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Abstract

Different methods of optimizing errain following trajectories have been investigated as an
extenson of earlier reduced order formulations. This paper incorporates wind, moving
threats -- such as other aircraft to be avoided -- and a moving target -- such as a rendezvous
situation -- into the basic constant velocity formulation. Conseguently, this will allow a more
realistic model to be simulated. In addition, changing information, such as a threat
appearing during flight, are considered. The reduced order formulation results in a system
of four differential equations with two unknown initial conditions. The solution is found
with the use of a genetic algorithm in conjunction with a conjugate-gradient numerical
sear ch method.

I.Introduction

High-flying unmanned reconnaissance and surveillance systems are now being used extensively in the United
States military. Current development programs are producing demonstrations of next -generation unmanned flight
systems that are designed to perform combat missions. Their use in first-strike combat operations will dictate
operationsin densely cluttered environments that include unknown obstacles and threats, and will require the use of
terrain for masking. The demand for autonomy of operations in such environments dictates the need for rapid on-
board trajectory optimization capability.

In the early 1990s, P. K. Menon and Eulgon Kim researched methods of optimal trajectory path planning for
terrain following and terrain masking flight. This research produced a reduced order formulation based on a
constant velocity approach.*®> This paper expands on the work done by Menon and Kim. Two formulations are
presented: one using local tangent plane equations of motion and one using simplified equations of motion. In
addition, the effects of wind, moving threats and a moving target are added. The moving threat could consist of an
object, such as an aircraft, that should be avoided during flight. The moving target would be a moving destination,
or arendezvous problem. Also, the addition of a pop-up threat is examined.

Il.Optimal Trajectory Formulations
The effects of wind as well as having a moving target and moving threat are added to the basic problem

formulated in References 1 and 2. This will be demonstrated in two different formulations — one using the local

tangent plane equations of motion and one utilizing simplified equations of motion. Figure 1 depicts a sample
terrain profile with the XY-H coordinate system and a local %-y;-z; coordinate system. The moving local

coordinate system hasits origin on the terrain surface at a current X, y position with the x;-y; plane being the tangent
plane. The local tangent plane formulation incorporates the constraint that the vehicle flies tangentially to the local
terrain directly into the equations of motion and can be written as

: Vf f g

X:VCOW 4 X ysny
A AA,
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+U(X, Y) @)

+V(X,Y) @)

* AIAA member, Graduate Research Assistant, Georgia I nstitute of Technology, Atlanta, Georgia
TAIAA Fellow, Professor, Georgialnstitute of Technology, Atlanta, Georgia
*AIAA member, Assistant Professor, Georgia Institute of Technology, Atlanta, Georgia

1
American Institute of Aeronautics and Astronautics

Copyright © 2004 by authors. Published by the American Institute of Aeronautics and Astronautics, Inc., with permission.



The simplified equations of motion are an approximation written in the local level frame and neglect the effects of
the terrain slopein the position kinematics.

x =V cosy +u(x,Yy) 3

y=Vsny +v(x,y) @

TANGENT PLANE
TERRAIN PROFILI

Figure 1: Relationship Between Inertial Frame and Local Tangent Plane

A. Local Tangent Plane Equations of Motion

In this formulation, the equations of motion can be seen above in equations (1) and (2). These equations
embody the constraint that at all times the vehicle flies tangentially to the local terrain. Here, x and y are the north
and east components, respectively. V isthe total aircraft velocity while u and v are the wind velocities in the x and

y-directions, respectively. The heading of the vehicle is represented by y -- the heading angle measured with
respect to the local tangent plane. Also, f,and f, are the partial derivatives of the terrain profile. A, and A, are given

by
A =1+ f} 5)
A, :4/1+ff+fy2 6)

The cost function for this problem can be seen in the following equation.

J= 6[(1- K)+Kg(x, y,t)dt ™

In this equation, the combined threat and terrain function, g(x,y,t), is given as a function of time as well as the
position and can be defined as follows.

g(x y,t) = f(x,y) + fr (X, y,1) )

Here, f(x,y) is the function for the terrain profile and fr(x,y,t) is the function denoting the noving threat. The
weighting parameter, K, can vary between 0 and 1 and determines the relative importance of time and terrain
masking/threat avoidance used in the optimization. When K = 0, the equations are optimized with respect to time.
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When K is set to 1, the path is optimized with respect to the threats and the terrain. The Hamiltonian equation can
then be given as

&/ cosy Vi f,sny 0o & VAsdny U
H=A+l g + 2 +uptl  a————+V )
EA  AA G 8§ A

Inthis expression, | x and | , are the costate equations and the coefficient A, can be seen in the following equation.
A, =1- K +Kg(x y,t) (10

The moving threat and target equations of motion are:

Xr =V, cosy ; w

yT :VT Sny T
Xrg = Vi, COSY )
yTg =VTg siny Tg

In each expression, it is assumed that the respective velocity and heading angle are known at all times. The moving
target then resultsin a new boundary condition.

6x(t) - %, ()0

Y =
T80 v, 08,

13

In this expression, it can be seen that Y (t;) has an explicit dependence on the final time as a consequence of the fact
that the target coordinates are assumed to satisfy equation (12). Therefore, for a free final time, the Hamiltonian
equation satisfies

&Y 0 -
Ht,) ="T$1L1_tt1 =V, |1 cosy o +1 sy ] (14
:tf

Due to the moving threat, the Hamiltonian equation, (9), is explicitly dependent on time. Given this, the
optimality condition for a solution along an extremal arc shows that

H=1"=K 15
it 9 (15

where g; denotes the partial derivative of the penalty function with respect to time. Assuming that the threat is
constant when expressed in a coordinate system that is attached to the moving threat, then

g(x y.t)=glx- % (t). y- v ®)] (16)

with the threat coordinates satisfying (11). Thus

H :_KVT(ngOSyT+gygnyT) 17
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Because the final time isfree, the boundary condition for this expression is defined in (14).
The optimality condition for this problem is defined as

H =0 (18)

y
Evaluating this expression resultsin the following relationship
| = (?\/fxfycow _Vg'ny
y — ' x€
& AA A

Equation (19) can then be substituted into the Hamiltonian equation, (7), to determine equations defining the two
costates, |y and |y asfollows.

u A
Y 19
QVA cosy @

| = - (A4 - H)Al2 cosy (20)
) Den
(A~ H)A sy - (A - H)1, , oy
I, = (21)
Den
where
Den =VA + A’ucosy + f, fvcosy - Ayvsiny @)

These new expressions for the costates can then be inserted into (14) to result in a new boundary condition for the
Hamiltonian at the final time.

H(t )_e} VTgA4(Achosy cosy 4, + f, f, cosy sny , - A sny sny Tg) ﬂ
)=

é > : : , J (23
&V (Al cosy cosy 4, + f,f, cosy sny ;, - A,dny dny Tg)- Dengt:tf
Differential equationsfor the costates can be found using
| v=-H,
_ (24)
|y =- H,
Thisyields
: éD,cosy +D,sny +D,u U éD,sny +D,v, U
|x:'K9x'|xé2 w 3 y lXQ-IyéA y lx",J (25)
é D, u é D, u
: éD. cosy +D. sny +D,u, U éD.sny +D,v U
Iy=-Kgy-|X@5 S lyl;-lye7 5 1yg (26)
e 1 u e 1 u
where
D, =A’A @n
D, =-Vf f A (28)
D, =VA'A’B, - VA 21 1, - VA'B T, f, (29)
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D, =VA'B, - VAZAZf f (20

Dy =-Vf, f A ()

Ds =VAIAB, - VA T2 f T, - VAIB, f f, 32
D, =VA'B, - VA’ A f, (3

B, = f,f.+ff, (34)

B, =f, f,+f,f, (35)

B, = f f, +f,f, (36)

B, =f.f,+f,f, @37)

Next, the time derivative of either equation (20) or (21) is taken and set equal to its counterpart in equation (25) or
(26). Theresulting expressionis

L T, +TLu+T,v+T,u, +T5uy + TV, +T7vy

y (39)
T8
where
T, =- KVS +V(A, - H)S, (39)
T2:'KS3+(A4'H)S4 (40
T, =KS; +(A, - H)S (@)
T, = (A, - H)S, @)
T, =(A, - H)S, )
T, = (A, - H)S, (44)
T, = (A4 - H)S.LO (45)
T, =(A - H)AMA (46)
S = A2A|A,g,sny +(g,+ f2g, - g,f,f,)cosy | ()
S, =(f, f2f, - AZf T )sny +Af f_cosy (48)
S, = A'A|Ag,siny +(g, + f2g, - g,f,T, )cosy |cosy 49)
S, = AA(RF T - 21,1 +f 1 Jcosty +
50
+ AN, - APF F +2f £21 )sny cosy 0
S, = AAZ(A%g, - 2g,f,f, )sny cosy +
(51)
+ AN, sn?y +AA(gF2f2- AT g, 1, )cos?y
S = AA(f T, - F21, 1+ A2 T, Jeos?y +
. (52)
+A(2f, 126 + AT - Af f Jsny cosy
S, = A'A,(A,sny - f,f,cosy Jeosy 53
S, = A’A, cos’y (54)
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S, = AA(2f, f, sny cosy - A )+ AA(AZ- £212)cos?y =)
Sy = A°A(f, f, cosy - A, sny cosy (56)

This solution consists of four differential equations, x, y, H and y, and requires two initial conditions to be
found for H and y. The final value of the Hamiltonian is known, via equation (23). The solution is reached when
the final values of the Hamiltonian and position are met and the cost is minimized. When there are no moving
threats, the Hamiltonian is constant in value — so there are only three differential equations — and the final valueis
still known. When there is no moving target, the final value of the Hamiltonian is zero.

B. Smplified Equations of Motion

The equations of motion used in the simplified formulation are stated above in equations (3) and (4) and are
restated here

x =V cosy +u(x,Yy)
y=Vsany +v(x,Yy)
These equations are written in the local level plane and neglect the effects of the terrain slope. The cost equation for

this case is the same as earlier and can be found in equation (7). The corresponding Hamiltonian equation is
therefore

H=A +I X[Vcog/ +u]+| y[Vsjny +v] (59)

The equations governing the moving target and moving threat can be seen above in equations (11) through (12).
Evaluating the optimality condition stated in equation (18) for this formulation resultsin the expression

sny
1, =1, (60)
cosy
Substituting thisinto the Hamiltonian equation resultsin the following costate equations
| B (A4- H)COW 61)
* 'V +ucosy +vsny
| —_~(A- H)sny -
"V +ucosy +vsny
Therefore, the Hamiltonian evaluated at the final timewill be
_é VTgA40056/ 'yTg) u
H(tf)—gv ' N ey (63
&V, COSy -Y 1 )- (v +ucosy +vsny 6,
The costate differential equations can then be found to be
| x=-H,=-Kg,-1,u,-1,v, (64)
ly=-H,=-Kg,-l,u,-1yv, (65)
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As before, the time derivative of (61) or (62) is found and equated to either (64) or (65). This expression can then be
rearranged to result in the following heading differential equation.

- R +Ryu +R3V+R4(UX ) Vy)+ Rou, + RV,

y R (66)
with
R, = KV(g, cosy - g, sny ) 67)
R, =K(g, cosy - g, sny )cosy (69)
R, = K(gycow - g, 9ny )s'ny (69)
R, = (A, - H)sny cosy (70)
Ry =- (A, - H)cos’y (71)
R, =(A, - H)sn?% 72)
R, =(A - H) (73

Again, the inclusion of a moving target and moving threat results in a system of four differential equations with two
initial parametersto be found.

C. Solving the System of Equations

As stated earlier, the problem, in its most complex form having both a moving target and a moving threat,
consists of four differential equations with two unknown initial conditions. The differential equations include the
two describing the position as well as the Hamiltonian equation and the heading angle. The initial conditions for
both the Hamiltonian and the heading angle are unknown. The problem is solved when the final positions equal the
moving target final positions, the actual final Hamiltonian value matches its final condition -- from equations (23)
and (63) -- and the cost is minimized.

To solve this problem, two numerical solving techniques were employed. First a genetic algorithm was used
to find initial conditions that are close to the actual initial conditions needed. Next, these values are employed in a
conjugate-gradient search method to find the actual desired initial conditions.

The genetic algorithm was accomplished by first creating a random population of ten chromosomes each
consisting of nine digits -- the first five representing the initial Hamiltonian value and the last four determining the
initial heading angle. Then, twenty more chromosomes were created by randomly mutating the original ten
chromosomes. After the full population of thirty was created, each was tested in the routines to determine a cost.
The cost, C, was valued through the equation

C =c, dist +c, xXJ +c,»err (74)

Here, ¢4, ¢, and c; are weighting values, dist isthe distance between the final position and the final target position, J
is the cost of the run found from equation (7) and err is the difference between the actual and desired final
Hamiltonian. The ten chromosomes with the lowest costs were then kept to begin the next generation. This process
was repeated for thirty generations and the chromosome at the end with the lowest cost was used as the starting
position of the conjugate search.

The conjugate search method is aform of a steepest descent search. First the gradient of the surface defined
by the cost -- as seen in equation (74) -- at atest point is determined. The search direction is then defined as the
direction having the steepest gradient. Various points are checked along this direction until a minimum is found.
After the first step, this basic process is repeated; however, to determine the new search directions the gradient
information from the previous run is included such that the new search directions are conjugate.®
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1. Numerical Results

A.Real Terrain Data
Real terrain data was acquired from the United States Geological Survey to incorporate into this model®. The
datawas found in tabular format relating the altitude to the locations longitude and latitude, with data points spaced
approximately every 48 feet. This data was then converted to matrix form, from which it could then be used as
f (X,Y). Because of the distance between the sampled altitude pointsin the matrix, the data was then smoothed to
appear more continuous and to remove discontinuities in altitude. The gradients of this matrix, along both the x and

y directions, were calculated numerically to form matrices representing f, (X, y) and f (X,y). The gradients of

these two matrices yielded matricesfor f,, (X, y), f, (Xy) and f, (X, y).

For this portion of the testing, it was decided to use a section of terrain near Columbus, Ohio. A profile of
this terrain can be seen in Figure 2. Inthisgraph, the x and y-axes depict the position coordinates, measured in feet,
such that the x axis point north and the y axis points east. The altitude of the terrain is measured along the zaxis
and isalso givenin feet. This plot depicts a square plot of land, with 10,000 feet to aside. The measurements along
the x and y-axes are relative to a set origin for the terrain data collected; this plot is just one small portion of the
database.

Terrain E levation

1000

a0

GO0

% 10"

Figure 2: Terrain Plot of an AreaNear Columbus Ohio

B. Wind Effects
Next, the effects of a wind blowing were investigated. For this, a mostly flat plane with a single hill was
used, as shown in Figure 3. Thisterrain was formulated using the exponential function

f =Ae % (75)

where A is the amplitude, b is ascaling factor to adjust the width andr is the distance from any position to the center
of the threat.
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Figure 3: Terrain with threats formul ated as an exponential function.
Ontheright isan overhead view.

For these flights, the initial and final points are (500,1800) and (500,200). Therefore the hill is directly between the
two endpoints. With K set to 1, the optimal path found will curve around the hill. Since this is a symmetric field,
there are two possible optimal paths when there is no wind.

Wind Magniides

Wind Magniutas
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Figure 4: Wind magnitudes of acirculating pattern.

Here, a circulating wind pattern was introduced to the problem. In this case, the wind moved in a circular
pattern centered at the top of the hill with a decreasing speed moving away from the hill. The magnitudes of the
wind can be seen in Figure 4. This plot was generated using equation (75); however, in this case, A and b were set
to 20 and 500000, respectively.

With the winds added, the optimal path is the option where the aircraft moves in the same direction as the
circulating wind flow. Figure 5 shows the solutions found with the winds moving in a clockwise direction —on the
left — and in a counterclockwise direction — on the right. In both cases, the local tangent plane equations of motion
were utilized.
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Figure 5: Optimal path from (500,1800) to (500,200). Thefigure on the left
shows the optimal path with a clockwise wind while the figure on the right shows
the optimal path with a counterclockwisepath.

C.Moving Target and Threats
The simple terrain depicted above in Figure 3 consisting of aflat plain with a single hill was used to test the

moving threat and target. The initial position is again located at (500, 1800). The moving target begins at the point

(900, 200) and travels south while the two threats begin at (600, 100) and (600, 400), respectively, and travel in a
south-easterly direction.

Terrain Elevation
1000

500
Target
500

700

GO0 «, Threat 2 . Threat 1

500
Path 1
400

300
Path 3

200
Paths 1.2

100

0 200 400 BOO 800 1000 12EI 1400 EEIEI 1800 2000

Figure 6:Paths Generated with Consideration of a
Moving Target and Two Moving Threats
Using Local Tangent Plane Equations of Motion

Figure 6 shows the three results using the local tangent plane equations of motion. The beginning position for
each trgjectory is marked with a red circle. The moving target is indicated with a purple line while the moving
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threats are represented with blue lines. The first case -- Path 1 -- is using just a moving target, but no moving
threats. This trajectory is depicted by the red dashed line. The yellow x marks the spot where Path 1 intersects
Threat 1 at the same instant. Path 2 represents the tragjectory when the moving target and the first moving threat are
considered and is portrayed by a red dot-dash line. The green star shows the moment when the Path 2 and Threat 2
collide. The third path shows the trajectory when both the threats are considered and is illustrated by a solid red
line. Next is the case with one moving threat that intersects the original trajectory determined. The final path
results from the addition of a second threat.

Terrain Elevation
1000

a00
800
700

GO0

% Threat 1

a00
Path 1

400
Paths 2.3

300
Path 3

200 Paths 1.2

100

0 200 400 BOO 300 1000 1200 1400 16800 1800 2000

Figure 7:Paths Generated with Consideration of a
Moving Target and Two Moving Threats
Using Simplified Equations of Motion

In a similar manner, Figure 7 shows the results from the same scenario when the simplified equations of
motion are implemented. It can be seen that the results generated using these two different sets of equations of
motion are quite similar.

D. Pop-up Threats

The case of pop-up threats during flight was also investigated. In this case, the optimal path isin mid-flight
when a stationary threat appears. A new trajectory must then be calculated. To test this, a flight through the
Columbus terrain — shown in Figure 2 — was used, utilizing the constant velocity, local tangent plane equations of
motion. In this case, athreat was added to the terrain as a single hill, as shown above in Figure 3, with a height of
300 feet above the level of the terrain at that point.

The results for this section can be seen in Figure 8. In this plot, the black line depicts the original trajectory
found; here it goes directly through the new threat. Three different new tragjectories are then shown as magenta
lines. These depict the results for three different times at which the threat is found; these times are at 17.2 seconds,
29.46 seconds and at 39.79 seconds into the approximately 90 second flight. In each case, this point is marked on
the plot with ared star.
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Figure 8: Trajectories Found with a Pop-up Threat
Using Local Tangent Plane Equations of Motion.

V. Future Research

For the time being it has been decided to continue using both the local tangent plane and simplified equations
of motion. Once the trajectories can be compared using the flight simulator, the differences between the two
formulations will be evaluated and a decision will be made about which formulation to use in the remainder of the
project. The long-range goal is to imbed as much of the full vehicle dynamics as possible into the formulation,
while maintaining a tractable solution process. Those dynamics that cannot be directly accounted for will be treated
using singular perturbation methods of analysis*
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