Let

GðsÞBmin
A B

C D

� �

be asymptotically stable, assume rank B ¼ m; and suppose that every element of GðsÞ
has at least one zero at the origin. Furthermore, assume that there exist matrices

PARn�n; EARp�n; and KARm�l ; with P positive definite, and a positive constant e such

that

0 ¼ ATP þ PA þ eP þ ETE; ð32Þ

0 ¼ BTP � KCA�1: ð33Þ

Then there exists a neighborhood of the origin D0DRn �D such that if *xð0ÞAD0;
then all equilibria of the closed-loop system (29)–(31) are semistable and xðtÞ-0
as t-N:
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Proof. The result is a direct consequence of Theorem 4.1 by noting that the stability
of the closed-loop system (29)–(31) is equivalent to the stability of the negative
feedback interconnection of

s�1KGðsÞBmin
A B

KCA�1 0

� �

and d
dt
shð�Þ: &

Remark 5.1. It is important to emphasize that Theorem 5.1 provides output
feedback controllers for open-loop asymptotically stable systems with input
hysteresis nonlinearities. Relevant applications include, for example, damped flexible
structures controlled by adaptive smart actuator materials exhibiting significant
hysteresis.

Note that the controller gain K and the positive definite matrix P in Theorem 5.1
can be computed by considering the set of linear matrix inequalities (LMIs)

P > 0; ð34Þ

ATP þ PA ET

E �In

" #
o0; ð35Þ

dIm BTPA � KC

ðBTPA � KCÞT In

" #
X0; ð36Þ

where dX0: Specifically, it can easily be shown using Schur compliments that if there
exists P; E; and K satisfying the above set of LMIs with d ¼ 0; then P and K

satisfying Eqs. (34)–(36) also satisfy Eqs. (32) and (33). Hence, a static output
feedback controller can be obtained by considering a minimization problem on d
subject to the LMIs (34)–(36).

6. Illustrative numerical example

In this section, we provide a numerical example to demonstrate the proposed
control framework. Specifically, we consider an asymptotically stable linear
dynamical system given by Eqs. (29) and (30), where

A ¼
�10 �10

1 0

" #
; B ¼ I2; C ¼

0 1

5 0

" #
; D ¼

�0:1 �1

0 5

" #
;

with a multivariable hysteresis nonlinearity shð�Þ ¼ ½sh1 ð�Þsh2 ð�Þ�
TASh: Note that

�CA�1B þD ¼ 0 and hence Gð0Þ ¼ 0: Here, we assume uniform weighting functions
miðai;biÞ ¼ 0:03 for all ai; bi; iAf1; 2g: The input–output Lissajous map of each
element of shð�Þ is shown in Fig. 7.
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Using Theorem 5.1, a static output feedback controller uðtÞ ¼ KyðtÞ was designed
for E ¼ B by minimizing d subject to the LMIs (34)–(36). The minimum d achieved
was 2:47� 10�15 indicating that

P ¼
0:055 0:05

0:05 1:05

" #
; K ¼

�0:55 �0:1

�0:5 0:11

" #
;

satisfying Eqs. (34)–(36) also satisfy (32) and(33). Fig. 8 compares the output and
plant state response with the hysteresis controller designed using Theorem 5.1 and an
H2-optimal static output feedback controller [27] for an initial condition xð0Þ ¼
½0:4 0:3�T: This comparison illustrates that the H2-optimal controller drives the
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controlled plant states to a nonzero equilibrium while the proposed hysteresis
controller guarantees partial asymptotic stability of the closed-loop system.

7. Conclusion

A static output feedback controller analysis and synthesis framework for linear
systems with hystereses input nonlinearities was developed. Specifically, by
transforming the hystereses nonlinearities into dissipative input–output dynamical
operators, dissipativity theory was used to analyze and design linear controllers for
systems with hysteretic actuators. The feedback controller guarantees asymptotic
stability of the plant states and semistability of the closed-loop system. Finally, a
numerical example was presented to demonstrate the effectiveness of the proposed
hysteresis control approach.
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