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Abstract

In this paper we use the parameter-dependent Lyapunov function framework developed by
Haddad and Bernstein to address the problem of robust stabilization for systems with paramet-
ric uncertainty and system delay. The principal result involves the construction of a modified
Riccati equation for characterizing a memoryless (delay-independent) feedback controller that
guarantees robust stability in the face of parametric uncertainty and time delay. © 1999 The
Franklin Institute. Published by Elsevier Science Ltd.
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Notation

R, R"** R" real numbers, r x s real matrices, R" !

OO transpose, inverse

I, r x r identity matrix

S", N, P" r X r symmetric, nonnegative-definite, positive-definite
matrices

Z,<Zy,Z,<Zy Zy—Z,eN',Z,—Z,eP:Z,,7Z,€S"

n, m, mo positive integers

X, U n-, m-dimensional vectors

A, AA; B n X n; n X m matrices
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Ag, Ay n X n matrices
K m X n matrix
R{,R, n X n, m X m matrices

1. Introduction

A fundamental problem in control engineering is the design of feedback controllers
that are insensitive to errors in the control design model. To account for parametric
uncertainty in the system dynamics, robust control design methodologies predicated
on quadratic stabilizability have been developed in the literature [1,2]. However,
since quadratic stabilizability is equivalent to the existence of a single quadratic
Lyapunov function for guaranteeing robust stability for a class of real matrix per-
turbations and since the existence of a single Lyapunov function for each such
perturbation is equivalent to a small gain condition, the resulting feedback controllers
can be overly conservative for real parameter uncertainty. In a recent series of papers
[3—5] a parameter-dependent Lyapunov function framework was developed to ad-
dress the problem of constant real parameter uncertainty for robust controller
synthesis. For robust stability, the form of the parameterized Lyapunov function is
critical because the presence of the uncertainty within the Lyapunov function does not
allow the uncertain parameters to be arbitrarily time-varying, which renders it less
conservative for constant real parameter uncertainty than a fixed quadratic Lyapunov
function.

In many applications of feedback control time delays arise frequently in practice.
The presence of time delays in a system can severely degrade the closed-loop system
performance and can drive the system to instability. Hence, as in the case of system
uncertainty, it is of paramount importance that the presence of time delays be
accounted for in the control design process. In [6, 7] the quadratic stabilization
technique was extended to design robust memoryless (delay-independent) feedback
controllers for systems with uncertain time delays. The results of [6, 7] were further
extended in [8§—10] to design robust controllers for systems with uncertain parameter
variations and time delays. However, the framework of [8—10] is based on a fixed
quadratic Lyapunov function which, as mentioned above, can be conservative for
systems with constant real parameter uncertainty.

In this paper we unify the memoryless stabilization technique of [6, 7] for systems
with time delays and the parameter-dependent Lyapunov function approach of [3-5]
for systems with constant real parameter uncertainty to develop robust full-state
feedback controllers guaranteeing robust stability in the face of parametric system
uncertainty and system delay.

2. Robust stabilization of systems with parametric uncertainty and time delay

In this section we introduce the robust stabilization problem for systems with
constant parameter uncertainty and system state delay. This problem involves a set
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U < R™"x R"™" of uncertain perturbations (A4, AAy) of nominal system matrices
A and A,, respectively. Specifically, given the nth-order dynamical system

X(t) = (A + AA)X() + (Ag + AAYx(t — ta) + Bu(t), te[0, ), 14> 0,

x(t) = @), te[—74,0], x(0)=(0) = xo, (1)

where x(t) € R", u(t) e R™, and ¢:[ —14, 0] » R" is a continuous vector valued func-
tion specifying the initial state of the system, determine a full-state feedback controller

u(t) = Kx(?), (2)

such that the closed-loop system (1), (2) is asymptotically stable for all (A4, AAy) € U
and 74 > 0. The uncertainty set % is defined by

OZ/ é {(AA, AAd)AA = B()FCO, AAd = BdFCd, F € 37}, (3)
where Z satisfies

F A (FeS™M, <F<M,},

and where By, Bg € R"*™, Cq, C4 € R™*", are fixed matrices denoting the structure of
the uncertainty, F € S™*™ is an uncertain symmetric matrix, M, M, € S™*™ are
given symmetric matrices such that M & M, — M, € P™*™, Thus, for each uncertain
variation (AA, AAy) € %, the closed-loop system (1), (2) can be written as

X(1) = (A + BK + AA)x(1) + (Aq + Adg)x(t — ta), t€[0,00), 74>0, (4)
or, equivalently,
X(1) = (A + BoFCo)x(t) + (Ag + BaFCox(t — 7g), 1 €[0,0), 74> 0, (5)

where FAF — M,, A=A+ BK, and A 2 A + B,M,C,.
Next, define the set .4~ of compatible scaling matrices N by

N E(NeR"™:N(F—-M;)=(F—-M,)N>0,Fe 7}. (6)

As noted in [3, 5, 11] the condition that NY(F — M) = (F — M,)N, F € #, allows
for nondiagonal real uncertain blocks F while accounting for structure in the uncer-
tainty.

The next result provides a sufficient condition for the robust stability of Eq. (1) for
all (A4, AAy) €% and 74 > 0. For the statement of next result let o > 0 be a given
scalar and define the notation

Ro 2 [M™!' — NCoBy — 20" 2NCy(A4AL + B4R, B)CIN™]
+[M ™' = NCyBo — 20~ 2NCy(A4AL + B4R B)CINTT",

where R, is an n X n nonnegative-definite matrix.
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Theorem 2.1. Let K be given, let o > 0, and let R,, ﬁz e N™ be such that FC,CYF < R,
and F* <R, for all Fe F. Assume N € A" and Ry > 0. Furthermore, assume there
exists an n X n positive definite matrix P such that

0=A"P + PA + o?I, + 20 2P(A44} + A4CiC4A} + B4R, Bl + B4R,BY) P
+(Co + NCoA + BIP)'R; 1(Co + NCoA + BP) + R, (7)

where R is an n x n positive definite matrix. Then, the function

V(x)=x"[P+ C4(F — M;)NCo]x + o* f x"(s)x(s)ds, (8)

t—1,

is a Lyapunov function that guarantees that the uncertain closed-loop system (1), (2)
(or, equivalently Eq. (4)) is asymptotically stable for all (A4, Ady) € % and 74 > 0.

Proof. In order to prove the asymptotic stability of Eq. (5) for all (A4, A4y € %,
consider the Lyapunov function candidate given by Eq. (8). Since P is positive definite
and N e ./, it follows that V' (x) defined by Eq. (8) is positive definite for all nonzero x.
The corresponding Lyapunov derivative along the trajectories x(t), t = 0, of the
closed-loop system (4) is given by

V(x(t) = X"(t)[P + CSFNC,]x(t) + x"())[P + CSFNCo]%(t)

+o? % [ﬁ x'(s)x(s) ds} t>0, o

or, using Eq. (5) and

% |:Jt xT(S)X(S) ds:| = XT(t)x(t) _ xT(t 2 x(t — 1),

Eq. (9) becomes
V(x(t) = x"O[[ATP + PA + o?I,] + CSF[BYP + NCoA] + [BSP + NCo A"
x FCy + CSF[NCyBo 4+ (NCoBo)"1FCo1x(t) + 2x™(t — 14)
X (Ag + BaFCy)"(P 4+ CENTFCo)x(1) — a®x"(t — tq)x(t — 15), ¢ = 0.
(10)

Next, noting that My < F < M, for all F € # is equivalent to FM~'F < F, for all
F e # [11], adding and subtracting

2XT(0)CS[FM ™ 'F — F]1Cox (1),

o0 2xT(t)(P 4+ CINTEFCo)(Agq + BaFCq)(Ag + BiFCy) (P + CSENCo)x(1),



V. Kapila, W.M. Haddad | Journal of the Franklin Institute 336 (1999) 473—480 477
to and from Eq. (10), respectively, and grouping terms yield
V(x(t)) = x"O[[ATP + PA + «*I,] + CYF(Co + NCoA + BYP)
+(Co + NCoA + BEP)'FCy — CSF[(M ™' — NC,Bo)
+ (M~ — NCoBo)"1FCyx(t) + 2x"(t) CS[FM ~'F — F]Cox(1)
—p"p 4+ 0 2T (t)(P + CENTFCo)(Ag + ByFCy)
X (Ag + BaFCy)'(P + CYENCo)x(t), t=0, (11)

where p 2 [0~ ' (Aq + BaFCy)"(P + CSFNCo)x(t) — ax(t — 14)]. Now expanding the
last term in Eq. (11), adding and subtracting

o 2xT(t)P(Aq + B4FCy)(Agq + B4FCy)"Px(t),
0 2xXT() CENTECo(Aq + BaFCy)(Ag + BiFC)"CSFN Cox (1),
to and from Eq. (11), and grouping terms yield
V(x(t) = x"()[[A "P + PA + «*1,] + CSF(Coy + NCoA + BYP)
+(Co + NCoA + BSP)'FCy — CSF[(M ™' — NCyB,)
+ (M ™' — NCoBo)"1FCy1x(t) + 2xT (1) CS[FM ~'F — F]Cox (1)
—p"p — ¢"q + 207 2x"(t) P[Aq AL + B4FC4AL + A4CYFB]
+ ByFC,CEFBYIPx(t) 4 207 2XT () CONTFCo[ AgAY + BaFCyAY
+ A4CYFBY + BiFC4CEFBI)CIFNCox(1), t=0, (12)
where ¢ 2 o~ (Ayq + BaFCy)"(P — CSFNCo)x(1). Next, adding and subtracting
20 2x(t)P[AqCICyAY + B4F?BL]Px(t),
20 2x(t) CENTFCo[ Ag AL + ByFC,CIFBY1CIENCox(t),

to and from Eq. (12) and using the fact that FC;C3F < R, and F?> < R, forall F € 7 it
follows that

V(x(t)) = x"(O)[[A "P + PA + &I, + 20~ *P(A4A + A4CIC4AY
+ B4R,B} + B4R,B}] + CYF(Cy + NCoA + BYP)
+(Co + NCoA + BEP)'FCy — CSFRoFCy]x(1)

+ 2xT(O)CS[FM ~'F — F1Cox(t) — p"p — ¢"q — 2r"r — 25"s, >0,
(13)
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where 2 o '[C,ASP — FBIP]x(t) and s £ (Aq — B4FCy)"CONTFCox(1). Now,
using Eq. (7)

Vx(t) = —x" ()[R + 2" z]x(t) — p"p — ¢"q + 2x" () CS[FM ~'F — F]Cox(?),
=0, (14)

where z 2 Ry Y*(Cy + NCoA + BLP) — RY?FC,. Since R is positive definite and
F e 7 it follows that V(x(t)) < 0, x(t) # 0, t > 0, and hence the uncertain closed-loop
system (5) is asymptotically stable for all (A4, Ady) € % and 74 > 0. [

Remark 2.1. Note that the Lyapunov function V(x) given by Eq. (8) is explicitly
dependent on the uncertain parameters F. In the terminology of [3,5] this is
a parameter-dependent Lyapunov function. Since the parameter-dependent
Lyapunov function V (x) explicitly depends on the uncertain parameters F, its ability
to guarantee robust stability with respect to time-varying parameter variations is
curtailed, thus reducing conservatism with respect to constant real parameter uncer-
tainty. Specifically, if F were permitted to be time-varying then the terms involving
F(t), t > 0, would potentially subvert the negative definiteness of V(x).

3. Sufficient conditions for robust stabilization of uncertain systems with time delay

In this section we present the main theorem characterizing full-state feedback
controllers for systems with constant real parameter uncertainty and time delay given
by Eq. (1). Specifically, using a constructive procedure, a state feedback gain K is
obtained that solves the robust stabilization problem for uncertain time delay systems.
For the statement of this result let Ry and R, be nxn and m x m positive definite
matrices, respectively, and for notational convenience define

C2Cy+NCyA, Ap2 A+ ByR;'C,
P,2 B'P + B"CIN"R; '(BEP + €), Ry, 2 R, + B'CIN"R; 'NC, B,

for arbitrary P € R"*".
Theorem 3.1. Let o > 0. Assume Ne A", Ry >0, and let R,, R, e N" be such that

FC,CYF <R, and F? <R, for all F € . Furthermore, suppose there exists an nx n
positive definite matrix P satisfying

0=ApP + PAp + Ry + o*1, + CTRy ' C + [207 2P(A4AL + A4CEC4AY
+ B4R,B} + B4R,BY)P + PByR, 'B4P] — PIR;,'P, (15)
and let K be given by
K = —R3,'P,. (16)

Then the closed-loop system (1), (2) is asymptotically stable for all (A4, AA44) € % and
Tg > O
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Proof. With K given by Eq. (16), it follows that Eq. (15) is equivalent to
0=A"P + PA + oI, + 20 2P(A4A} + A4CEYC4AY + B4R, Bl + B4R,BY)P
+[Co + NCoA + BSP]'Ry [Co + NCoA + BLP] + Ry + K'R,K.

It now follows from Theorem 2.1 that the closed-loop system (1), (2) is asymptotically
stable for all (A4, AA4) €% and 14 > 0. [

Remark 3.1. Note that setting N = 0and —M; = M, =y~ 'I, where y > 0, Theorem
3.1 specializes to Theorem 1 of [8] for constant delay and time-varying uncertainty.

Remark 3.2. Theorem 3.1 presents sufficient conditions for designing robust full-state
feedback controllers for time delay systems with constant real parameter uncertainty.
Using the fixed-structure controller synthesis framework developed in [5] these
results can be readily extended to fixed-order (i.e., full- and reduced-order) dynamic
compensation.

4. Illustrative numerical example

In this section we present an illustrative numerical example to demonstrate the
proposed robust stabilization approach for uncertain time delay systems. The design
equation (15) was solved using a homotopy continuation algorithm. Specifically, we
parameterize Eq (15) as

0=AFP;y 1+ Pii1Ap+ Ry + oI, + C"Ro ' C + A[20 2P,(A4AY + A4CIC AL
+ B4R By + B4R,By)P; + P.BoR; 'ByP;] — P,

vy

R3'P,.,, (17)
where
P, 2 B'Piy; + B'"CEN'Rg '(ByPiv 1 + O),

and 4 € [0, 1]. The algorithm is initialized with A = 0 and solves for P;,; with small
increments in A until 4 = 1. Next, with 1 = 1, we iteratively solve for P;, . Alterna-
tively, by identifying the terms within the square brackets as H_ -type terms, Eq. (15)
can also be solved as a modified H,, Riccati equation with a cross weighting term

[12].

Example 4.1. Consider the uncertain delay dynamical system (1) with problem data

01 1 —025 —0.13 1
4 =[ 1 —1.5]’ Ao = [—0.475 —0.25} b= [0}'

Note that the nominal plant dynamics A4 is unstable. We consider +20% uncertainty
in the (2, 2) element of the system dynamics matrix 4 and no uncertainty in 44. Using
the uncertainty structure given by Eq. (3), the uncertain system matrices are given by
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AA = ByfCy and AAy = B4fC,, where Bf = C,=1[0 1], BY = C4=1[0 0], and
—0.3 <f<0.3. In this case, M; = —0.3 and M, = 0.3. Next, choosing the design
variables Ry = 1I,, R, =1, « =2, and N = 1 and using the homotopy continuation
algorithm outlined above a positive definite solution to Eq. (15) is given by

_ [49746 23264
123264 24991 |

and

K=[—-49746 —2.3264].

5. Conclusion

The parameter-dependent Lyapunov function framework used to address the
problem of robust stabilization for constant real parameter uncertainty [3—5] was
merged with the delay stabilization framework [6, 7] to develop full-state feedback
controllers guaranteeing robust stability in the face of parameter uncertainty and time
delay.
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