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Abstract
In the application of adaptive flight control, significant

issues arise due to limitations on the plant inputs, such as
actuator displacement limits.  The concept of utilizing a
modified reference model to prevent an adaptation law from
"seeing" this system-input characteristic is described.  The
method allows correct adaptation while the plant input is
saturated.  To apply the method, estimates of actuator
positions must be found.  However, the adaptation law can
correct for errors in these estimates.  A theorem of
boundedness for all system signals is included for a single
hidden layer neural network adaptive law.  The domain of
attraction is also discussed.

1. Background
In recent years, several theoretical developments have

given rise to the use of artificial Neural Networks (NNs) for
adaptive control of nonlinear systems1,2.  The use of NN
adaptive flight control has been demonstrated in piloted
hardware-in-the-loop simulation and flight test on the X-36
aircraft34.  This approach has been utilized to enable a
single controller to handle multiple versions of guided
munitions5, and to replace traditional reusable launch
vehicle gain tables6.

Input saturation implies that either a position or rate
limit has been exceeded.  Input saturation presents a
significant problem for adaptive control, because in causes
an adaptation law to be “tricked” by unexpected effects - a
behavior analogous to integrator windup in a linear
controller.  However, unlike an integrator designed for a
selected linear response, it may be possible for an adaptive
law to function properly (as designed) during finite periods
of input saturation.

One approach used is to avoid saturation altogether by
either command or feedback signal adjustment.  This has
been demonstrated in an adaptive control setting7,8,9.  A
second approach involves slowing or halting adaptation as
saturation is entered.  A common ad-hoc approach for most
adaptive control methods is to simply stop adaptation
completely when any input saturates.

Another approach to the problem of adaptive control
with input displacement saturation is augmenting the error
signal.  These methods apply to Model Reference Adaptive
Control (MRAC), with an early result given by10 without a
stability proof.  For this method, the effect of the saturation
nonlinearity on the reference model tracking error is
removed by adding a signal derived from the actual plant
input to the error signal7, 11,12,13.

The method described below was originally motivated
by the application in6, and is most closely related to the
method in10, except that it relies on a modification to the
reference model.  As a result, it is not limited to saturation
nonlinearities, linear plants, or linear reference models.
The method described is also similar to Anti-Windup
Bumpless Transfer (AWBT) theory for non-adaptive
controllers, specifically the Hanus conditioning technique14

which also includes the concept of a miss-match between
commanded and actual plant input.

2. Pseudo-Control Hedging Architecture
The method described here is termed Pseudo-Control

Hedging (PCH).  The purpose of the method is to prevent
the adaptive element of an adaptive control system from
adapting to selected plant input characteristics.   The
specific case of PCH applied to an adaptive control
architecture that includes an approximate dynamic
inversion is illustrated in Figure 1.
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Figure 1 – MRAC including an approximate
dynamic inversion with PCH compensation

Consider n -degree-of-freedom plant dynamics of the
form

( )δ,, xxfx &&& = (1)

where mnxx ℜ∈ℜ∈ δ,, &  with nm ≥ .  An approximate
dynamic inversion element is developed to determine
actuator commands of the form

( )νδ ,,ˆ 1 xxfcmd &−= (2)



where ν  is the “pseudo-control”, and represents a desired
x&&  that is expected to be approximately achieved by cmdδ .
That is, this dynamic inversion element is designed without
consideration of actuator saturation.  This command ( cmdδ )
will not necessarily equal the actual control (δ ) due to
saturation.

To get the PCH signal ( hν ), an estimated actuator

position ( δ̂ ) is determined based on a model or
measurement. This estimate is then used to get the
difference between commanded pseudo-control and the
estimated-actual pseudo-control
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The reference model update is

( ) hccrmrmcrmrm xxxxx νν −= &&&& ,,, . (4)

where cc xx &,  are the external commands.  This choice of
reference model update will remove the actuator
characteristic from reference model tracking error,
discussed below.  The instantaneous pseudo-control output
of the reference model in the feed-forward path is crmν .

2.1. Reference Model Tracking Error Dynamics
The complete pseudo-control signal for the system is

radpdcrm ννννν −−+= (5)

Note that the PCH signal ( hν ) does not appear here, and is
only used to modify the reference model in Eqn 4.  The
second term of the right-hand-side ( pdν ) is the output of

proportional-derivative compensation acting on the
reference model tracking error

[ ] rmdppd eKK=ν , (6)

where nn
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is Hurwitz.  The robustifying signal ( rν ) is chosen as

( ) T
rr rKZZ +−=ν (8)

with nn
rK ×ℜ∈  diagonal, 0>rK .  The r  signal is a linear

combination of the reference model tracking error

components given by PBer T
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 and

nnP 22 ×ℜ∈  is the positive definite solution to the Lyapunov
equation 0=++ QPAPAT .

The model tracking error dynamics are now found by
differentiating rme  (temporarily ignoring rν  for clarity):

( ) ( ) ( )[ ]δδδν ˆ,,ˆ,,ˆ,, xxfxxfxxBAee adrmrm &&&& +−+= (9)

When one assumes that δ  is exactly known ( δδ =ˆ ), it
follows from Eqn 9 that

( ) ( )[ ]δδν ,,,, xxxxBAee adrmrm &&& ∆−+= (10)

where ( ) ( ) ( )δδδ ,,ˆ,,,, xxfxxfxx &&& −=∆  is regarded as
model error to be approximated by adν .  Eqn 10 is of the
same form as the model tracking error dynamics seen in
previous work, regardless of saturation.  These dynamics
can form the basis of an adaptive law, where selected
actuator characteristics have now been removed.

Remark 1: When one returns to the assumption made
to arrive at Eqn 10 above, and makes the less restrictive

assumption that one can express ( )δδδ ˆ= , it follows from
Eqn 9 that

( ) ( )[ ]δδν ˆ,,ˆ,, xxxxBAee adrmrm &&& ∆−+= (11)

where ( ) ( )( ) ( )δδδδ ˆ,,ˆˆ,,ˆ,, xxfxxfxx &&& −=∆  appears as model
error to the adaptive law.
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mi ,...,2,1=∀ , or in corresponding vector notation

( )δδδ ,sat cmd=  with an actuator model being


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
= δδδ ˆ,satˆ

cmd .  Note that the hedge signal ( hν ) will be

zero when no actuator model element is at a limit.
Remark 2: When the actuator and actuator model are

“ideal” (the actual position, estimated position, and
commanded position of the actuator are equal) the addition
of PCH has no effect on any system signal.
2.2. A Neural Network as the Adaptive Element

Single Hidden Layer (SHL) Perceptron NNs are
universal approximators in that they can approximate any
smooth nonlinear function to within arbitrary accuracy,
given a sufficient number of hidden layer neurons and input
information15.  Here, a SHL NN is trained online to cancel
model error with feedback.  The input-output map can be
expressed as
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where nk ,,1L= .  Here 1n , 2n , and n  are the number of
inputs, hidden layer neurons, and outputs respectively; and

1,...,2,1, 1 += nix
iin  contains the NN inputs.  The scalar



function jσ  is a sigmoidal activation function that
represents the “firing” characteristics of the neuron, or

( ) zaj
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1
σ . (14)

The factor ja  is the activation potential, and is a distinct

value for each hidden-layer neuron ( 2,...,2,1 nj = ).
For convenience define the two weight matrices
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and 







=

V
W

Z
0

0
; and define a sigmoid vector as

( ) ( ) ( ) ( )[ ]Tnw zzzbz
221 σσσσ L= (16)

where 0>wb  allows for the threshold wθ  to be included in

the weight matrix W ,  xVz T= and [ ]T
inv

T xbx =
where 0>vb  is an input bias that allows for the threshold

vθ  to be included in the weight matrix V .
With the above definitions, the input-output map of the

SHL NN can be written in a matrix form as

( ) ( )xVWxVW TT
ad σν =,, . (17)

A matrix containing derivatives of the sigmoid vector is
chosen as
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In this instance, a SHL NN will be trained online to
approximate the model error function
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which implies one appropriate choice for the NN inputs ( x ,
x& , and cmdδ ). The dependency of model error on system
signals can be expressed as
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Now, command tracking error is defined as

( ) ( )[ ]T
c

T
c

T
c xxxxe && −−= .  Taking advantage of

dependencies, one can express

( ) ( )Zeexxxx adrmccccmd ,,,,,,, νδ && ∆=∆ (21)

By the universal approximation theorem for SHL NNs,
there exists a set of ideal weights *W  and *V  that brings
the output of the NN to within an ε -neighborhood of the
model error ∆ .  The matrices *W  and *V  can be defined
as the values of W  and V  that minimize ε , where

( ) ( ) εσν =−∆
∈

xVWZeexx TT
adrmccc

Dx
,,,,,sup & (22)

and D  is a compact set.  This value ( ε ) can be made
arbitrarily small by selection of a sufficient number of
middle layer neurons ( 2n ).  The NN input vector can be

chosen to be [ ]Zeexxx T
ad

T
rm

T
c

T
c

T
c

T
in ν&= .

Substitution of Eqn 21 into Eqn 11 reveals the implied
assumption that fixed point solution for adν exists.  To
guarantee existence and uniqueness of a solution, we can
assume that the map ∆aadν  is a contraction.  It can be
shown that this is equivalent to the following two

conditions, which imposes restrictions on the choice for f̂ :
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2.3. Reference Model Selection

The requirements on the design of crmν  necessary for
the theorem below are based on first considering the
stability properties of an isolated non-adaptive system.  The
approach is similar to the integrator backstepping method
16, where existence of a Lyapunov function for a part of the
overall system is supposed.  This permits an analysis of the
overall system with the isolating assumption removed.  The
isolated non-adaptive system represents the plant when
reference model tracking error ( rme ) is zero, and NN

adaptation is complete ( *WW =  and *VV = ).
The requirements on the design of crmν  are the

existence of a Lyapunov function for the isolated non-
adaptive system
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command tracking error is determined by
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When considering the isolated system design for the
non-adaptive subsystem, reference model tracking is zero
(so ccrm ee = ), and one can take

( )
2

cc
T
c
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eL = (25)

as a candidate Lyapunov function for the subsystem, where
nn

cP 22 ×ℜ∈  is the positive definite solution to the

Lyapunov equation 0=++ cccc
T
c QAPPA .  This Lyapunov

function candidate has the property that will be required for
the theorem below.  Specifically, it satisfies
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When no actuator is beyond a displacement saturation limit
(i.e., cmdδδ = ), this becomes
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ε
εν

BeA
xx

e cc
crm

c
c +=








−−

−
=

&&
& (29)

where ε  is the instantaneous residual network
approximation error corresponding to the ideal weights,
which is subject to εε < .  So

cccc
T
cc eBPeQeL ε+−≤ 2

1& (30)

and for positive scalars ( )cQmin2
1 λα =  and BPcεγ =

ccc eeL γα +−≤ 2& (31)

will be true for a range of allowable commands, plant
dynamics ( f ), and actuator capabilities (δ ) (i.e., those
that are non-saturating).  When one also allows some
degree of saturation, the corresponding values for α  will
decrease and γ  will increase.

2.4. Adaptation and Guaranteed Boundedness
The following theorem guarantees ultimate

boundedness of the reference model states, NN weights, the
plant states, and actuator signals.
Theorem 1: Given the system described in Eqns 1-31,
together with the additional assumptions:
1. A dynamic inverse of the plant dynamics ( f ) exists for

Dxx ∈&,  and mℜ∈δ .
2. A Lyapunov function ( )teL cc ,  for the states of the

isolated non-adaptive system, defined for all Dec ∈

and ),0[ ∞∈t  with continuous first-order partial
derivatives with respect to ce  and t , and class ∞K
functions 1γ  and 2γ  satisfies, for a set of allowable
plant dynamics ( f ) and actuator models ( g ),
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3. External commands are bounded [ ] c
T
c

T
c xxx ≤& .

4. The norm of the ideal NN weights is bounded by a

known value ZZ ≤* .

5. The adaptive law for the NN weights is given by

( ) ( )[ ] wrmcrmc
T WeeeerxVW Γ+++′−−= κσσ& (35)

( )[ ]VeeeerWxV rmcrmc
T

v +++′Γ−= κσ& (36)

6. The learning rate matrices ( wΓ  and vΓ ) are diagonal
and positive definite ( 0>Γw , 0>Γv ).

7. The so-called e-modification parameter (κ ) in Eqns
35 and 36 is sufficiently high, with lower limit
discussed in the proof.  Robustifying term gain ( rK ) is
sufficiently high, with lower limit discussed in the
proof.  Command tracking error dynamics and
reference model tracking error dynamics have
sufficient bandwidth, with lower limits discussed in
Remark 5 below.

8. Initial conditions are within the largest level set of the
Lyapunov function utilized in the proof that lies
entirely within D .

All system signals in the closed loop system are ultimately
bounded.

Proof: see17.
Remark 3: The ultimate bound on reference model

tracking error can be reduced by increasing ( )Qminλ .
Remark 4: The ultimate bound on command tracking

error can be reduced by increasing α .
Remark 5: The theorem requires that the largest level

set of the Lyapunov function utilized in the proof that lies
entirely within the set 

crm eeZ DDD ××~ , which is the set of

allowed NN weight, reference model tracking, and
command tracking errors.  The set 

crm eeZ DDD ××~  is the

largest subspace of these signals that maps into domain D

for allowed commands ( [ ] c
T
c

T
c xxx ≤& ) and allowed

ideal NN weights ( ZZ ≤* ).  Furthermore, this largest

level set must contain the compact set outside-of-which this
Lyapunov function does not increase, i.e., the smallest



invariant set.  For a given set 
crm eeZ DDD ××~ , this is

ensured by increasing ( )Qminλ  and α  (which reduces the
size of this compact set in the direction of tracking errors)
and adjusting wΓ  and vΓ  (which changes the relative size
of the level set in the direction of NN weight errors) to
insure that these conditions are satisfied.

3. Domain of Attraction
The largest level set of the Lyapunov function used in

the proof that is contained within domain D  is an estimate
for the domain of attraction of this system (for the
equilibrium defined by the command).  The Lyapunov
function, utilized in the Theorem 1 proof, is
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Previous results without PCH gave boundedness along
trajectories where 0=hν  when hν  is designed as
described.  Now, boundedness is ensured for trajectories
where hν  is sufficiently small such that ( )cc eL&  remains
negative semi-definite outside the compact set discussed in
the proof, which includes the unsaturated case ( 0=hν ) as a
subset.  Therefore, the level set that can be used as an
estimate of domain of attraction is at least as large as
without PCH.  However, the level set can be very
conservative when the limiting factor on D  is Condition #3
of Theorem 1.  An example is used to illustrate.
Domain of Attraction Example

Consider the single-degree-of-freedom short-period
approximation of the longitudinal motion of an open-loop
statically unstable airplane of the form

( ) ( ) δδδ δα MxMxMxxfxxfx q ++=== &&&&& ,,ˆ,, (38)

( )1,satˆ
cmdδδδ == (39)

where 1=αM ,   1−=qM ,   1−=δM , 1== pcp KK ,

and  2== dcd KK .  Here, the command, and therefore the
equilibrium, is chosen to be the origin.  Due to the unstable
plant dynamics and the saturating input, this plant has a
null-controllable domain (domain in which no control
policy can bring the system to the origin) which can be
shown to be
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One is able to make a phase portrait by assuming the
NN adaptation is complete and perfect ( 0≈ε ) or,
alternatively, that the approximate dynamic inversion is
perfect.  In either case, model tracking error ( rme ), W

~
, and

V
~

 will remain zero if initially zero and a phase portrait can
be drawn for the remaining two system states ( ce ).
Consider a Lyapunov function for these remaining non-

trivial states as ( )
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In this case, Condition #3 of Theorem 1 is met in the

domain where ( ) 2
ccc eeL α−≤&  which can be found by

minimization of ( )cc eL  subject to ( ) 0=cc eL& , with ce  as
the independent variable, excluding the origin.  Without
PCH, the level set is a minimization of ( )cc eL  subject to

( ) ( ) δα MxKMxKM dcqpc =+−+− & . (43)

These level sets can be found symbolically or numerically

as 9533.0≈<cc
T
c ePe  with PCH, and 6667.0

3
2

≈<cc
T
c ePe

without PCH.
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Figure 2 – Phase portrait of input-saturation
example assuming ideal dynamic inversion

Figure 2 shows the resulting phase portrait.  The null-
controllable region and a numerically computed domain of
attraction with PCH are labeled.  The actual domain of
attraction with PCH was determined numerically using the
trajectory reversing method 16.  Note that the largest
possible domain of attraction is practically achieved by this
controller.  The guaranteed level sets with and without PCH
are also shown.



The actual domain of attraction without PCH cannot be
shown on a phase portrait because the trivial solutions for

rme , W
~

, and V
~

 do not hold.
Now, a higher bandwidth design is explored.  In this

case desired response has been changed to 4== prmp KK ,

4== drmd KK  The level sets are found to be

06748.0≈<cc
T
c ePe  with PCH, and 03116.0≈<cc

T
c ePe

without PCH.  The new phase portrait is shown in Figure 3.
The achieved domain of attraction with PCH is unchanged
by the change in bandwidth.  That is, the largest possible
domain of attraction is still practically achieved by the
controller.  The amount of improvement in terms of level
sets due to PCH (as a ratio of “before” and “after” PCH
applied) is more pronounced.
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Figure 3 – Phase portrait of input-saturation
example - high bandwidth design; actual domain

of attraction with PCH is unchanged

4. Conclusions
An adaptive control method has been described that

allows input saturation to be removed from the adaptation
response.  These saturation input characteristic is dealt with
as a non-adaptive control synthesis problem.  Tracking
performance and boundedness of all system signals is
guaranteed.  The characteristics of the architecture
presented, including tolerance to errors in the estimate of
actuator position, are good enough that this method should
be considered for any application involving an adaptive
control component that cancels modeling error in a dynamic
inverse.
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