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ABSTRACT: In this paper we construct a new class of parameter-dependent Lyapunov functions
for discrete-time systems to guarantee robust stability in the presence of time-varying rate-
restricted plant uncertainty. Extensions to a class of time-varying nonlinear uncertainty that
generalizes the discrete-time multivariable Popov criterion are also considered. These results
are then used for controller synthesis to address the problem of robust stabilization in the
presence of slowly time-varying real parameters. Copyright © 1996 Published by Elsevier
Science Ltd

1. Introduction

Ever since Popov derived a frequency domain condition for the absolute stability
of continuous-time nonlinear autonomous systems considerable effort has been
devoted to deriving similar criteria for discrete-time systems. The literature on
frequency domain absolute stability criteria is extensive [see (1) and references
therein]. A convenient way of distinguishing these results is to focus on the allow-
able class of feedback nonlinearities. Specifically, the small gain, positivity, and
circle theorems guarantee stability for arbitrarily time-varying nonlinearities
whereas the Popov criterion does not. In order to develop refined absolute stability
criteria for nonautonomous systems, the authors in (2-6) restrict consideration to
sector-bounded rate-restricted time-varying nonlinearities. However, the authors
in (2-6) deal exclusively with the continuous-time systems. In (7, 8) the authors
consider a related absolute stability problem for single-input/single-output sam-
pled-data systems wherein the nonlinear feedback element is a separable non-
linearity composed of a time-varying rate-restricted linear gain and a time-invariant
nonlinearity. The main contribution of this paper is to develop refined absolute
stability criteria for multiple-input/multiple-output discrete-time systems with rate-
restricted time-varying nonlinearities. Since these stability criteria are generally
stated in terms of a linear (nominal) system and apply to every element of a
specified class of nonlinearities the present framework provides sufficient conditions
for robust stability for a given class of time-varying rate-restricted uncertainty.

In the present paper we explicitly account for the maximum rate of time variation
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72 W. M. Haddad and V. Kapila

in the time-varying nonlinear element by considering a modified Lur’e-Postnikov
Lyapunov function having the form

V(x) = xTPx+jy ¢(o,k)de, k=1,2,..., H

[

with the additional constraint
)
J [¢(0,k+1)— (0, k)]do < y*N, (2)
0

where y = Cx and ¢(:,*) is a time-varying rate-restricted sector-bounded
memoryless nonlinearity. A novel feature of Eq. (1) is that the expression for the
Lyapunov difference AV(x) involves the (discrete) time rate of change of the
nonlinearity. Thus, it turns out that satisfying the condition AV(x) < 0 places a
restriction on the maximum rate of time variation in the nonlinearity. Hence,
within the context of linear uncertainty ¢(y, k) = F(k)y, the present framework
provides robust stability conditions for discrete-time systems with slowly-varying
real parameter uncertainty.

The contents of the paper are as follows. In Section II we establish definitions
and several key lemmas. In Section III we present robust stability conditions for
discrete-time systems with time-varying rate-restricted real parameter uncertainty.
In Section IV we generalize the results of Section III to nonlinear uncertainty.
Specifically, we consider an absolute stability problem for a class of time-varying
rate-restricted sector-bounded memoryless nonlinearities. The main result given in
Theorem 4.1 generalizes the discrete-time multivariable Popov criterion to slowly
time-varying nonlinearities. In the single-input/single-output case Theorem 4.1 is
a discrete-time analog of several well known absolute stability criteria for con-
tinuous-time systems with time-varying rate-restricted nonlinearities from the
classical literature (2-6). Using the framework developed in Section III we proceed
in Section V to give constructive sufficient conditions for robust stabilization for
slowly time-varying real parameters via full-state feedback controllers. Finally, we
close the paper in Section VI with conclusions.

Il. Mathematical Preliminaries

In this section we establish definitions, notation, and several key lemmas. Let #
and € denote the real and complex numbers, let N denote {1,2,3,...}, let )" and
()* denote transpose and complex conjugate transpose, let I, or I denote the n xn
identity matrix, and let 0, denote the nxn zero matrix. Furthermore, M > 0
(M > 0) denotes the fact that the Hermitian matrix M is nonnegative (positive)
definite. An asympiotically stable transfer function is a transfer function each of
whose poles is in the open unit disk. The space of asymptotically stable transfer
functions is denoted by #H ., i.e. the real-rational subset of H. Let
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Discrete-time Systems with Slowly-varying Uncertainty 73

denote a state space realization of a transfer function G(z), that is, G(z) =
C(zI— A)~'B+ D. The notation ‘™~ is used to denote a minimal realization. In
addition, the parahermitian conjugate G~ (z) of G(z) has the realization

4T | ATTCT ]
—BTAT|DT—BT4-TCT |

G~(z)~[

A square transfer function G(z) is called positive real (9) if: (1) all poles of G(z)
are in the closed unit disk; and (2) G(z) + G*(z) is nonnegative definite for |z| > 1.
A square transfer function G(z) is called strictly positive real (10, 11) if: (1) G(2) is
asymptotically stable; and (2) G(e’®) +G*(¢”®) is positive definite for all 0 € [0, 2x].
Note that a minimal realization of a positive real transfer function is stable in the
sense of Lyapunov, while a minimal realization of a strictly positive real transfer
function is asymptotically stable.

For notational convenience we will omit all matrix dimensions throughout the
paper and assume that all quantities have compatible dimensions. Furthermore, in
this paper, G(z) will denote an m x m transfer function with input ue £”, output
ye#™, and internal state xe%". Next, we state the discrete-time positive real
lemma used to characterize positive realness in the state-space setting.

Lemma 1 [positive real lemma (10)].

n| 4B
0= clo]

is positive real if and only if there exist matrices P, L, and W with P positive
definite such that

P=ATPA+LTL, (3)
0=B"PA—-C+WTL, €Y
0=D+DT—BTPB—WTW. %)

Next, we show that if D+ D" — B"PB > 0, where P satisfies Eqs (3)—(5) then Egs
(3)-(5) specialize to a single Riccati equation for characterizing positive realness.
For the statement of this result recall that a square transfer function G(z) is strongly
positive real if it is strictly positive real and D+ D" > 0 (1, 12).

Lemma 2 [strong positive real lemma (1)].

Let
min A B
G~ [El?)“}

Then G(z) is strongly positive real if and only if there exists positive definite
matrices P and R such that

D+D"—B"PB >0, (6)
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P=ATPA+(BTPA—C)T(D+DT—B"PB)"'(BTPA—C)+R. N

III. Robust Stability for Discrete-time Systems with Slowly-varying Real
Parameter Uncertainty

In this section we address the robust stability problem for discrete-time systems
with time-varying rate-restricted real parameter uncertainty. Specifically, consider

xtk+1) =(A+AA(k)x(k), keN 8)
where AA(*) €% and % is the uncertainty set defined by
U & {AA(*):AA(k) = =B F(k)Cy, F(*)eF} ®

where & satisfies
F 2 {F:N>@m:2FT (k)M "' F(k) < F(k)+ F"(k)
Fk+1)—F(k) < N,, keN}, (10)

and where B,e 2", Coe #*" are fixed matrices denoting the structure of the
uncertainty, F(k)e#£™*™ is an uncertain matrix, MeZ™*" is a given positive
definite matrix, and N, is a given m X m matrix.

Remark 3.1
Note that the condition

F(k+1)—F(k) < N, (11)

in Eq. (10) provides a measure of the maximum rate of time variation in the
uncertain real parameters.

Remark 3.2

In the case where F(k), keN, is symmetric it can be shown that
2FT(k)M~'F(k) < F(k)+ F7(k) if and only if 0 < F(k) < M (12).

Next, we define a set .4 such that the product of the transpose of every matrix
in A" and every matrix in & is nonnegative definite by

N & (Ne®™m:NTF(k) = FF ()N >0, F(-)eF}. (12)

Remark 3.3
Since M in Eq. (10) is positive definite there exists an m x m nonnegative definite
matrix u such that (12)

FTlN<p, F()e#. (13)

For convenience we shall say that A +AA(-) is asymptotically stable if the zero
solution of the time-varying system x(k+ 1) =(4+ AA(k))x(k) is asymptotically
stable. The next result provides a sufficient condition for the robust stability of Eq.
(8) for all A4(-)e%. For convenience in stating this result define the notation
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R2(M~'4+NCoBy)+(M~'+NC,B,)" — Bf PB,
—BICYuCyB,— By CINTNC,B,, (14)
B2 BIPA—Cy—NCy(A—~D)+BICEuCo(A—D+BYCINTNC,4 (15)
for arbitrary Pe #"*".
Theorem I
Let N, be a given m x m matrix, assume Ne.#", and assume N7 N and u are

nonnegative definite. Furthermore, assume that there exist n x n positive-definite
matrices P and R such that

R>0, (16)
P=A"PA+(A—-DTCIuCo(A~DN+ATCINTNC, 4+ B"R'B+R. (17)

Then, for all AA(-)e%, the uncertain system [Eq. (8)] is asymptotically stable
with the Lyapunov function

V(x) = x"[P+CI NTF(k)Co)x. (18)
[

Proof: In order to prove the asymptotic stability of Eq. (8) for all A4(*)e%,
consider the Lyapunov function candidate given by Eq. (18). Since P is positive
definite and Ne .47, it follows that V(x) defined by Eq. (18) is positive definite for
all nonzero x. The corresponding Lyapunov difference is given by

AV(x(k)) = x"(k+ 1)[P+ CENTF(k+1)Colx(k+1)
—xT(k)[P+CINTF(k)C,olx(k) (19)
or, equivalently, using Eq. (8)
AV(x(k)) = x"(k)[ATPA—P—C{ F"(k)B} PA
— ATPBF(k)Cy+ C{ FT(k)B{ PB,F(k)C,]x(k)
+xT(k+1)C{NTF(k+1)Cox(k+1) —xT(k)CT NTF(k)Cox(k). (20)

Next, adding and subtracting x"(k+1)C} N"F(k)Cyx(k + 1) to and from Eq. (20)
yields

AV(x(k)) = xT(k)[ATPA— P—CI F7(k)BI PA
— ATPB,F(k)Co+ CT FT (k)BT PBoF(k)Co]x(k)
+ X7+ 1)CT NT[Fk+ 1) — F()] Cox(k+ 1)
+xT(k+1)CT NTF(k) Cox(k+1) — xT(k)CT NTF(k)Cox(k). (21)

Now using the fact that F(k+1)— F(k) < N,, ke N, and adding and subtracting
2xT(k)CT NTF(k)Cox(k+1) and x7(k) CI NTF(k)Cyx(k) to and from Eq. (21) yields
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AV(x(k)) < xT(k)[ATPA—P—CI F"(k)BY PA
— ATPB,F(k)Cy + C§ FT(k)BY PB,F(k)Colx (k)
+x7(k+1)CI NT NCox(k+ 1)+ 2x7(k)C§ FT(K)NCo [x(k + 1) — x(k)]
+[x(k+ 1) —x(k)]"C§ NTF(k)Co[x(k + 1) — x(K)]. (22)

Next, adding and subtracting x7(k)C§ [2FT (k)M ~'F(k) — F(k) — F' (k)] Cox(k) to
and from Eq. (22), using Eq. (13), and grouping terms in Eq. (22) becomes

AV(x(k)) < x"()[[ATPA—P+(A—DTCTuCo(A—N+ATC{NTNC, A]
—CTF"(k)[B] PA—Cy~NCo(A—D+BY CTuCo(A—~ D+ B CTNTNC,A]
—[BE¥PA—Cy—NCoy(A—D+B§ CTuCo(A— D+ Bi CTNTNCA)"F(k)C,
—CTF"(k)[(M~'+NCyB,)+(M '+ NC,Bf— B} PB,

— By CTuCoyBy—BY CT NTNC,By1F(k)Colx(k)
+xT(k)CTRFT (k)M ~' F(k) — F(k) — FT(k)]Cox(k) (23)
or, equivalently, using Eqs (14)~(17)

AV(x(k)) < —xT(K)[R+wTwlx(k) +x"(k)C§ [2F (k)M ~ ' F(k)

—F(k)—FT(k)1Cox(k) (24)

where

wé R84+ RV Fk)C, (25)
Since R is positive definite and F(*) e % it follows that AV(x) is negative definite.
Hence Eq. (8) is asymptotically stable for all AA(*)e%. [ ]
Remark 3.4

Note that the Lyapunov function V(x) given by Eq. (18) is explicitly dependent
on the uncertain parameters F(k). In the terminology of (12, 13), this is a parameter-
dependent Lyapunov function. Since the parameter-dependent Lyapunov function
V(x) explicitly depends on the uncertain rime-varying parameters F(k) it enforces
an a priori restriction on the allowable time-variation of the uncertain parameters.
Specifically, if F(k) were permitted to be arbitrarily time-varying then the terms
involving F(k+1)— F(k) would potentially subvert the negative definiteness of
AV (x).

Remark 3.5

In the case where the only information available about the rate of time variation
of the uncertainty is F(k+1)— F(k) < 0 asymptotic stability of Eq. (8) can be
guaranteed with Ny = 0 in Theorem I.
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Remark 3.6
The existence of the Riccati Eq. (17) can be guaranteed by invoking a strong
positive real condition on

4(z) 2 M~ '+ (I+(z—1)N)G(2) —% z—1PPG~ (2)uG(z)+ G~ (z)NT NG(2)]
(26)
where
A

G [C—o

B,

o I
Specifically, 4(z) is strictly positive real if and only if there exist matrices P, L, and
W with P positive definite such that

P=A"PA+(A—DTCIuCo(A—N+ ATCENTNC, A+ LTL 27
0=BlIPA—Cy—NCy(A—D+BICEuCo(A—D+ By CINTNC,A+WTL,
(28)
0=(M""4+NCoyB,)+(M ' +NCyB,)"~Bl PB,— Bl C} uC,B,
—BICINTNCyB,—WT™W (29)

are satisfied, the pair (4, L) is observable, and rank G(z) =m, for z = ¢, we R,
where

ol min A
G)™ [f

B,
W] (30)

However, Eqs (27)—(29) along with R > 0 are equivalent to the Riccati Eq. (17).
Hence, strong positive realness of 4(z) guarantees the existence of positive definite
matrices P and R satisfying Eq. (17).

1V. Absolute Stability Criteria for Discrete-time Systems with Slowly-varying
Nonlinearities

In this section we provide a generalization of the results of Section III to
nonlinear uncertainty. Specifically, we consider the absolute stability problem for
aclass @ of time-varying rate-restricted sector-bounded nonlinearities ¢ : #” x N —

R". Now, given
G( )min i_ﬁ
™1 ¢clo

we derive conditions that guarantee global asymptotic stability of the negative
feedback interconnection of G(z) and ¢(-,*) for all ¢(*,-)e®. Note that the
negative feedback interconnection of G(z) and ¢(-,*) has the state-space
representation



78 W. M. Haddad and V. Kapila

x(k+1) = Ax(k)— Bop(v, k), keN 31
k) = Cx(k). (32)

To state the main result of this section, the following definitions are needed. Let
MeZR™ ™ be a given positive definite diagonal matrix. Next, define the set ® of
allowable time-varying rate-restricted sector-bounded nonlinearities ¢(-,*) by

(D é {d)‘%mXN_')'@md)(y’k) = [d)l(yla')""’qu(ym!.)]a
d)T(y,k)[M-l(p(y,k)—y] <O»
¢i(0:,k)— @0, k) <i

0< L, i=1,....m, 06,,06,€R, 06, # 0>,
G,—0;

m 'y,
23 j [0,k + 1)~ (0, ] do < yN,y, yed”, keN) (33)
i=1 Jo
where y, = Cx and C, denotes the ith row of C.

Remark 4.1
Note that the conditions characterizing ® are implied by

0< o;(ynk)y; < Mpy?, yie®R, i=1,...,m keN (34)

and
2J'i[¢,(a,k+1)—¢,-(a,k)]daSy,-zN,l_Jy,»eﬂ, i=1,....,m keN. (35
0

Furthermore, Eq. (35) provides a measure of the maximum rate of time variation
of the nonlinearity ¢(y, k).
For convenience in stating the next result define the notation

RAM '+ NCB)+(M~"+NCBY"—B"PB—BTC"iNCB—B"CTN,NCB,
(36)
B2 B"PA-C—NCA—-D+B"CTGNC(A—ID)+B"C™N,NCA 37
for arbitrary Pe #"*".

Theorem 11
Let

inl A|B
o[ 2fo]

and let N,, N, and j be given m x m diagonal matrices. Furthermore, assume N,
N, are nonnegative definite and i > 0. Then
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G(z) & M ' +[I+(z—DNG@) —;[1z—1°G~ (2)ANG(2) + G~ (z) N, NG(2)]
(38)

is strongly positive real if and only if there exist # x n positive-definite matrices P
and R such that

R >0, (39)
P=A"PA+(A-D"C"ANCA—D+ATC'N NCA+B"R 'B+R. (40)
]
In this case,
m v
V(x) =x"Px+2Y J ¢,(a,k)N; do 41)
i=1Jo

is a Lyapunov function that guarantees that the negative feedback interconnection
of G(z) and ¢(-, ) is asymptotically stable for all ¢(-,-)e®.

Proof: If %(z) is strongly positive real, it follows from spectral factorization
theory that there exists a spectral factor .#(z) such that 4(z2)+%"(z) =
M (2)M(2), z = e/, where M *(2) e R#H ,,. The existence of positive definite mat-
rices P and R satisfying Eqs (39) and (40) now follows from algebraic state-
space realization manipulations.

Conversely, to prove that Eqs (39) and (40) imply that 4(z) is strongly positive
real, add and subtract 4”PA, A"Pz, and ZPA to and from Eq. (40) so that

0 = (21— A)"PA+ ATP(zI— A) + (ZI— A)"P(zI— A)
—(A—DTCTANC(A—I)— ATCTN,NCA—B'R'B—R, z=¢". (42)
Next, forming B”(21— A4)~" (Eq. (42)) (zI— A)"'B and using Eq. (37) we obtain
0= [B+C+NC(A—I)—B'CTANC(A—I)— BTCTN,NCA)(zI— 4)~' B
¥ BT(zI—A)"T[B+C+NC(A—I)— BTCTANC(A—I)— B'CTN,NCA]"
+BTPB—BT(zI— A) T[(A—D)TCTANC(A—I)+ ATCTN,NCA
+BTR ' Bl(zI- A) ' B— W*@W(2), z=e” 43)

where W(z) £ R"?(zI— A)~'B. Adding and subtracting R to and from Eq (43),
using Eq. (36), and grouping terms yields

YG(2)+%*(2) = W*QW(R)+U*()U(z) >0, z=e" (44)

where U(z) 2 R~"? — R~'2B(z1— A)~' B. Hence %(z) is strongly positive real.

Next, for ¢(-,*) e ® consider the Lyapunov function candidate (41). First note
that since P is positive definite and ¢(-, ) e ®, V(x) defined by Eq. (41) is positive
for all nonzero x. Thus, the corresponding Lyapunov difference is given by
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AV(x(k)) = xT(k)[ATPA— Plx(k) — ¢"(y, k) BT PAx(k)

m yik+1) ¥ (k)
+2 Z [J ¢(c,.k+1)N; da—J ¢ o, k)N da]. 45)
i=1 0

0

Adding and subtracting
m o (yk—1)
2 ; J ¢i(o, k)N, do and 2¢7(y,k)[M~'$(y,k)—y]
to and from Eq. (45) and grouping terms yields
AV(x(k)) = x"(k)[A"PA— Plx(k) — ¢"(y, k)[B" PA— Clx(k)
—x"(k)[BTPA—CY ¢(y,k)—¢"(y,)[2M " — B"PB|$(, k)

0

+2‘Z

i=1

f( " 60, k+1) = (o, H)]N, do

0

(46)

M=

yi(k+ 1
+2 J ¢i(0, k)N do+2¢7 (v, K)[M ™" $(y, k) —y].

i=1 yitk)

Next, using the fact that
{o,,k)—¢:(a,,k
0<¢1(ala ) d)l(aZ )<ﬁ;, l=1,
0, —0;

sm9

it follows from the mean value theorem that

yilk+1)

¢:{(0,k)N;;do < 27 (y, )Ny(k+ 1) — y(k)]
+yte+ D) —y(R) ANk +1) — y(K)].

3]
AMS

yi(k)

Now, since ¢(*,*)e® and y(k+1)—y(k) = C(A—Dx(k)—CB¢p(y, k), Eq. (46)

becomes
AV(x(k)) < xT(H)[ATPA—P+(A—DTCTENC(A—D+ A"C"N,NCAlx(k)

—¢"(3,k)[BTPA—C—NC(A—I)+ BTCTANC(A—I)+ BTCTN,NCA}x(k)
—x"(k)[B"TPA—C—NC(A—D+B"CTANC(A—D)+B"C"N,NCA) ¢(», k)
— "y, k) [(M~'+NCB)+(M~'+NCB)'"—~B"PB—-B"C"iNCB
—BTCTN,NCBl¢(y,k) +2¢" (v, K)[M ™" $(p,k) -] 47)
or, equivalently, using [Eqgs (36), (37) and (40)]
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AV(x) € —x"Rx—vTv+2¢0T(3, k) [M ' p(,k) — ] (48)
where
v & R '2Bx(k)+R"¢(y, k).

Since R is positive definite and ¢7(y, k)[M~'¢(y, k) —y] < 0 it follows that AV(x)
is negative definite. Hence global asymptotic stability of feedback interconnection
of G(z) and ¢(-,*) is established for all ¢(+,*)e®. [ ]

Remark 4.2

A similar proof using the three equation form (27)-(29) with B,, C, replaced by
B, C, respectively, in the positive real condition Eq. (38) can also be constructed.
In this case the condition (38) in Theorem 1I can be relaxed from strongly positive
real to strictly positive real.

Remark 4.3

Theorem I1 is a discrete-time analog of a similar result by Rekasius and Rowland
(4) and Srinath et al. (5) for single-input/single-output continuous-time systems.
Furthermore, Theorem II generalizes the results of (8) which only considers single-
input/single-output systems with a separable time-varying nonlinearity to a more
general class of rate-restricted nonlinearities.

Remark 4.4

In the special case where ¢(y, k) = F(k)y, Theorem II specializes to Theorem I
for the case of diagonal time-varying rate-restricted uncertainty F(k). However,
the results of Section III allow for fully coupled uncertain rate-restricted uncer-
tainties F(k) which cannot be addressed by means of the nonlinear theory.

Remark 4.5
Setting N; = 0 in Eq. (38) Theorem II specializes to the discrete-time multi-
variable Popov criterion (1, 12).

Remark 4.6
It is interesting to note that in the case where the only information available
about the rate of the time variation of the nonlinearity is

M=

f " 60, k+ 1) — bi(o, k)] do < 0 (49)

i=1

1

asymptotic stability of Eqs (31) and (32) can be guaranteed with N, = 0in Theorem
I1. In this case %(z) given by Eq. (38) specializes to

GP(2) 2 M~ '+ (+(z—1DN)G(2) —%lz— 112G~ (2)ANG(z). (50)
Furthermore, in the special case where

by k) = fi(k)G:i(y), i=1,....m (51)
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where fj(k) is a linear time-varying gain and ¢(y,) is a first and third quadrant
time-invariant sector-bounded memoryless nonlinearity, Eq. (49) is satisfied if
fk+1)—f(k) < 0. Hence, for this class of time-varying rate-restricted non-
linearities the discrete-time Popov criterion (14) provides sufficient conditions for
absolute stability.

V. Robust Stabilization for Discrete-time Systems with Slowly-varying Real
Parameter Uncertainty

In this section we consider the robust stabilization problem for systems with
time-varying rate-restricted real parameter uncertainty. The problem involves the
set % given by Eq. (9) of uncertain perturbations AA(+) of the nominal (A4, B)
system. The goal of the robust stabilization problem is to determine a state feedback
controller that stabilizes the plant for all variations in %.

Robust Stabilization Problem
Determine Ke #£™" such that the closed-loop system consisting of the nth-order
controlled plant

x(k+1) =(A+AAK)x(k)+ Bu(k), keN (52)
and the state feedback controller
u(k) = Kx(k) (53)

is asymptotically stable for all AA(-)e%.
For each uncertain variation AA(*) € %, the closed-loop system can be written
as

x(k+1) =(4+ BK+AA(K)x(k), keN. (54)

The following result gives a sufficient condition for constructing a state feedback
gain K that solves the robust stabilization problem with time-varying rate-restricted
real parameter uncertainty. For the statement of this result let R, and R, be nxn
and m x m positive definite matrices, respectively. Furthermore, for notational
convenience recall the definitions of R and B and define

S 2 BIPB—NC,B+B}CIuCyB+ B} CINTNC,B,
P, 2 B"PA+B"CIuCy(A—D+BTCYNTNC,A+STR™'B,
R, 2 R, +BTPB+BTCIuCoB+ By CYNTNC,B+STR™'S

for arbitrary Pe #"*".

Theorem II1
Assume u > 0, Ne 4", and N¥ N = 0. Furthermore, suppose there exists an 7 x n
positive-definite matrix P satisfying

R>0, (55)
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P=A"PA+(A=DTCIuCo(A—D+A"CINTNCyA+R,
+B"R'B—PIR;'P, (56)
and let K be given by
K= —R;'P, (57)
Then A+ BK+AA(-) is asymptotically stable for all AA(-)e%. [ ]
Proof: With K given by Eq. (57), it follows that Eq. (56) is equivalent to

P = (A+BK)TP(A+BK)+ R, +((4+BK)—)"C] uCo((4 + BK) - I)
+(A4+BK)"C] NT NCy(A+ BK) +[BY P(4+ BK)— CoNCo((A+ BK) — I
+BICTuCy((A+BK)—I)+ Bl CINTNCy(A+ BK)|"R™!

- [BY P(A+BK)— Co— NCo((A+BK)— 1)+ Bl CT uCo((A+BK)—1)

+BICINTNC,(A+ BK)]. (58)
It now follows from Theorem I that 4+ BK+AA(-) is asymptotically stable for
all AA(*)e%. n
Remark 5.1

Theorem III presents sufficient conditions for designing robust full-state feed-
back controllers for time-varying rate-restricted real parameter uncertainty. Using
the fixed-structure controller synthesis framework developed in (12, 13) these
results can be readily extended to fixed-order (i.e. full and reduced-order) dynamic
compensation.

V1. Conclusion

In this paper we developed a new class of parameter-dependent Lyapunov
functions for discrete-time systems that explicitly depend on the time variation of
the uncertain parameters to guarantee robust stability for discrete-time systems in
the presence of time-varying rate-restricted plant uncertainty. Extensions to a class
of time-varying nonlinear uncertainty that generalizes the discrete-time mul-
tivariable Popov criterion were also developed. Finally, using the parameterized
Lyapunov function framework developed in the analysis part of the paper con-
structive sufficient conditions for robust controller synthesis for slowly time-varying
real parameters via full-state feedback were obtained.

Acknowledgements
This research was supported in part by the National Science Foundation under Grant
ECS-9496249.

References

(1) W. M. Haddad and D. S. Bernstein, “Explicit construction of quadratic Lyapunov
functions for the small gain, positivity, circle, and Popov theorems and their appli-



84 W. M. Haddad and V. Kapila

cation to robust stability part II: discrete-time theory”, Int. J. Robust Nonlinear
Control, Vol. 4, pp. 249-265, 1994.

(2) R. W. Brockett and L. J. Forys, “On the stability of systems containing a time-varying
gain”, Proc. Allerton Conf. Circuit Syst. Theory, Vol. 2, pp. 413-430, 1964.

(3) M. Gruber and J. L. Willems, “On a generalization of the circle criterion”, Proc.
Allerton Conf. Circuit Syst. Theory, Vol. 4, pp. 827-835, 1966.

(4) Z. V. Rekasius and J. R. Rowland, ““A stability criterion for feedback systems con-
taining a single time-varying nonlinear element”, IEEE Trans. Automat. Contr., Vol.
AC-10, pp. 352-354, 1965.

(5) M. D. Srinath, M. A. L. Thathachar and H. K. Rampriyan, “Stability of a class of
nonlinear time-varying systems”, Int. J. Contr., Vol. 7, pp. 117-132, 1968.

(6) J. L. Willems, ““Stability criteria for non-stationary feedback systems”, Int. J. Contr.,
Vol. 7, pp. 425431, 1968.

(7) C.-T. Chen, “On the stability of sampled-data feedback systems with time-varying
gain”, IEEE Trans. Automat. Contr., Vol. AC-11, pp. 624-625, 1966.

(8) S. Ramarajan and S. N. Rao, “Absolute stability of NLTV discrete systems”, IEEE
Trans. Automat. Contr., Vol. AC-17, pp. 139-141, 1972.

(9) L. Hitz and B. D. O. Anderson, “Discrete positive real functions and their application
to system stability”, Proc. IEEE, Vol. 116, pp. 153-155, 1969.

(10) P. E. Cains, “Linear stochastic systems”, Wiley, New York, NY, 1989.

(11) D. D. Siljak, “Algebraic criteria for positive realness relative to the unit circle™, J.
Franklin Inst., Vol. 295, pp. 469476, 1973.

(12) W. M. Haddad and D. S. Bernstein, “Parameter-dependent Lyapunov functions and
the discrete-time Popov criterion for robust analysis”, Automatica, Vol. 30, pp. 1015-
1021, 1994.

(13) W. M. Haddad and D. S. Bernstein, “Parameter-dependent Lyapunov functions and
the Popov criterion in robust analysis and synthesis”, IEEE Trans. Automat. Contr.,
Vol. 40, pp. 536-543, 1995.

(14) G. Szegd, “On the absolute stability of sampled-data control systems”, Proc. Natn.
Acad. Sci., Vol. 49, pp. 558-560, 1963.



