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Since for square matrices the trace is merely the sum of the diagonal
elements,trY UU ?Y ?D?D = d

i=1(Y UU
?Y ?)iidi, wherefdigd1

are the positive diagonal elements ofD?D. Thus

trY UU?Y ?D?D �

d

i=1

j(Y UU?Y ?)iijdi

� max
i=1;2;...;d

j(Y UU?Y ?)iij trD
?D: (10)

Since the magnitude of each element ofY UU?Y ? is bounded above
by jY UU?Y ?j, (i.e., the maximum singular value ofY UU?Y ?), and
Y unitary then, from (10), we deduce

kMUk2F =trY UU?Y ?D?D � jU j2 jtrD?Dj

=jU j2
n

i=1

�2i (11)

=)kMUkF �

n

i=1

�2i jU j (12)

=)kMk �

n

i=1

�2i : (13)

Equality in (11) can be achieved by puttingU = I .
A consequence of Proposition 1 is that theH2-norm is also induced.

To see this letL1d�q be the space ofd � q matrix-valued essentially
bounded functions defined on thej! axis, endowed with the norm

kfk1 := ess sup
!2

jf(j!)j; f 2 L1d�q: (14)

Likewise letL2q�q be the space ofq�q matrix-valued Lebesgue square
integrable functions defined on thej!-axis, under the norm

kgk2 :=
1

2�

1

�1

kgk2Fd!; g 2 L2q�q: (15)

LettingG 2 H2

q�d, the multiplication operator associated withG and
acting fromL1d�q into L2q�q is denoted byMG. More precisely, we
show in the following proposition that ifMGf = Gf , for f 2 L1d�q,
then the operator induced norm ofMG is equal tokGk2.

Proposition 2: The operator induced norm ofMG, as a multiplica-
tion operator fromL1d�q intoL2q�q, is equal tokGk2, that is

kMGk := sup
kfk �1

kGfk
2
= kGk2: (16)

Proof: Let g 2 L1d�q, kgk1 � 1 we have that

kMGgk
2

2 =
1

2�

1

�1

trf(Mg)(Mg)?g(j!)d!

=
1

2�

1

�1

trfM?Mgg?g(j!)d!

�
1

2�

1

�1

jg(j!)j2trfM?Mg(!)d!

�kgk21kMk22: (17)

Equality follows by choosingg = I , the identity matrix.

Remark: Propositions 1 and 2 show that the Frobenius and theH2

norms are induced, when allowed to act on special spaces of matrices
and matrix-valued functions, respectively. In [1], only standard spaces
of vectors n have been considered.

It should be noted that the Frobenius norm is also induced on
the space of linear functionals on the space of matrices, saym�n,
as a Hilbert space with the usual matrix inner product, i.e., for
A; B 2 m�n, < A;B >= trAB?, since it is isometrically
isomorphic to its dual space. Same observation applies to theH2

norm, which is induced on the space of bounded linear functionals
on the spaceL2m�n with the inner product, forf; g 2 L2m�n,
< f; g >= 1=2�

1

�1
trfg?(j!)d!, for the same reason.
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In [1], we showed that the Frobenius norm is not induced from
( n; k � k0) into ( m; k � k00), wherem, n > 1, andk � k0 andk � k00

arevector norms. In [2], the author shows that ifk � k0 andk � k00 are
taken to bematrix norms, then the Frobenius norm is indeed induced.
Furthermore, the author shows that theH2 norm is also induced from
anH1 space into anH2 space. In this note, we show that even though
the results of [2] are interesting and provide additional insight into the
problem addressed in [1], they are not surprising and are in fact a very
special case of a general result on bounded linear operators. In partic-
ular, in this communique we show thateveryoperator norm defined on
a normed linear space is induced on particular normed linear spaces.
As a special case of this result, we show thateverymatrix norm is in-
duced on particularmatrix spaces.

The notation we use in this communique is fairly standard.
Specifically, denotes the set of real numbers, denotes the
set of complex numbers, n (respectively, n) denotes the set
of n-dimensional real (respectively, complex) vectors, andm�n

(respectively, m�n) denotes the set ofm � n real (respectively,
complex) matrices. Furthermore,k � k denotes vector or matrix
norm, jjj � jjj denotes vector or matrix operator norm, andHm�n

2

and Hm�n
1 denote the sets ofm � n analytic matrix functions

G : | ! m�n with norms jjjGjjj2 =
1

�1
kG(|!)k2Fd!

1=2

andjjjGjjj1 = sup!2 �max(G(|!)), respectively, wherek � kF and
�max(�) denote the Frobenius norm and the maximum singular value,
respectively. Finally,Lnp denotes the set ofn-dimensional vector
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functionsw : | ! n with norm jjjwjjjp =
1

�1
kw(|!)kpd!

1=p

,

wherep 2 [1;1] andk � k is a vector norm defined onn.
LetX be a normed linear space over the fieldwith normjjj � jjj and

let B(X ) denote the space of bounded linear operatorsT : X ! X
with norm onB(X ) defined by

jjjT jjj0 = sup
x2X ;jjjxjjj=1

jjjT (x)jjj: (1)

Note that for everyT 2 B(X ), jjjT (x)jjj � jjjT jjj0jjjxjjj andjjjIjjj0 = 1,
whereI : X ! X denotes the identity operator given byI(x) = x.

Theorem 1: jjjxjjj = supT2B(X );jjjT jjj =1 jjjTxjjj:
Proof: The result is immediate by noting thatjjjT (x)jjj �

jjjT jjj0jjjxjjj andjjjIjjj0 = 1.
Remark 1: Theorem 1 shows that every normjjj � jjj onX is induced

by jjj � jjj0 andjjj � jjj. In the case whereX = m�n, jjj � jjj = k � k, and
jjj � jjj0 = k � k0, Theorem 1 shows that every matrix normk � k on m�n

is induced byk � k0 andk � k.
LetX = m�n andB(X ) = n�n so that for everyA 2 m�n

andB 2 n�n the linear operatorT 2 B(X ) is given byT (A) =
AB 2 m�n. Now, if jjj � jjj = k � kF , then it can be easily shown that
jjjT jjj0 = �max(B) and hence it follows from Theorem 1 thatkAkF =
maxB2 ;� (B)=1 kABkF yielding [2, Prop. 1]. Alternatively,
letX = Hm�n

2 andB(X ) = Hn�n
1 so that for everyG(�) 2 Hm�n

2

andK(�) 2 Hn�n
1 the linear operatorT 2 B(X ) is given byT (G) =

GK 2 Hm�n
2 . Now, if jjj � jjj = jjj � jjj2, then

jjjGKjjj2 =
1

�1

kG(|!)K(|!)k2Fd!
1=2

�
1

�1

�
2
max(K(|!))kG(|!)k2Fd!

1=2

�jjjKjjj1
1

�1

kG(|!)k2Fd!
1=2

=jjjGjjj2jjjKjjj1: (2)

Equality in (2) can be achieved by choosingG(|!) = �1=2(!� !̂)Ĝ,
! 2 , where� : [ f1g ! [ f1g is the Dirac delta function,
!̂ 2 [ f1g is such that�max(K(|!̂)) = jjjKjjj1, andĜ 2 m�n

is such thatkĜK(|!̂)kF = �max(K(|!̂))kĜkF .1 Thus,jjjKjjj1 =
supG(�)2H ;jjjGjjj =1 jjjGKjjj2 and hence it follows from Theorem 1 that
jjjGjjj2 = sup

K2H ;jjjKjjj =1
jjjGKjjj2 yielding [2, Prop. 2].

Next, letX andY be normed linear spaces with operator normsjjj � jjj
andjjj � jjj00, respectively. Now, letB(X ;Y) denote the space of bounded
linear operatorsT : X ! Y with norm onB(X ;Y) defined by

jjjT jjj0 = sup
x2X ;jjjxjjj=1

jjjT (x)jjj00: (3)

Once again for everyx 2 X andT 2 B(X ;Y), jjjT (x)jjj00 � jjjT jjj0jjjxjjj.
However, in this case an identity operatorI : X ! Y exists if and only
if X � Y . Furthermore,jjjIjjj0 = 1 only if jjjxjjj00 � jjjxjjj,x 2 X . Hence,
the equality

jjjxjjj = sup
T2B(X ;Y);jjjT jjj =1

jjjTxjjj00 (4)

may not always hold. If (4) holds, then it follows thatjjj � jjj is induced
by jjj � jjj0 andjjj � jjj00. The following problem regarding bounded linear
operators captures the essence of the problem addressed in [1].

Problem 1: For a given pair of normed linear spacesX andY with
normsjjj � jjj andjjj � jjj00, respectively, determine conditions under which
(4) holds. More generally, given a normed linear spaceX with norm
jjj�jjj and a vector spaceY determine conditions under which there exists
a normjjj � jjj00 defined onY such that (4) holds.

1For details of a similar proof, see [3, p. 677].

In the case whereX = m�n, Y = m, and jjj � jjj = k � kF ,
we showed in [1] that there does not existjjj � jjj00 on m such that (4)
holds. Finally, in the case whereX = Hm�n

2 and jjj � jjj = jjj � jjj2,
Problem 1 is directly related to the question regarding whether (or not)
theH2 norm is induced on particularvector-valuedoperator spaces
[1]. Specifically, do there existLnp andLmq spaces such that for every
G 2 Hm�n

2 , G : Lnp ! Lmq and

jjjGjjj2 = sup
w2L ;jjjwjjj =1

jjjGwjjjq:

This is the relevant question in system theory since input and output
spaces are typically vector operators andnot matrix operators as con-
sidered in [2]. This remains an open problem.
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Comments and Further Results on “A Descriptor
System Approach to Control of

Linear Time-Delay Systems”

Huijun Gao and Changhong Wang

Abstract—This note presents some comments and further results con-
cerning the descriptor system approach to control of linear time-delay
systems. Upon the system model of the paper by Fridman and Shaked, we
propose a new iterative state-feedback controller design procedure, which
is based on a new bounded real lemma derived upon an inequality recently
proposed by Moon. The proposed design solves both the instantaneous and
delayed feedback problems in a unified framework, and is illustrated by a
numerical example to be much less conservative than the above paper and
other relevant references.

Index Terms—Delay-dependent performance, descriptor systems,
control, linear matrix inequality (LMI), neutral delay systems.

I. INTRODUCTION AND COMMENTS

Recently, a new descriptor system approach was proposed for
time-delayed systems, which significantly reduced the overdesign
over the traditional methods due to the facts that it was based on a
transformed model that was equivalent to the original system and
fewer terms needed to be bounded in the derivation [1]–[6]. This
approach has been exploited for different problems (see, e.g., [12]
for neutral delay systems, [1] for distributed delay systems, [2] for
positive realness problems, and [3] for filtering problems), and has
been gradually improved by seeking different bounding techniques
to derive the bounds on the inner product of two vectors (see, e.g.,
standard bounding technique was used in [1], [3]–[5], the inequality
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