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Abstract

In this paper we develop a unified framework to address the problem of optimal nonlinear robust control for linear
uncertain systems. Specifically, we transform a given robust control problem into an optimal control problem by properly
modifying the cost functional to account for the system uncertainty. As a consequence, the resulting solution to the modified
optimal control problem guarantees robust stability and performance for a class of nonlinear uncertain systems. The overall
framework generalizes the classical Hamilton—Jacobi—Bellman conditions to address the design of robust nonlinear optimal
controllers for uncertain linear systems. (©) 1998 Elsevier Science B.V. All rights reserved.
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1. Introduction

Unavoidable discrepancies between system models and real-world systems can result in degradation of
control-system performance including instability [8,24]. Ideally, feedback control systems should be designed
to be robust with respect to system uncertainties. In designing robust controllers there are two principal
issues, namely, stability robustness and performance robustness. Stability robustness addresses the problem of
guaranteeing stability of the closed-loop system for plant perturbations within a specified class of uncertainties.
In addition to guaranteeing robust stability, it is often desirable to minimize the worst-case performance
degradation within a given robust stability range.

One approach to robust control design involves modeling system uncertainty by means of the H,, norm and
then using H, theory to guarantee robust stability and robust performance. In this case it is well known that
nonlinear controllers offer no advantage over linear controllers [1, 15, 19]. However, these results are restricted
to unstructured uncertainty [10, 15, 19], H,, performance [16], and quadratic stability [17]. In the case of
structured parametric uncertainty with nonquadratic performance criteria nonlinear controllers can yield better
robust performance than linear controllers. In fact it is not unreasonable to conjecture that the best controller
that solves the robust, linear-quadratic problem with structured parametric uncertainty is a nonlinear controller.
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In a recent paper by Bernstein [3] the current status of nominal (completely accurate) nonlinear-nonquadratic
problems was presented in a simplified and tutorial manner. The basic underlying ideas of the results in [3]
are based on the fact that the steady-state solution of the Hamilton—Jacobi—Bellman equation is a Lyapunov
function for the nominal nonlinear system thus guaranteeing both optimality and stability [14]. In this pa-
per we extend the framework developed in [3] to address the problem of optimal nonlinear robust control.
Specifically, we transform a robust nonlinear control problem into an optimal control problem. This is ac-
complished by properly modifying the cost functional to account for system uncertainty so that the solution
of the modified optimal nonlinear control problem serves as the solution to the robust control problem. The
present framework generalizes the linear guaranteed cost control approach for addressing robust stability and
performance [4, 6, 7, 18, 20] to linear uncertain systems controlled via nonlinear controllers.

The main contribution of this paper is a methodology for designing nonlinear controllers which provide both
robust stability and robust performance over a prescribed range of system uncertainty. The present framework
extends the guaranteed cost linear control approach for linear uncertain systems [6, 7] to nonlinear control
by utilizing a performance bound to provide robust performance in addition to robust stability. In particular,
the performance bound can be evaluated in closed form as long as the nonlinear-nonquadratic cost functional
considered is related in a specific way to an underlying Lyapunov function that guarantees robust stability
over a prescribed uncertainty set. This Lyapunov function is shown to be the solution to the steady-state
form of the Hamilton—Jacobi—Bellman equation for the nominal system and plays a key role in constructing
the optimal nonlinear robust control law. Hence the overall framework provides for a generalization of the
Hamilton—Jacobi-Bellman conditions for addressing the design of robust nonlinear optimal controllers for
linear uncertain systems.

A key feature of the present framework is that since the necessary Hamilton—Jacobi—Bellman optimality
conditions are obtained for a nonlinear-nonquadratic performance functional, globally optimal controllers are
guaranteed to provide both robust stability and performance. Of course, since our approach allows us to con-
struct globally optimal controllers that minimize a given Hamiltonian, the resulting robust nonlinear controllers
provide the best worst-case performance over the robust stability range.

We emphasize that our controllers are predicated on an inverse optimal robust control problem [9]. In
particular, to avoid the complexity in solving the steady-state robustified Hamilton—Jacobi—Bellman equation we
do not attempt to minimize a given cost functional over a prescribed range of system parametric uncertainty, but
rather, we parameterize a family of robustly stabilizing controllers that minimize some derived cost functional
that provides flexibility in specifying the robust control law. The performance integrand is shown to explicitly
depend on the solution to a set of unidirectionally coupled Riccati/Lyapunov equations that characterize the
robustly stabilizing controller. Hence, by varying the free parameters in the Riccati/Lyapunov equations the
proposed framework can be used to characterize a class of globally robustly stabilizing controllers that can meet
closed-loop system response requirements over a prescribed range of system parametric uncertainty. Finally,
the results presented in this paper can be viewed as extending the nonlinear disturbance rejection control
problem using Hamilton—Jacobi—Isaacs equations [12, 13, 21, 22] to nonlinear robust control for systems with
parametric uncertainty.

In this paper we use the following standard notation. Let R denote real numbers and let R"*™ denote
real n X m matrices. Let N"*" (P"*") denote n X n nonnegative (positive) definite matrices. Furthermore,
A>0 (4>0) denotes the fact that the Hermitian matrix 4 is nonnegative (positive) definite and 4 >B (4> B)
denotes the fact that 4 — B>0 (4 — B>0).

2. Robust optimal control for nonlinear uncertain systems

In this section we consider a control problem involving a notion of optimality with respect to an auxiliary
cost which guarantees a bound on the worst-case value of a nonlinear-nonquadratic cost criterion over a
prescribed uncertainty set. The optimal robust feedback controllers provide a transparent generalization of
the Hamilton—Jacobi—Bellman conditions for time-invariant, infinite horizon problems for addressing robust
nonlinear feedback controllers for nonlinear systems. To address the robust optimal control problem let Z C R”
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be an open set and let 4 C R”, where 0 € Z and 0 € . Furthermore, let E?':;C {f:9x%—R" £(0,0)=0}
denote the class of uncertain closed-loop nonlinear systems with fy(-,-) €. % defining the nominal nonlinear
system. Next, consider the controlled uncertain system

(1) = f(x(0),u(t)),  x(0)=x, >0, (1)

where f(-,-) € % and the control u(-) is restricted to the class of admissible controls consisting of measurable
functions u(-) such that u(t) €% for all +>0 where the control constraint set % C % is given. We assume
0 €. A measurable mapping ¢ : & — % satisfying ¢(0)=0 is called a control law. If u(¢) = ¢(x(¢)), where
¢(-) is a control law and x(z) satisfies (1), then u(-) is called a feedback control. Given a control law ¢(-)
and a feedback control u(t)= ¢(x(2)), the closed-loop system has the form

(1) = f(x(0), p(x(1))),  x(0)=x0, 1=0, (2)

for all f(-,-)€ .. We assume that the mapping ¢: % — % satisfies sufficient regularity conditions such that
Eq. (2) has a unique solution forward in time. Specifically, we assume that f (.-)eZ is smooth (C>
mapping) and Lipschitz defined in a neighborhood of the origin in & x €.

Next we present an extension of Theorem 4.1 of [3] for characterizing robust feedback controllers that
guarantee robust stability over a class of nonlinear uncertain systems and minimize an auxiliary performance
functional. For the statement of this result let : % x % — R and define the set of asymptotically stabilizing
controllers for the nominal nonlinear system f;(~, -) by

F(x0) 2 {u(-): u(-) is admissible and
x(+) given by Eq. (1) satisfies x(£)— 0 as t — oo with f(-,-)= f,(-,-)}.

Theorem 2.1. Consider the controlled system (1) with performance functional

Tyoan 2 [ L6 i 3)

where f(-,-)€ % and u(-) is an admissible control. Assume there exist functions V:7 —R, I': 9 x U — R,
and control law ¢ : D — U where V(-) is a C' function such that

V(0) =0, (4)
V(x) >0, x€2, x#0, (5)
$(0) =0, (6)
V') f(x, ) <V () folx, p() + (v, p(x)), x€2, f(-,)€F, (7)
V() folx p()) + F(x, p(x)) <0, x€Z, x#0, (8)
H(x,¢(x))=0, x€9, 9)
H(x,u)=>0, x€2, uc, (10)

where f:)(-, e F defines the nominal system and
H(x,u) 2 Lx,u) + V'(x) fy(x,u) + T(x, u0). (11)

Then, with the feedback control u(-)= ¢(x(-)), there exists a neighborhood 2y C < of the origin such that
if xo € %y, the solution x(t)=0, t =0, of the closed-loop system (2) is locally asymptotically stable for all

f(,) €ZF. Furthermore,

sup TG0, p(-0) <5 (ko () = V (o), (12)

fes
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where

S (xo,u(-)) & /O [L(x(2), u(t)) + T'(x(2),u(t))] dt, (13)
and where u(-) is admissible and x(t), t =0, solves Eq. (1) with f(x(t),u(t)):ﬁ)(x(t), u(t)). In addition, if
x0 € Dy then the feedback control u(-)= ¢(x(-)) minimizes §(xo,u(-)) in the sense that

S G0, p(x(-)) = min S o,u(-)). (14)
Finally, if 2=R", % =R", and

V(x)—o0o as ||x|| — oo, (15)

then the solution x(t)=0, t=0, of Eq. (2) is globally asymptotically stable for all f(-,-)e 7.

Proof. Let f(-,-)€ %, u(-)=$(x(+)), and x(¢), t >0, satisfy Eq. (2). Then

. d N

V(x(1) & g,/ x(0)= VI(x(0)) £ (x(2), p(x(1))),  t=0. (16)
Hence it follows from Egs. (7) and (8) that

V(x(t)) <0, =0, x(t)#0. (17)

Thus, from Egs. (4), (5), and (17) it follows that V'(-) is a Lyapunov function [26] for Eq. (2), which proves
local asymptotic stability of the solution x(¢)=0, =0, for all f(-,-)€ %. Consequently, x(¢) — 0 as t — oo
for all initial conditions xy € &y for some neighborhood of the origin ¥y C &. Now Eq. (16) implies that

0=—V(x(t) + V' (x(1)) S (x(1), p(x(1))), >0,
and hence, using Egs. (7) and (9),
Lx(), p(x(1))) = =V (x(1)) + L(x(2), p(x(1))) + V' (x(1)) S (x(1), p(x(1)))
< =V (1)) + L(x(0), pe(1))) + V' (x(0)) fox(0), p(x(1))) + F(x(0), p(x(1)))
= —V(x(1)).

Now, integrating over [0,¢) yields
/0 L(x(s), p(x(s))) ds < — V(x(2)) + V(xo).

Letting ¢ — oo and noting that V' (x(¢)) — 0 for all xy € & yields jf(xo, d(x(-))) < V(xp). Next let x(¢), t=0,
satisfy Eq. (2) with f(x(¢))= fo(x(¢)). Then it follows from Eq. (9) that
L(x(t), p(x(2))) + T (x(0), p(x(2))) = =V (x(1)) + L(x(2), p(x(1)))
+ V' (x(0)) fo(x(2), p(x(1))) + T (x(2), p(x(2)))
= —V(x(1)).

Integrating over [0,¢) yields
/0 [L(x(s), $(x(5))) + L(x(s), p(x(s))]ds = =V (x(2)) + V (x0)-

Now letting 7 — oo yields I (x0, p(x(-))) =V (x0). Next, let u(-) € #(xo) and let x(-) be the solution of Eq. (1)
with f(-,-)= f,(-,-). Then it follows that

0=~V (x(t)) + V' (x(t)) fo(x(t), u(?)).
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Hence

L(x(0),u(1)) + F(x(0), u(2)) = =V (x(2)) + Lx(0), u(0)) + V' (x(0)) foe(0), u(t)) + T(xe(2), u(t))
= —V(x(t)) + H(x(1), u(t)).
Now using Egs. (11) and (13) and the fact that u(-) € S(xp), it follows that

S (xo,u(-)) = /0 [V (x(2)) + H(x(1), u(1))] dt

= — lim V(x(¢))+ V(xo) + /OO H(x(t),u(t))dt
t— o0 0

V(xo) + / h H(x(t),u(t)) dt
0

> V(x0) = J (x0, $(x())),
which yields Eq. (14). Finally, global asymptotic stability follows as a direct consequence of the radial
unboundedness condition (15). [

Remark 2.1. Note that conditions (4)—(6) assure that V'(x) is a Lyapunov function candidate for the closed-
loop system (2). Conditions (7) and (8) imply that ¥ (x(¢))<0 for x(-) satisfying Eq. (2) for all f(-,-)e %
and hence V'(-) is a Lyapunov function guaranteeing robust stability of the closed-loop system (2). It is
important to note that condition (8) is a verifiable condition since it is independent of the uncertain system
parameters f~ (-,-)€.Z. To apply Theorem 2.1 we specify a bounding function I'(-,-) for an uncertainty set %
such that I'(-,-) bounds % (see Propositions 3.1 and 3.2). Finally, conditions (9) and (10) correspond to the
steady-state Hamilton—Jacobi—Bellman conditions for the nominal nonlinear system f;(-, -) with the auxiliary

cost ¢ (xo,u(-)).

Remark 2.2. If % consists of only the nomipal nonlinear closed-loop system f:)( .,+), then I'(x,u)=0 for all
x €% and uc % satisfies Eq. (7) and hence J (xo, u(-)) = #(xo,u(-)). In this case Theorem 2.1 specializes to
Theorem 4.1 of [3].

Next, we specialize Theorem 2.1 to linear uncertain systems and provide connections to the quadratic
Lyapunov bounding synthesis framework developed in [4, 6]. Specifically, in this case we consider % to be
the set of uncertain linear systems given by {(4+ A4d)x+ Bu: x e R", A€ R"™", BER"™™, A4 € A}, where
A C R™" is a given bounded uncertainty set of the uncertain perturbation A4 of the nominal system 4 such
that 0 € 4. In this section no explicit structure is assumed for the elements of A. In Section 3 the structure of
variations in 4 will be specified. Even though uncertainty in both 4 and B can be considered, for simplicity
of exposition we assume AB=0. The case AB # 0 is treated in [11]. For the following result let Ry € P"*"
and R, € P"™*™ be given and define S £ BR;IBT.

Corollary 2.1. Consider the linear uncertain system
X(t)=(A4+ AAd)x(t) + Bu(t), x(0)=xp, t=0, (18)
with performance functional

TaaGro,u(-)) 2 /0 [ (OR() + " (ORou(0)] di, (19)

where u(-) is admissible and AA € A. Furthermore, assume there exist P € P"*" and Q:P"*" — N"*" such
that

AATP + PAASQ(P), AA€A, (20)
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and
0=A"P + PA+ R, + Q(P) — PSP. (21)

Then the linear uncertain system given by Eq. (18) is globally asymptotically stable for all xy € R" and
AA € A, with the feedback control u= ¢(x) 2 —R;lBTPx, and

sup Jaa(x0, $(x(-))) < F (X0, p(x(-))) = x¢ Pxo, (22)
AdEA
where
S (xo,u(-)) & / [xT(O(R1 + Q(P))x(t) + u' (1)Ryu(1)] dt, (23)
0
and where u(-) is admissible and x(t), t =0, solves Eq. (18) with AA=0. Furthermore,
S (o, p(x(-)) = min 7 (xo,u()), (24)

where S (xg) is the set of asymptotically stabilizing controllers for the nominal system and xy € R".

Proof. The result is a direct consequence of Theorem 2.1 with Z=R", % =R", f(x,u)=(4+ AA)x + Bu,
Jfolx,u)=Ax + Bu, L(x,u)=x"Rix + u'Ryu, V(x)=x"Px, and I'(x,u)=x"Q(P)x. [

Remark 2.3. The optimal robust feedback control law ¢(x) in Corollary 2.1 is derived using the properties of
H(x,u) as defined in Theorem 2.1. Specifically, since H(x,u)=x"(4TP+PA+R; +Q(P))x+u"Ryu+2x"PBu
it follows that 0> H/du?> = R, >0. Now, 0H/0u =2R,u+2BTPx =0 gives the unique global minimum of H (x, u)
for all A4 € A. Hence, since ¢(x) minimizes H(x,u) for all A4 € 4 it follows that ¢(x) satisfies 0H/0u=0
or, equivalently, ¢(x)=—R; 'BTPx. Similar remarks hold for the nonlinear robust controllers developed in
Section 3.

3. Robust nonlinear controllers for uncertain linear systems with polynomial performance criteria

In this section we specialize the results of Section 2 to uncertain linear systems controlled by nonlinear
controllers that minimize a polynomial cost functional. Specifically, assume % to be the set of uncertain
systems given by {(4+AAd)x+Bu: xeR", 4 € R"™", B€ R"™™, A4 € A}, where 4 C R"*" is a given bounded
uncertainty set of the uncertain perturbation A4 of the nominal system A such that 0 € 4. For the following
result recall the definition of S and let R; € P"™*" Ry e P" ™ and R, € N"™ " k=2,....r, be given where
r is a positive integer.

Theorem 3.1. Consider the uncertain system

i(t)=A+ AA)x(t) + Bu(t), x(0)=xq, t=0, (25)
where u(-) is admissible and AA € A. Assume there exists Q:N"" — N"*" such that

AATP + PAA<SQ(P), AAded, PeN™", (26)
and there exist P € P"™" M, e N"*" k=2 ...,r, such that

0=A"P 4+ PA + R, + Q(P) — PSP, (27)
and

0=(4 — SP)"M + My(A — SP) + Ry + Q(My), k=2,...,r. (28)
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Furthermore, let

r T r
Z(xTka)kle] S [Z(xTka)kle] X
k=2 k=2

r
Lxv,u)=x"| R, + Z(xTka)kfllék +
k=2

+u'Ryu, (29)
and
Ix,u)=x" <Q(P) + i(xTka)k”Q(Mk )) X, (30)
k=2
where u(-) is admissible and AA € A. Then the uncertain system (25), with performance functional
Tastaa) 2 [ L, (31)

is globally asymptotically stable for all xo €R" and AAE A, with the feedback control u= $(x) 2
—Ry'BY(P + Y o (x"Myx)¥ ="My )x. Furthermore,

sup Ja(x0, Hx(-))) < F (X0, $(x(-))) =x3 PxXo + %(xJkaof, (32)
AA€A k=2
where
Fenu) 2 [+ Pl (33)
0

and where u(-) is admissible, and x(t), t =0, solves Eq. (25) with AA=0. In addition,

J(x0.¢(x())= min _F(xo,u(-)), (34)

u(-) € S(xo)

where S (xg) is the set of asymptotically stabilizing controllers for the nominal system and xy € R".

Proof. The result is a direct consequence of Theorem 2.1 Yvith I=R", U=R", f (r,u)=(A+ AA)x + Bu,
Sfotxu)=Ax + Bu, V(x)=x"Px + Z,:zz(l/k)(xTka)k, L(x,u) given by Eq. (29), and I'(x,u) given by
Eq. (30). O

Remark 3.1. Theorem 3.1 generalizes the deterministic version of the stochastic nonlinear—nonquadratic-
optimal control problem considered in [25] to the robustness setting. Furthermore, unlike the results of [25],
Theorem 3.1 is not limited to sixth-order cost functionals and cubic nonlinear controllers since it addresses a
polynomial nonlinear performance criterion.

Remark 3.2. Theorem 3.1 requires the solutions of » — 1 modified Riccati equations in Eq. (28) to obtain the
optimal robust controller. However, if Iék :Iéz, k=3,...,r, then My =M,, k=3,...,r, satisfies Eq. (28). In
this case we require the solution of modified Riccati equation in Eq. (28). This special case is considered in
Propositions 3.1 and 3.2.

Remark 3.3. As noted in the Introduction the robust controller given in Theorem 3.1 is predicated on an
inverse optimal robust control framework. In particular, the robust performance bound (33) is dependent on
the design equation (28). However, as shown in Section 4, by varying the free weighting parameters R;, R,,
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and Ry, k=2,...,r, a class of globally robustly stabilizing controllers can be designed to meet closed-loop
system response requirements over a prescribed range of system parametric uncertainty.

Remark 3.4. As discussed in Remark 3.3 and [2,3,25] the performance functional (31) is somewhat contrived

in the sense that it cannot be arbitrarily specified. However, this performance functional does weigh the state
variables by arbitrary even powers. Furthermore, it is interesting to note that Eq. (31) has the form

Taa(xonu(-)) = /0

X! <R1 + Z(XTka)klﬁk>x + MTRQM + ¢1§L(X)R2¢NL(X) de,
k=2

where ¢nL(x) is the nonlinear part of the optimal feedback control
P(x) = Ppr(x) + Pnix),
where ¢p(x) £ —Rz_lBTPx and ¢np(x) £ —RZ_IBT Z;ZZ(xTka)k’lex.
Next, we consider the special case in which »=2. In this case note that if there exist P € P"*" and
M, € N such that
0=A"P + PA+ R, + Q(P) — PSP
and
0=(4 — SP)"™M, + My(4 — SP) + R, + Q(M,),

then Eq. (25), with the performance functional
Jaa(xo,u(-)) = / [X"Rix + u"Rou + (X" Max)(x"Rox) + (x"Mox ) (xT MaSM,x)] dt,
0

is globally asymptotically stable for all xo € R" with the feedback control law u=¢(x)=—R; 'BT(P +
(x"Myx)My)x.

Having established the theoretical basis for our approach, we now assign explicit structure to the set 4 and
the bounding function €(-). First, the uncertainty set 4 is assumed to be of the form

P p
A4 {AAG[R{”X": Ad= ZG,A,-, Zaf/afél}, (35)

i=1 i=1

where for i=1,..., p, A; € R"*" are fixed matrices denoting the structure of the parametric uncertainty, o; is a
given positive number, and o; is an uncertain real parameter. Note that the uncertain parameters o; are assumed
to lie in a specified ellipsoidal region in R? [5,6]. In this case, as shown in [5,6], Q(P)= Zip: l(rxiz/oc)Al-TPAi—|—
oP, where o is an arbitrary positive scalar, satisfies Eq. (26) with 4 given by Eq. (35). For the statement of
the next result define A4, £ A + («/2)1,.

Proposition 3.1. Consider the uncertain system
X(t)=(A+ AA)x(t) + Bu(t), x(0)=x,, t=0, (36)
where u(-) is admissible and AA € A where A is given by Eq. (35). Assume there exist P € P"™" and
M, e N"™" such that
P 06-2
0=A}P+PA, +Ri + ) - A[PA; — PSP, (37)

i=1

P2
0=(Ay — SP)' My + Mo(A, — SP) + Y a—;AiTMzA,- +Rs. (38)
i=1
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Furthermore, let
L(x,u) =x"[R) + (x"Myx)R> + (x"Msx > MySM1x + u" Rou,

and

P 2 P2
o u)y=x" lz %’AITPA,- P 4+ ("Max) <Z %’A,TMZAi n ocM2> ] x.
i=1 i=1

Then the uncertain system (36), with performance functional
Iaatou) & [ L, (39)
0

is globally asymptotically stable for all xo € R" and AA€ A, with the feedback control u= p(x)=
— Ry 'BY(P + (x"Myx)My)x. Furthermore,

Sup s (1)) < A 1) =P + LM (40)
S
where

7 G u()) 2 /0 (Lo, ) + o] d 1)

and where u(-) is admissible, and x(t), t =0, solves Eq. (36) with AA=0. In addition,

S (X0, p(x(-))) = min 7 (xo,u(-)), (42)

u(+) € S(xo)

where S (xg) is the set of asymptotically stabilizing controllers for the nominal system and xy € R".

Proof. It need only be noted that AATP+P AA< Y P (02 /2)ATPA; +oP for all AA€ A and P € P"*". The
result now is a direct consequence of Theorem 3.1 with Q(P)= >"7_ (a?/x)A]PA; + oP and r=2. [

Next, we assign a different structure to the uncertainty set 4 and the bounding function Q(-). Specifically,
the uncertainty set 4 is assumed to be of the form

A={AA€R™": AAd=ByFC,, F'F <N}, (43)

where By € R"*" and Cp € R"™™" are fixed matrices denoting the structure of the uncertainty, F € R™*" is an
uncertain matrix, and N € N"*” is a given uncertainty bound [4]. In this case, as shown in [4], Q(P)=
CyNCy + PB(B| P satisfies Eq. (26) with 4 given by Eq. (43).

Proposition 3.2. Consider the uncertain system
X(t)=(A4+ AA)x(t) + Bu(t), x(0)=xp, t=0, (44)

where u(-) is admissible and AA € A where A is given by Eq. (43). Assume there exist P€P"*" and
M, € N"™*" sych that

0=A"P + PA+ R, + C; NCy + PByB, P — PSP, (45)
0=(4 — SP)'M, 4+ Ms(A — SP) + Ry + CINCy + MyByBIM,. (46)
Furthermore, let

Z(x, u) =xT [R; + (xTsz)Iéz + (xTsz)zMzSMz]x + u"Ryu,
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and
I'(x,u) =x"[C{NCy + PByB} P + (x"Myx)(CINCy + My ByBEM>)]x.
Then the uncertain system (44), with performance functional

TaaCro,u(-)) 2 /0 L) d, (@7)

is globally asymptotically stable for all xo € R" and AA€ A, with the feedback control u= p(x)=
— Ry 'BY(P + (x"Max)M>)x. Furthermore,

Sup s () € 7o S =x]Po -+ LMo, (48)
S
where

F(xou()) 2 /0 [ECr,u) + FCx,u)] (49)

and where u(-) is admissible, and x(t), t =0, solves Eq. (44) with AA=0. In addition,
J o, px())) = min 7 (xo,u()), (50)

m
u(-) € S(xo)

where S(xo) is the set of asymptotically stabilizing controllers for the nominal system and xy € R".

Proof. It need only be noted that AATP+P AA<C{NCy+ PBoB}P for all AA€ A and P € P"*". The result
now is a direct consequence of Theorem 3.1 with Q(P)= C{NCy + PBoB{P and r=2. [

Remark 3.5. Propositions 3.1 and 3.2 are generalizations of results given in [4, 6] to robust nonlinear control
for uncertain linear systems with nonlinear polynomial performance criteria.

4. Illustrative numerical example

In this section we apply the robust nonlinear control design framework to an illustrative numerical example.
Specifically, consider the pitch axis longitudinal dynamics model of the F-16 fighter aircraft system given in
[23] for nominal flight conditions at 3000 ft and Mach number of 0.6. The nominal model is given by

X1(t) 0 100 0 x1(t) 0 0 0
X)) | =10 —087 4322 | [x(r) |+ | -1725 —1.58 {Zl(t)]’ (51)
X5(1) 0 099 —134| |x3(r) —0.17 —025| L

where x; is the pitch angle, x, is the pitch rate, x5 is the angle of attack, u; is the elevator deflection, and u,
is the flaperon deflection. Here we consider uncertainty in the (2,2) and (3,3) components of the dynamics
matrix. Using the uncertainty structure given by Eq. (43), the actual dynamics are given by Aacwa = A +BoFCo,
where

00
flo} {010}
BO—IO,F—{ . Co= .
01 0 5 00 1

Using Proposition 3.2, with R, =31, R, =0.0011,, R, =10R;, |Ail<1, |A]<5, and r=2, a robustified
nonlinear controller was designed for the uncertain system. This controller was compared with the robustified
linear (H, ) controller given in [4], the Speyer [25] nonlinear controller, and the LQR controller. Fig. 1 shows
that for the case where f;=—1 and f, =35 the LQR controller destabilizes the system while the nominal
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Fig. 1. Comparison of LQR, Speyer [25], Robust LQR, and robust nonlinear controllers for the uncertain system.

Speyer [25] controller maintains Lyapunov stability. This demonstrates the inherent robustness of the nominal
(nonrobustified) nonlinear control in comparison to the nominal linear control. Furthermore for the same
uncertainty range the figure shows the state response for the robustified nonlinear controller (Proposition 3.2)
and the robustified linear (H.,) controller obtained in [4].

5. Conclusion

A unified framework was developed to address the problem of optimal nonlinear-nonquadratic robust con-
trol for linear uncertain systems. Specifically, by properly modifying the nonlinear-nonquadratic performance
criterion to account for system uncertainty the robust control problem was translated into an optimal control
problem that guarantees robust stability and performance for a class of nonlinear uncertain systems. The overall
framework provides for a generalization of the classical Hamilton—Jacobi—Bellman conditions for designing
robust nonlinear optimal controllers for uncertain systems. The present framework extends the nonlinear—
nonquadratic optimal control problems considered in [2, 25] to robust nonlinear optimal control. Finally, a
design example was presented to demonstrate the efficacy of robust nonlinear controllers over robust linear
controllers for linear uncertain systems.

References

[1] B.R. Barmish, Stabilization of uncertain systems via linear control, IEEE Trans. Automat. Control 28 (1983) 848-850.

[2] R.W. Bass, R.F. Webber, Optimal nonlinear feedback control derived from quartic and higher-order performance criteria, IEEE
Trans. Automat. Control 11 (1966) 448—454.

[3] D.S. Bernstein, Nonquadratic cost and nonlinear feedback control, Internat. J. Robust Nonlinear Control 3 (1993) 211-229.

[4] D.S. Bernstein, W.M. Haddad, The optimal projection equations with Petersen—Hollot bounds: robust stability and performance via
fixed-order compensation for systems with structured real-valued parameter uncertainty, IEEE Trans. Automat. Control 33 (1988)
578-582.

[5] D.S. Bernstein, W.M. Haddad, Robust stability and performance analysis for state space systems via quadratic Lyapunov bounds,
SIAM J. Matrix Anal. Appl. 11 (1990) 236-271.

[6] D.S. Bernstein, W.M. Haddad, Robust stability and performance via fixed-order dynamic compensation with guaranteed cost bounds,
Math. Control Signal Systems 3 (1990) 136-163.

[7] S.S.L. Chang, T.K.C. Peng, Adaptive guaranteed cost control of systems with uncertain parameters, IEEE Trans. Automat. Control
17 (1972) 474—483.

[8] J.C. Doyle, Guaranteed margins for LQG regulators, IEEE Trans. Automat. Control 23 (1978) 756-757.

[9] R.A. Freeman, P.V. Kokotovi¢, Robust Nonlinear Control Design: State Space and Lyapunov Techniques, Birkhéduser, Basel, 1996.



338 W.M. Haddad et al. | Systems & Control Letters 33 (1998) 327-338

[10] T.T. Georgiou, A.M. Pascoal, P.P. Khargonekar, On the robust stabilizability of uncertain linear time-invariant plants using nonlinear
time-varying controllers, Automatica 23 (1987) 617-624.

[11] W.M. Haddad, V. Chellaboina, J.L. Fausz, Robust nonlinear feedback control with nonquadratic performance criteria, in: Proc. IEEE
Conf. Dec. Contr., New Orleans, LA, 1995, pp. 1982-1987.

[12] A. Isidori, A. Astolfi, Disturbance attenuation and Ho-control via measurement feedback in nonlinear systems, IEEE Trans. Automat.
Control 37 (1992) 1283-1293.

[13] A. Isidori, A. Astolfi, Nonlinear H~, control via measurement feedback, J. Math. Systems Estimation Control 2 (1992) 31-44.

[14] D.H. Jacobson, Extensions of Linear-Quadratic Control Optimization and Matrix Theory, Academic Press, New York, 1977.

[15] P.P. Khargonekar, T.T. Georgiou, A.M. Pascoal, On the robust stabilizability of linear time-invariant plants with unstructured
uncertainty, IEEE Trans. Automat. Control 32 (1987) 201-207.

[16] P.P. Khargonekar, K.R. Poolla, Uniformly optimal control of linear time-invariant plants: nonlinear time-invariant controllers, Systems
Control Lett. 6 (1986) 303—308.

[17] LR. Petersen, Nonlinear versus linear control in the direct output feedback stabilization of linear systems, IEEE Trans. Automat.
Control 30 (1985) 799-802.

[18] LR. Petersen, D.C. McFarlane, Optimal guaranteed cost control for filtering for uncertain systems, IEEE Trans. Automat. Control
39 (1994) 1971-1977.

[19] K.R. Poolla, T. Ting, Nonlinear time-varying controllers for robust stabilization, IEEE Trans. Automat. Control 28 (1983) 195-200.

[20] A.V. Savkin, L.R. Petersen, Minimax optimal control of uncertain systems with structured uncertainty, Internat. J. Control 5 (1995)
119-137.

[21] A.J. van der Schaft, A state-space approach to nonlinear Ho control, Systems Control Lett. 16 (1991) 1-8.

[22] A.J. van der Schaft, L,-gain analysis of nonlinear systems and nonlinear Ho, control, IEEE Trans. Automat. Control 37 (1992)
770-784.

[23] W.E. Scmitendorf, Stabilization via dynamic output feedback: a numerical approach, AIAA J. Guid. Control Dyn. 14 (1991)
1083-1086.

[24] E. Soroka, U. Shaked, On the robustness of LQ regulators, IEEE Trans. Automat. Control 29 (1984) 664—665.

[25] J.L. Speyer, A nonlinear control law for a stochastic infinite time problem, IEEE Trans. Automat. Control 21 (1976) 560—564.

[26] M. Vidyasagar, Nonlinear Systems Analysis, Prentice-Hall, Englewood Cliffs, NJ, 1993.



