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Since for square matrices the trace is merely the sum of the diagonaRemark: Propositions 1 and 2 show that the Frobenius and#fe
elementsgrYUU*Y*D*D = Z‘Z.”zl(Y'Lfl,f*)f*)iidi, where{d;}{ norms are induced, when allowed to act on special spaces of matrices
are the positive diagonal elementsidf D. Thus and matrix-valued functions, respectively. In [1], only standard spaces
of vectorsC™ have been considered.
It should be noted that the Frobenius norm is also induced on
oYUU'Y™ D™D <Y [(YUU'Y™)ilds the space of linear functionals on the space of matricesC&ay",
=1 e . as a Hilbert space with the usual matrix inner product, i.e., for
Sizﬁl_lg?_i_‘dKYUL’T Y7l trD™D. (10) 4, B ¢ C™*" < A, B >= trAB*, since it is isometrically
T isomorphic to its dual space. Same observation applies tafthe
Since the magnitude of each elemenfdf U*Y * is bounded above Norm, which is induced on the space of bounded linear functionals

by [YUTU*Y*|, (i.e., the maximum singular value BUT*Y*), and On the spaceL?,, with the inner product, forf,.g € L7,x.,
Y unitary then, from (10), we deduce < f,g>=1/2n [7_trfg"(jw)dw, for the same reason.
MU||F —tIYUU*Y*D D < |U| [trD* D] REFERENCES
2 9 [1] V. Y. Chellaboina and W. M. Haddad, “Is the Frobenius matrix norm
= 0 induced?,”IEEE Trans. Automat. Contivol. 40, pp. 2137-2139, Dec.
U] 11) induced |
i 1995.

= | MU

<
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=||M|| <

(13)
Authors’ Reply

Equality in (11) can be achieved by puttifig= 1. VijaySekhar Chellaboina and Wassim M. Haddad

A consequence of Proposition 1 is that #é-norm is also induced.
To see this letL35, be the space of x ¢ matrix-valued essentially

In [1 h d that the Frobeni i t induced fi
bounded functions defined on the axis, endowed with the norm n [1], we showe ar e Frobenius norm 1 ot Induced from

@€, - II'yinto (C™. || - ||"), wherem, n > 1, and|| - ||" and]|| - ||
) - arevector normslIn [2], the author shows that Jf - || and]|| - || are
| flloc := ess ig; [f(Gw)l, f € Laxg- (14)  taken to bematrix norms then the Frobenius norm is indeed induced.

Furthermore, the author shows that e norm is also induced from
be the space afx ¢ matrix-valued Lebesgue squarea”H space into atfl; space. In this note, we show that even though
the results of [2] are interesting and provide additional insight into the
problem addressed in [1], they are not surprising and are in fact a very

pos special case of a general result on bounded linear operators. In partic-
lgllz = % / lgl|%dw, g€ szq_ (15) ular, in this communique we show thateryoperator norm defined on
\/ 4TS - a normed linear space is induced on particular normed linear spaces.
As a special case of this result, we show trymatrix norm is in-
Letting G € qud, the multiplication operator associated withand duced on particulamatrix spaces.
acting fromL35, into L%, is denoted byM;. More precisely, we ~ The notation we use in this communique is fairly standard.
show in the following proposition that #/¢ f = G'f, for f € L35,, Specifically, R denotes the set of real numberS, denotes the

Likewise letL?

integrable functions defined on thie-axis, under the norm

then the operator induced norm &f¢; is equal to||G||2. set of complex numbersR™ (respectively,C") denotes the set

Proposition 2: The operator induced norm éf;, as a multiplica- of n-dimensional real (respectively, complex) vectors, &titi*”
tion operator from. 33, into L7, is equal to| G||, that is (respectively,C™*™) denotes the set ofi x n real (respectively,
complex) matrices. Furthermord}, - || denotes vector or matrix

|2 = sup ||Gfll, = |G- (16) norm, || - || denotes vector or matrix operator norm, afg"*"

Hf HLoo< and H**" denote the sets ofn x n analytlc matrix functions

€L’ 1/2

e G : JR — C™ " with norms||G[l> 2 [[ ||G(;w)||pfu]
Proof: Lety € LT, ll9llec < 1 we have that and |Gl = sup,,cg omax (G(yw)), respectively, wherg - ||~ and

omax(+) denote the Frobenius norm and the maximum singular value,

1 [ o respectively. Finally,L; denotes the set ofi-dimensional vector
Wloglls =5 [ l(Ma)(Mg)* i) ¢
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1/p 5 mxXn ) m
functionsw : JR — C” with norm|Jw ||, = [fj; ||7,,(.7w)||pdw] g In the case wheret = C"*",y = C ,”and||| =1 e
wherep € [1, 0] and|| - || is a vector norm defined 08" . we showed in [1] that there does ngt e>¢|!7s:tx|||n onC suc_h that (4)
Let X be a normed linear space over the fi€ldvith norm|| - || and holds. Finally, in the case wher¥ = 1, and| - = Il - Il=,

let B(.X') denote the space of bounded linear operafors.Y’ — X Problem 1 is directly related to the question regarding whether (or not)
with norm onB(Y) defined by the H» norm is induced on particularector-valuedoperator spaces

[1]. Specifically, do there exisk, andL;" spaces such that for every

, A
Il = Jw 17 ()l O Geny*,¢:L" — L and
ze X, ||x|[|=
Note that for even® € B(X), |T(x)| < ITI'll=]l and | I] = 1, G2 = s IGwllq-
wherel : X — X’ denotes the identity operator given bi) = x. werE il =1
Theorem 1: ||z|| = suprepix) =1 17| This is the relevant question in system theory since input and output
Proof: The result is immediate by noting thdl'(z)| < spaces are typically vector operators aadmatrix operators as con-
IZ0 Nl )l and||I])" = 1. O sidered in [2]. This remains an open problem.
Remark 1: Theorem 1 shows that every noffm|| on X’ is induced
by || - || and]| - ||. In the case wher& = C™*", |-l = || - ||, and REFERENCES
! __ NI H mxn
||| ||| = |-1I' The(I)rem 1 shows that every matrix nojfr| onC [1] V. Chellaboina and W. M. Haddad, “Is the Frobenius matrix norm in-
is induced byj| - || and]|] - ||. duced?,lEEE Trans. Automat. Contwol. 40, pp. 2137-2139, 1995.
LetX¥ = C"*" andB(X) = C"*" so that for everyd € C"*" [2] S.M.Djouadi, “Comments on'ls the Frobenius matrix norminduced?’,”
andB € C"*" the linear operatol’ € B(X) is given byT(A4) = IEEE Tran_s. Automat. Contwol. 48, pp. 518-519, Mar. 2003. ‘
AB € C™ " Now, if|| - || = || - ||, then it can be easily shown that [3] H. K. Khalil, Nonlinear Systems Upper Saddle River, NJ: Prentice-
- . ’ ! ’ Hall, 2002.
ITII' = ¢max (B) and hence it follows from Theorem 1 that||» =
maxgeenxn o (=1 ||[AB||» yielding [2, Prop. 1]. Alternatively,
let ¥ = H**" andB(X) = HZ*" so that for every7(-) € H"*"
andK () € HL™ the linear operatdF’ € B(.X) is given byT (G) =
GK € Hy"*" . Now, if || - || = |l - |2, then
e S} T l/2 “ H
- 2 Comments and Further Results on “A Descriptor
16K = | [ 160K Gl . P
oo | ystem Approach to H., Control of
< i , 1Y Linear Time-Delay Systems”
<| [ B GG
e 12 Huijun Gao and Changhong Wang
<Il | [ G0
T . Abstract—This note presents some comments and further results con-
=GN - )

cerning the descriptor system approach taH ., control of linear time-delay
Equality in (2) can be achieved by choosifigjw) = 51/2(w — @)C}, systems. Upon the system model of the paper by Fridman and Shaked, we
w € R, wheres : RU {~0} — R U {oc} is the Dirac delta function propose a new iterative state-feedback controller design procedure, which

N : ANy A mxn 1S basedonanew bounded real lemma derived upon an inequality recently
@ € RU {oc} is such thatax (K (30)) = | K|, andG € C proposed by Moon. The proposed design solves both the instantaneous and

is such thal| GK (39)||r = omax(K (3@))||G|l+2 Thus,|K|l~ = delayed feedback problems in a unified framework, and is illustrated by a
SUDG(.) e Ha | Glla=1 IGK |2 and hence it follows from Theorem 1 thatnumerical example to be much less conservative than the above paper and
IGl: = SUD ¢ € 11X |1 ¢ s =1 IGK]|2 yielding [2, Prop. 2]. other relevant references.
Next, letX and) be normed linear spaces with operator nofimj} Index Terms—belay-dependent performance, descriptor systemsH
and||- ||, respectively. Now, leB(.Y', ) denote the space of boundedeontrol, linear matrix inequality (LMI), neutral delay systems.
linear operatord™ : X — Y with norm onB(X,)) defined by
ITI'E  sup  IT()]". ©)) I. INTRODUCTION AND COMMENTS
€X flzll=1

Recently, a new descriptor system approach was proposed for
time-delayed systems, which significantly reduced the overdesign
over the traditional methods due to the facts that it was based on a
transformed model that was equivalent to the original system and

Once again forevery € X andT € B(X, V), IT ()" < T =]
However, in this case an identity operafor X' — Y exists if and only
if X C Y. Furthermore|| ]’ = 1 onlyif ||| < |lz||, = € X.Hence,

the equality fewer terms needed to be bounded in the derivation [1]-[6]. This
2] = su [T|" 4) approach has been exploited for different problems (see, e.g., [12]
T 'TGB(A’:y)I,)II\'TI\\’:1 v for neutral delay systems, [1] for distributed delay systems, [2] for

positive realness problems, and [3] for filtering problems), and has

may not always hold. If (4) holds, then it follows thiat || is induced been gradually improved by seeking different bounding techniques

by |- " and]| - ||. The following problem regarding bounded lineako derive the bounds on the inner product of two vectors (see, e.g.,

operators captures the essence of the problem addressed in [1].  standard bounding technique was used in [1], [3]-[5], the inequality
Problem 1: For a given pair of normed linear spac&sand)’ with

norms]| - | and] - m”’ respectively, determine conditions under which Manuscript received July 8, 2002; revised October 10, 2002. Recommended
(4) holds. More generally, given a normed linear spaceith norm by Associate Editor L. Pandolfi. This work was supported in part by the National

I- Il and a vector spage determine conditions under which there exist§jatural Science Foundation of China under Grant 69874008.

anorm|| - || defined ony such that (4) holds. The authors are with the Inertial Navigation Center, Harbin Institute of Tech-
nology, 150001 Harbin, China (e-mail: hjgao@hotmail.com).
IFor details of a similar proof, see [3, p. 677]. Digital Object Identifier 10.1109/TAC.2003.809154
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