
~ )  Pergamon 
J. Franklin Inst. Vol. 333(B), No. 1, pp. 71 84, 1996 

Copyright © 1996 The Franklin Institute 
0016-0032(95)00087-9 Published by Elsevier Sci . . . .  Ltd 

Printed in Great Britain 
00164)032/96 $15.00+0.00 

Robust Stabilization for Discrete-time Systems 
with Slow  Time-varying Uncertainty 

b y  W A S S I M  M. H A D D A D  and V I K R A M  K A P I L A  

School o f  Aerospace Engineering, Georgia Institute o f  Technology, Atlanta, 
GA 30332-0150, U.S.A. 

(Received 13 November 1995) 

ABSTRACT : In this paper we construct a new class of  parameter-dependent L yapunov functions 
for discrete-time systems to guarantee robust stability in the presence of  time-varying rate- 
restricted plant uncertainty. Extensions to a class of  time-varyin 9 nonlinear uncertainty that 
generalizes the discrete-time multivariable Popov criterion are also considered. These results 
are then used for controller synthesis to address the problem of  robust stabilization in the 
presence of  slowly time-varyin 9 real parameters. Copyright © 1996 Published by Elsevier 
Science Ltd 

L Introduction 

Ever since Popov derived a frequency domain condition for the absolute stability 
of continuous-time nonlinear autonomous systems considerable effort has been 
devoted to deriving similar criteria for discrete-time systems. The literature on 
frequency domain absolute stability criteria is extensive [see (1) and references 
therein]. A convenient way of distinguishing these results is to focus on the allow- 
able class of feedback nonlinearities. Specifically, the small gain, positivity, and 
circle theorems guarantee stability for arbitrarily time-varying nonlinearities 
whereas the Popov criterion does not. In order to develop refined absolute stability 
criteria for nonautonomous systems, the authors in (2~i) restrict consideration to 
sector-bounded rate-restricted time-varying nonlinearities. However, the authors 
in (2ql) deal exclusively with the continuous-time systems. In (7, 8) the authors 
consider a related absolute stability problem for single-input/single-output sam- 
pied-data systems wherein the nonlinear feedback element is a separable non- 
linearity composed of a time-varying rate-restricted linear gain and a time-invariant 
nonlinearity. The main contribution of this paper is to develop refined absolute 
stability criteria for multiple-input/multiple-output discrete-time systems with rate- 
restricted time-varying nonlinearities. Since these stability criteria are generally 
stated in terms of a linear (nominal) system and apply to every element of a 
specified class of nonlinearities the present framework provides sufficient conditions 
for robust stability for a given class of time-varying rate-restricted uncertainty. 

In the present paper we explicitly account for the maximum rate of time variation 
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in the time-varying nonlinear element by considering a modified Lur'e-Postnikov 
Lyapunov function having the form 

V(x) = xrPx+ ~p(a,k)da, k = 1,2, . . . ,  

with the additional constraint 

(1) 

fi ' [4)(a' k + 1) - q~(a, k)] da ~< y2N, (2) 

where y = Cx and ~b(',') is a time-varying rate-restricted sector-bounded 
memoryless nonlinearity. A novel feature of Eq. (1) is that the expression for the 
Lyapunov difference A V(x) involves the (discrete) time rate of change of the 
nonlinearity. Thus, it turns out that satisfying the condition AV(x) < 0 places a 
restriction on the maximum rate of time variation in the nonlinearity. Hence, 
within the context of linear uncertainty ~b(y, k) = F(k)y, the present framework 
provides robust stability conditions for discrete-time systems with slowly-varying 
real parameter uncertainty. 

The contents of the paper are as follows. In Section II we establish definitions 
and several key lemmas. In Section III we present robust stability conditions for 
discrete-time systems with time-varying rate-restricted real parameter uncertainty. 
In Section IV we generalize the results of Section III to nonlinear uncertainty. 
Specifically, we consider an absolute stability problem for a class of time-varying 
rate-restricted sector-bounded memoryless nonlinearities. The main result given in 
Theorem 4.1 generalizes the discrete-time multivariable Popov criterion to slowly 
time-varying nonlinearities. In the single-input/single-output case Theorem 4.1 is 
a discrete-time analog of several well known absolute stability criteria for con- 
tinuous-time systems with time-varying rate-restricted nonlinearities from the 
classical literature (2-6). Using the framework developed in Section III we proceed 
in Section V to give constructive sufficient conditions for robust stabilization for 
slowly time-varying real parameters via full-state feedback controllers. Finally, we 
close the paper in Section VI with conclusions. 

IL Mathematical Preliminaries 

In this section we establish definitions, notation, and several key lemmas. Let 
and ~ denote the real and complex numbers, let N denote {1,2, 3 . . . .  }, let ()r and 
0* denote transpose and complex conjugate transpose, let I, or I denote the n x n 
identity matrix, and let 0n denote the n × n zero matrix. Furthermore, M ~> 0 
(M > 0) denotes the fact that the Hermitian matrix M is nonnegative (positive) 
definite. An asymptotically stable transfer function is a transfer function each of 
whose poles is in the open unit disk. The space of asymptotically stable transfer 
functions is denoted by ~ H ~ ,  i.e. the real-rational subset of H~. Let 
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denote a state space realization of a transfer function G(z), that is, G(z)= 
C ( z I - A ) - t B +  D. The notation ,mi~, is used to denote a minimal realization. In 
addition, the parahermitian conjugate G ~ (z) of G(z) has the realization 

[ A-T A-TcT ] 
G-(z) 

L - B r A - r  D r - B r A - r C r J "  

A square transfer function G(z) is called positive real (9) if." (1) all poles of G(z) 
are in the closed unit disk; and (2) G(z)+ G*(z) is nonnegative definite for Iz[ > 1. 
A square transfer function G(z) is called strictly positive real (10, 11) if: (1) G(z) is 
asymptotically stable; and (2) G(# °) +G*(# °) is positive definite for all 0 ~ [0, 2~]. 
Note that a minimal realization of a positive real transfer function is stable in the 
sense of Lyapunov, while a minimal realization of a strictly positive real transfer 
function is asymptotically stable. 

For notational convenience we will omit all matrix dimensions throughout the 
paper and assume that all quantities have compatible dimensions. Furthermore, in 
this paper, G(z) will denote an m x m transfer function with input u ~ ~" ,  output 
y ~ m ,  and internal state x ~ " .  Next, we state the discrete-time positive real 
lemma used to characterize positive realness in the state-space setting. 

Lemma 1 [positive real lemma (10)]. 

A B  

is positive real if and only if there exist matrices P, L, and W with P positive 
definite such that 

P = ArpA + LrL, (3) 

0 = BrpA - C+ WrL, (4) 

0 = D + D r - - B r p B  - w r w .  (5) 

Next, we show that if D+ DT-BrPB > 0, where P satisfies Eqs (3)-(5) then Eqs 
(3)-(5) specialize to a single Riccati equation for characterizing positive realness, 
For the statement of this result recall that a square transfer function G(z) is strongly 
positive real if it is strictly positive real and D + D r > 0 (1, 12). 

Lemma 2 [strong positive real lemma (1)]. 

Let 

Then G(z) is strongly positive real if and only if there exists positive definite 
matrices P and R such that 

D + D r - - B r p B  > 0, (6) 
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P = A rPA + (B rPA -- C) r(D + D T__ B rPB)-I (B rPA - C) + R. (7) 

IlL Robust Stability for Discrete-time Systems with Slowly-varying Real 
Parameter Uncertainty 

In this section we address the robust stability problem for discrete-time systems 
with time-varying rate-restricted real parameter uncertainty. Specifically, consider 

x(k+ 1) = (A +AA(k))x(k), k~ ~ (8) 

where AA( ' )6  q /and  q/is the uncertainty set defined by 

& { A A ( ' ) : A A ( k ) = - B o F ( k ) C o ,  F ( ' ) ~ f f }  (9) 

where f f  satisfies 

~ {F: N/~ ~m×m :2Fr(k)M-,F(k)  <~ F(k) +Fr(K) 

F(k+l)- -F(k)  ~< N,, k6N},  (10) 

and where Bo e ~"  ×% Co e :~m×" are fixed matrices denoting the structure of the 
uncertainty, F(k)6~t m×m is an uncertain matrix, M ~ I  "×m is a given positive 
definite matrix, and Nl is a given m × m matrix. 

Remark 3.1 
Note that the condition 

F(k+ 1) -F(k)  ~< N, (11) 

in Eq. (10) provides a measure of the maximum rate of time variation in the 
uncertain real parameters. 

Remark 3.2 
In the case where F(k), k et~, is symmetric it can be shown that 

2 r r ( k ) M  - 1F(k) ~< F(k) + Fr(k) if and only if 0 ~< F(k) <<. M (12). 
Next, we define a set X such that the product of the transpose of every matrix 

in jV and every matrix in o~ is nonnegative definite by 

& {N~W×m:NrF(k)  = FT(k)N>~ O, F( ' )~o~} .  (12) 

Remark 3.3 
Since M in Eq. (10) is positive definite there exists an m × m nonnegative definite 

matrix/t  such that (12) 

FT(k)N<~#, F ( ' ) 6 ~ .  (13) 

For convenience we shall say that A + AA (-) is asymptotically stable if the zero 
solution of the time-varying system x(k+ 1) = (A + AA(k))x(k) is asymptotically 
stable. The next result provides a sufficient condition for the robust stability of Eq. 
(8) for all AA(" ) ~ q/. For convenience in stating this result define the notation 
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1~ A= ( M - '  + NCoBo) + ( M - '  + NCoBo) r -  B r PBo 

-B~C~#CoBo-B~C~N~NCoBo,  (14) 

17 A= B ~ P A - C o - N C o ( A - I ) + B ~ C ~ # C o ( A - I ) + B ~ C ~ N ~ N C o A  (15) 

for arbitrary P ~ ~" ×". 

Theorem I 
Let N1 be a given m ×m matrix, assume N E X ,  and assume N~N and # are 

nonnegative definite. Furthermore, assume that there exist n × n positive-definite 
matrices P and R such that 

/~ > 0, (16) 

P = ATPA+(A- I ) rC~pCo(A-1)+ArC~N'~NCoA+BrI~- 'B+R.  (17) 

Then, for all AA(-)eq/,  the uncertain system [Eq. (8)] is asymptotically stable 
with the Lyapunov function 

V(x) = xr[p + C~ NrF(k)Co]x. (18) 

Proof'. In order to prove the asymptotic stability of Eq. (8) for all A A ( - ) ~ ,  
consider the Lyapunov function candidate given by Eq. (18). Since P is positive 
definite and N~ Y ,  it follows that V(x) defined by Eq. (18) is positive definite for 
all nonzero x. The corresponding Lyapunov difference is given by 

AV(x(k)) = xr(k + 1)[P+ CT NTF(k + 1)Co]x(k + l) 

-xr(k)[P+V~NTF(k)Vo]x(k) (19) 

or, equivalently, using Eq. (8) 

h V(x(k)) = xr(k)[A rPA -- P -  C~ Fr(k)B~ PA 

- ArPBoF(k) Co + C ff Fr(k)B~ PBor(k) Co]x(k) 

+ xr(k + 1)Cr NrF(k + 1)Cox(k+ 1)-xr(k)Cr0NrV(k)C0x(k). (20) 

Next, adding and subtracting xX(k+ 1)C~NrF(k)Cox(k+ 1) to and from Eq. (20) 
yields 

AV(x(k)) = xr(k)[ArPA - P -  Cr Fr(k)B r PA 

- A TpBo F(k) Co + C ro Fr (k) B ~ PSo F(k) Co ] x (k) 

+ xr(k + 1)C~ Nr[F(k + 1) -F(k)]Cox(k + l) 

+ xr(k + 1)C~ NrF(k)Cox(k + 1)-xr(k)C~NrF(k)eox(k).  (21) 

Now using the fact that F(k+ l)--F(k) ~< N~, ke  ~l, and adding and subtracting 
2xT(k)C~ NTF(k)Cox(k+ l) and xr(k)CroNrF(k)Cox(k) to and from Eq. (21) yields 
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A V(x(k)) <<. xr(k)[A rPa  - P -  Cro Fr(k)B ro PA 

- A rpBo r(k)  Co + C ~ F r (k) B ~ PBo F(k) Co ] x (k) 

+ xr(k  + 1) C ro N~ NCox(k + 1) + 2xr(k) C~ Fr(k)NCo [x(k + 1) - x(k)] 

+ [x(k + 1) - x(k)] rC ~ NrF(k)  Co [x(k + 1) - x(k)]. (22) 

Next, adding and subtracting xr(k)C ff [2Fr(k)M - XF(k) - F(k) - Fr(k)] Cox(k) to 
and from Eq. (22), using Eq. (13), and grouping terms in Eq. (22) becomes 

A V(x(k)) <~ xr(k)[[A rPA - P + (A - I) rC~ #Co (A - 1) + A rC~ N r NCo A] 

- C~ Fr(k)[B ff PA - Co - UCo (A - 1) + B~ C~ #Co (A - i) + B~ C r N~ UCo A] 

- [ B ~ P A -  Co - N C o ( A - 1 )  + B  ff Cro#Co(A - I )  + B~ C~NrNCoA]rF(k)Co 

-- C~ Fr(k)[ (M - ' + NCoBo) + ( M  -1 + N C o B ~ -  B~ PBo 

- B T C~ #CoBo - B~ C r N r WCoBo]F(k) Co]x(k) 

+ xr(k)C~ [2Fr (k )M- 'F(k )  - F(k) - Fr(k)] Cox(k) (23) 

or, equivalently, using Eqs (14)-(17) 

A V(x(k)) ~ - xr(k) [R + wrw]x(k) + xr(k) C~ [2Fr (k )M- '  F(k) 

- F(k) - Fr(k)] Cox(k) (24) 

where 

w ~= l~-'/ZB+l~/~F(k)Co (25) 

Since R is positive definite and F ( ' ) e  ~ it follows that AV(x)  is negative definite. 
Hence Eq. (8) is asymptotically stable for all AA(.)~ og. • 

Remark 3.4 
Note that the Lyapunov function V(x) given by Eq. (18) is explicitly dependent 

on the uncertain parameters F(k). In the terminology of (12, 13), this is a parameter- 
dependent Lyapunov function. Since the parameter-dependent Lyapunov function 
V(x) explicitly depends on the uncertain time-varying parameters F(k) it enforces 
an a priori restriction on the allowable time-variation of the uncertain parameters. 
Specifically, if F(k) were permitted to be arbitrarily time-varying then the terms 
involving F(k+ 1)-F(k)  would potentially subvert the negative definiteness of 
zXV(x). 

Remark 3.5 
In the case where the only information available about the rate of time variation 

of the uncertainty is F(k+ 1)-F(k)  <~ 0 asymptotic stability of Eq. (8) can be 
guaranteed with N~ = 0 in Theorem I. 
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Remark 3.6 
The existence of  the Riccati Eq. (17) can be guaranteed by invoking a strong 

positive real condition on 

f~(z) ~ M-1  + ( I+  ( z -  1)N)G(z) - ~  [ Iz -  l l2G ~ (Z)l~G(z) + G ~ (z )N r NG(z)] 

(26) 

where 

1 -6-3 
Specifically, fq(z) is strictly positive real if and only if there exist matrices P, L, and 
W with P positive definite such that 

P = A T P A + ( A - I ) r C ~ I ~ C o ( A - I ) + A r C ~ N ~ N C o A + L r L  (27) 

0 = BToPA-Co - N C o ( A - 1 ) + B r o C T U C o ( A - 1 ) + B ~ C r o N ~ N C o A +  WrL ,  

(28) 

0 = ( M -  ' + NCoBo) + ( M -  ~ + NCoBo) r -  B~ PBo - B ff C r #CoBo 

- B ~ C ~ N ~ ( N C o B o -  W r W  (29) 

are satisfied, the pair (A, L) is observable, and rank t~(z) = m, for z = e J~, ~o ¢ ~ ,  
where 

" F "°l G (z) ~ L- L- ~ j .  

However, Eqs (27)-(29) along with/~ > 0 are equivalent to the Riccati Eq. (17). 
Hence, strong positive realness of  f~(z) guarantees the existence of  positive definite 
matrices P and R satisfying Eq. (17). 

IV. Absolute Stability Criteria for Discrete-time Systems with Slowly-varying 
Nonlinearities 

In this section we provide a generalization of the results of Section III to 
nonlinear uncertainty. Specifically, we consider the absolute stability problem for 
a class • of time-varying rate-restricted sector-bounded nonlinearities q~ : ~ "  x N -~ 
) t  '~. Now, given 

G(z) ~" ~--6 

we derive conditions that guarantee global asymptotic stability of  the negative 
feedback interconnection of G(z) and ~ ( ' , - )  for all q~(',-) s ~ .  Note that the 
negative feedback interconnection of G(z) and ~b(',-) has the state-space 
representation 
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x ( k +  1) = A x ( k ) - B ( o ( y , k ) ,  k e  N (31) 

y(k) = Cx(k). (32) 

To state the main result of  this section, the following definitions are needed. Let 
M E ~  m×m be a given positive definite diagonal matrix. Next, define the set (I) of 
allowable time-varying rate-restricted sector-bounded nonlinearities ~b( "," ) by 

@ ~ { ~ : ~ m  X N -- '  ~ m  : 4 ' (Y ,k )  = [ q ~ , ( Y , , ' )  . . . . .  q~m(Ym,')] ,  

e ) r ( y , k ) [ M - l ~ ) ( y , k ) - y l  <~ O, 

cbi(a,, k) - (9i(a2, k) 
0--. <fii ,  i =  1 , . . . ,m ,  ai ,azEJl ,  ai ¢ a 2 ,  

0" 1 - - 0 "  2 

2 ~ ,  ' [4 ) i (a , k+l ) - c~ i (a , k ) ]da<~yrN,  y, y e n  m, k e N }  (33) 
i = 1  

where Yi = Cix and 6",. denotes the ith row of  C. 

Remark 4.1 
Note that the conditions characterizing qb are implied by 

0 <<. #),(y~,k)y~ <~ Mi,y~, yis~, i =  1 . . . . .  m, k e n  (34) 

and 

2 [ ~ i ( a , k + l ) - ~ , ( a , k ) ] d a < ~ y ~ N , i , y i e ~ ,  i = 1  . . . . .  m, k e N .  (35) 

Furthermore, Eq. (35) provides a measure of  the maximum rate of  time variation 
of  the nonlinearity q$(y, k). 

For  convenience in stating the next result define the notation 

1~ & ( M  1 + NCB) + ( M -  1 ~__ NCB) r _  B TpB--  B TC V f iNCB-  B vC rN 1NCB, 

yO ~- B r PA -- C--  NC(A  -- I) + B r C r f iNC(A -- 1) + B r C r N,  NCA 

for arbitrary P e ~"  ×". 

Theorem H 
Let 

(36) 

(37) 

and let Nl, N, and/~ be given m × m diagonal matrices. Furthermore, assume N~, 
N, are nonnegative definite and/ i  > 0. Then 
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if(z) & M 1 + [I+ ( z -  1)N]G(z) -½ [ Iz-  112G ~ (Z)l~NG(z) + G ~ (z)N, NG(z)] 

(38) 

is strongly positive real if and only if there exist n × n positive-definite matrices P 

and R such that 

J q > 0 ,  

P = A rPA + (A -- i)TC rI?tNC(A - D + A rCrN~ NCA + BrI~ ~B+ R. 

(39) 

(40) 

In this case, 

=Ira fj'i V(x) = x r p x + 2  ~.= (gi(a,k)N, da (41) 

is a Lyapunov function that guarantees that the negative feedback interconnection 
of  G(z) and 4)( "," ) is asymptotically stable for all q~( "," ) e ~. 

Proof'. If if(z) is strongly positive real, it follows from spectral factorization 
theory that there exists a spectral factor J / (z)  such that i f ( z ) + i f - ( z ) =  
J/g-(z)JC(z), z = # ' ,  where J t +  (z)e ~ H ~ .  The existence of  positive definite mat- 
rices P and R satisfying Eqs (39) and (40) now follows from algebraic state- 
space realization manipulations. 

Conversely, to prove that Eqs (39) and (40) imply that if(z) is strongly positive 
real, add and subtract ArPA,  ArPz,  and gPA to and from Eq. (40) so that 

0 = ( ~ I - A ) r p A  + A r P ( z I - - A )  + ( g I - A ) r P ( z I - A )  

- ( A - 1 ) r C r ~ N C ( A - I ) - A r C r N 1 N C A - B r R  1/~-R, z = # ' .  (42) 

Next, forming Br(ZI - A ) - r  (Eq. (42)) ( z I - -A) -~B  and using Eq. (37) we obtain 

0 = [B+ C + NC(A - I) - B rCrf iNC(A - 1) - B rCrN~ NCA] ( z I -  A) -~ B 

+ B r(2I-- A) - r[/~+ C + NC(A - 1) - B rC r~NC(A - i) - B rC rN1NCA] r 

+ B r P B - -  Br(~I--  A) r [ (A - -1 ) r C r f i N C (A- - I )+  A r C r N 1 N C A  

+ g r ~ q - l B ] ( z I - A ) - l B  - W*(z)W(z) ,  z = e/" (43) 

where W(z) & R ~ / 2 ( z I - A )  lB. Adding and subtracting R to and from Eq (43), 
using Eq. (36), and grouping terms yields 

i f(z)+if*(z)  = W*(z) W(z )+  U*(z)U(z) > 0, z = e/~ (44) 

where U(z) ~= R-1/2 _ ~-1/2 B ( z I - A ) - ~ B .  Hence if(z) is strongly positive real. 
Next, for 4)(.,-) s (I) consider the Lyapunov function candidate (41). First note 

that since P is positive definite and ~b( "," ) ~ (I), V(x) defined by Eq. (41) is positive 
for all nonzero x. Thus, the corresponding Lyapunov difference is given by 
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A V(x(k))  = xr(k) [A TpA - Plx(k)  - 49r(y, k )B  rPAx(k )  

-- xT (k)AT PB49(y, k) + 49r(y, k ) B r  PB49(y, k) 

;5 ] +2~= 49~(0-,k + l ) N ,  d0 - -  49~(0",k)Ni~d0" . 

Adding and subtracting 

2 i=1 ~ f~ i(k-1) 49i(0",k)Nid0- and 249r(y ,k ) [M-149(y ,k ) -y]  

(45) 

to and from Eq. (45) and grouping terms yields 

A V(x(k))  = xr(k)[A rPA - Plx(k)  - 49r(y, k)[B TPA -- C]x(k) 

-- xr(k) [B r p A  - C] r49 (y, k) - 49 r(y, k) [2M --1 __ g T pB] 49 (y, k) 

~I£ 'k+l'' 
+ 2 [49f(0-, k + 1) - 49~(0-, k)]N.  d0- 

i=1 

~ f  yi(k+l 
+ 2 49i(a, k ) N ,  da + 249r(y, k ) [M-1  49(y, k) - y ] .  (46) 

i= 1 dyi(k) 

Next, using the fact that 

49,(~1, k ) -  49,(~, k) O< </i~, i = l  . . . . .  m, 
0" 1 --0" 2 

it follows from the mean value theorem that 

Yi(k + 1 ) 

2 i=l ~ f 49,(a,k)N, d0" <~ 249r(y ,k )N[y(k+ 1)-y(k)] 
yi(k) 

+ [y(k+ 1) - y ( k ) ] r l J N [ y ( k +  1)-y(k)].  

Now, since 49( "," ) E • and y(k  + 1) - y ( k )  = C(A -- 1)x(k) - CB49(y, k), Eq. (46) 
becomes 

A V(x(k))  <<. x V(k) [A r p A  -- P + (A -- I) rC T~NC(A - i) + A TC rNl NCA] x(k)  

_ 49 r(y,  k) [B t e A  - C -  NC(A  - 1) + B TC rf tNC(A - 1) + B r c  r N  1NCA]x(k)  

-- x r (k  ) [Br p A  - C -  NC(A  - I) + B r  Cr  f iNC( A - 1) + B r  CT N1NCA]r49(y, k) 

_ 49 r(y,  k ) [ (M-1  + NCB)  + ( M - I  + NCB)  r _  B r P B - -  B r c  r f iNCB 

-- B r  c r  NI NCB]49(y, k) + 249r(y, k ) [M-1  49(y, k) --y] (47) 

or, equivalently, using [Eqs (36), (37) and (40)] 
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A V(x) <~ - x rRx  - vrv + 2~b r(y, k) [M-1 ( ~ ( , k )  - -  Yl (48) 

where 

v ~- R-' /2Bx(k)+R1/Jq~(y,k).  

Since R is positive definite and ~br(y, k)[M-~qb(y, k ) - y ]  <<. 0 it follows that A V(x) 
is negative definite. Hence global asymptotic stability of feedback interconnection 
of G(z) and q~( ", ") is established for all ~b( ", ") e~ .  • 

Remark 4.2 
A similar proof using the three equation form (27)-(29) with B0, Co replaced by 

B, C, respectively, in the positive real condition Eq. (38) can also be constructed. 
In this case the condition (38) in Theorem II can be relaxed from strongly positive 
real to strictly positive real. 

Remark 4.3 
Theorem II is a discrete-time analog of a similar result by Rekasius and Rowland 

(4) and Srinath et al. (5) for single-input/single-output continuous-time systems. 
Furthermore, Theorem II generalizes the results of (8) which only considers single- 
input/single-output systems with a separable time-varying nonlinearity to a more 
general class of rate-restricted nonlinearities. 

Remark 4.4 
In the special case where q~(y, k) = F(k)y, Theorem II specializes to Theorem I 

for the case of diagonal time-varying rate-restricted uncertainty F(k). However, 
the results of Section III allow for fully coupled uncertain rate-restricted uncer- 
tainties F(k) which cannot be addressed by means of the nonlinear theory. 

Remark 4.5 
Setting N1 = 0 in Eq. (38) Theorem II specializes to the discrete-time multi- 

variable Popov criterion (1, 12). 

Remark 4.6 
It is interesting to note that in the case where the only information available 

about the rate of the time variation of the nonlinearity is 

I y' [q~(tr, k +  1) - ~b~(tr, k)] dtr ~< 0 (49) 
i = 1  J0 

asymptotic stability of Eqs (31) and (32) can be guaranteed with NI = 0 in Theorem 
II. In this case f#(z) given by Eq. (38) specializes to 

~e(z) ~ M - '  + (1+ ( z -  1)N)G(z) - ~ [ z -  l[2G ~ (z)ftNG(z). (50) 

Furthermore, in the special case where 

~)i(Yi, k) = f i ( k ) ~ i ( Y i ) ,  i =  1 . . . . .  m (51) 
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where f ( k )  is a linear time-varying gain and ~i(Yi) is a first and third quadrant 
time-invariant sector-bounded memoryless nonlinearity, Eq. (49) is satisfied if 

f ( k + l ) - f ( k )  <~ O. Hence, for this class of time-varying rate-restricted non- 
linearities the discrete-time Popov criterion (14) provides sufficient conditions for 
absolute stability. 

Ix. Robust Stabilization for Discrete-time Systems with Slowly-varying Real 
Parameter Uncertainty 

In this section we consider the robust stabilization problem for systems with 
time-varying rate-restricted real parameter uncertainty. The problem involves the 
set q/given by Eq. (9) of uncertain perturbations AA(-) of the nominal (A, B) 
system. The goal of the robust stabilization problem is to determine a state feedback 
controller that stabilizes the plant for all variations in ql. 

Robust Stabilization Problem 
Determine Ke ~"×" such that the closed-loop system consisting of the nth-order 

controlled plant 

x(k+ 1) = (A +AA(k))x(k)  +Bu(k), ke N (52) 

and the state feedback controller 

u(k) = Kx(k) (53) 

is asymptotically stable for all AA( ' )e  og. 
For each uncertain variation AA(')~ 0g, the closed-loop system can be written 

a s  

x(k + 1) = (A + BK+ AA(k))x(k), k ~ N. (54) 

The following result gives a sufficient condition for constructing a state feedback 
gain K that solves the robust stabilization problem with time-varying rate-restricted 
real parameter uncertainty. For the statement of this result let R~ and R2 be n x n 
and m x m positive definite matrices, respectively. Furthermore, for notational 
convenience recall the definitions of/~ and/~ and define 

S ~= B r P B - - N C o B + B r C ~ I z C o B + B ~ C r N r N C o  B, 

Pa ~ B r P A + B r C ~ p C o ( A - - 1 ) + B r C r  Nr  N C o A + S  rl~-'~, 

R2, ~- R2 + BrPB+ BrCr  #CoB+ Bff Cro Nr  NCoB+ SrI~-' S 

for arbitrary P e ~" ×". 

Theorem III 
Assume/~ >~ 0, N~ Jff, and N~ r N ~> 0. Furthermore, suppose there exists an n × n 

positive-definite matrix P satisfying 

~q > O, (55) 
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P = A r p A  + ( A -  1)rcr#Co ( A - I )  + A r C  r N r NCoA + R, 

+ ~ T K - , ~ _  r -l Pa R2a Pa (56) 

and let K be given by 

K = -R~-a ~ Pa. (57) 

Then A + BK + AA(" ) is asymptotically stable for all AA(" ) e q/. • 

Proof'. With K given by Eq. (57), it follows that Eq. (56) is equivalent to 

P = (A + BK)rp(A + BK) + R 1 --~ ((A "al- BK) -- 1)rC r #Co ((A + BK) -- i) 

+ (A + BK) r c r  Nrl UCo (A + BK) + [B r P(A + BK) -- CoNCo ((A + BK) - 1) 

+ B r c r  pCo((A + BK) - i )  + B r Cr Nr  NCo(A + BK)] r_R - '  

• [B T P (A  + BK)  - Co - NCo ((A + BK) -- 1) + B r C ~ I~Co ((A + BK)  - 1) 

+ B~ C r N~ NCo (A + BIOl. (58) 

It now follows from Theorem I that A + B K + A A ( ' )  is asymptotically stable for 
all AA (") e q/. • 

Remark 5.1 
Theorem III presents sufficient conditions for designing robust full-state feed- 

back controllers for time-varying rate-restricted real parameter uncertainty. Using 
the fixed-structure controller synthesis framework developed in (12, 13) these 
results can be readily extended to fixed-order (i.e. full and reduced-order) dynamic 
compensation. 

VI. Conclusion 

In this paper we developed a new class of parameter-dependent Lyapunov 
functions for discrete-time systems that explicitly depend on the time variation of 
the uncertain parameters to guarantee robust stability for discrete-time systems in 
the presence of time-varying rate-restricted plant uncertainty. Extensions to a class 
of time-varying nonlinear uncertainty that generalizes the discrete-time mul- 
tivariable Popov criterion were also developed. Finally, using the parameterized 
Lyapunov function framework developed in the analysis part of the paper con- 
structive sufficient conditions for robust controller synthesis for slowly time-varying 
real parameters via full-state feedback were obtained. 
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